
CHM 421/621

Statistical Mechanics
Lecture 5 Energies in a QM system



Introduction and Review
Lecture Plan 

Quantum Systems 
• Particle in a box 

• Harmonic oscillator

• Rigid rotor

• Many-particle quantum systems



Quantum Systems
Consider a quantum particle trapped in a cubic box of volume V=L3

Eigenvalues are given by three quantum numbers

Particle in a box

where allowed values for each n=1,2,3,…
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Spectrum in 1-d case
3.31⇥ 10�37 J
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E.g., for H atom 
in V=1 cm3.
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Quantum Systems
Typical energy in systems ~ kB T = 4.14 x 10-21 J         (@ T = 300 K)

=> n ~ 1 x 108

Particle in a box

Minimum energy gap

= 10�8 ⇥ ✏nx,ny,nz
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The gap is very small fraction of the level energy. Hence we can essentially treat the 
energies as continuously varying.
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Quantum Systems
Particle in a box

Eigenvalues are then
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Define

✏(~k) =
~2k2
2m

<latexit sha1_base64="zSIIfxi/HWOC2W65qIUG7oi5KGU=">AAACFHicbVDLSsNAFJ34rPVVdelmsAgVoSRB0I1QdOOygn1A05bJ9KYdOpmEmUmhhHyEG3/FjQtF3Lpw5984fSy09cCFwzn3cu89fsyZ0rb9ba2srq1vbOa28ts7u3v7hYPDuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PCHtxO/MQKpWCQe9DiGdkj6ggWMEm2kbuHcg1gxHomSNwKaDrMzfI29QBKaegOfyI6Lhx03S10cZt1C0S7bU+Bl4sxJEc1R7Ra+vF5EkxCEppwo1XLsWLdTIjWjHLK8lyiICR2SPrQMFSQE1U6nT2X41Cg9HETSlNB4qv6eSEmo1Dj0TWdI9EAtehPxP6+V6OCqnTIRJxoEnS0KEo51hCcJ4R6TQDUfG0KoZOZWTAfEJKJNjnkTgrP48jKpu2XHLjv3F8XKzTyOHDpGJ6iEHHSJKugOVVENUfSIntErerOerBfr3fqYta5Y85kj9AfW5w9ue53F</latexit><latexit sha1_base64="zSIIfxi/HWOC2W65qIUG7oi5KGU=">AAACFHicbVDLSsNAFJ34rPVVdelmsAgVoSRB0I1QdOOygn1A05bJ9KYdOpmEmUmhhHyEG3/FjQtF3Lpw5984fSy09cCFwzn3cu89fsyZ0rb9ba2srq1vbOa28ts7u3v7hYPDuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PCHtxO/MQKpWCQe9DiGdkj6ggWMEm2kbuHcg1gxHomSNwKaDrMzfI29QBKaegOfyI6Lhx03S10cZt1C0S7bU+Bl4sxJEc1R7Ra+vF5EkxCEppwo1XLsWLdTIjWjHLK8lyiICR2SPrQMFSQE1U6nT2X41Cg9HETSlNB4qv6eSEmo1Dj0TWdI9EAtehPxP6+V6OCqnTIRJxoEnS0KEo51hCcJ4R6TQDUfG0KoZOZWTAfEJKJNjnkTgrP48jKpu2XHLjv3F8XKzTyOHDpGJ6iEHHSJKugOVVENUfSIntErerOerBfr3fqYta5Y85kj9AfW5w9ue53F</latexit><latexit sha1_base64="zSIIfxi/HWOC2W65qIUG7oi5KGU=">AAACFHicbVDLSsNAFJ34rPVVdelmsAgVoSRB0I1QdOOygn1A05bJ9KYdOpmEmUmhhHyEG3/FjQtF3Lpw5984fSy09cCFwzn3cu89fsyZ0rb9ba2srq1vbOa28ts7u3v7hYPDuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PCHtxO/MQKpWCQe9DiGdkj6ggWMEm2kbuHcg1gxHomSNwKaDrMzfI29QBKaegOfyI6Lhx03S10cZt1C0S7bU+Bl4sxJEc1R7Ra+vF5EkxCEppwo1XLsWLdTIjWjHLK8lyiICR2SPrQMFSQE1U6nT2X41Cg9HETSlNB4qv6eSEmo1Dj0TWdI9EAtehPxP6+V6OCqnTIRJxoEnS0KEo51hCcJ4R6TQDUfG0KoZOZWTAfEJKJNjnkTgrP48jKpu2XHLjv3F8XKzTyOHDpGJ6iEHHSJKugOVVENUfSIntErerOerBfr3fqYta5Y85kj9AfW5w9ue53F</latexit><latexit sha1_base64="zSIIfxi/HWOC2W65qIUG7oi5KGU=">AAACFHicbVDLSsNAFJ34rPVVdelmsAgVoSRB0I1QdOOygn1A05bJ9KYdOpmEmUmhhHyEG3/FjQtF3Lpw5984fSy09cCFwzn3cu89fsyZ0rb9ba2srq1vbOa28ts7u3v7hYPDuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PCHtxO/MQKpWCQe9DiGdkj6ggWMEm2kbuHcg1gxHomSNwKaDrMzfI29QBKaegOfyI6Lhx03S10cZt1C0S7bU+Bl4sxJEc1R7Ra+vF5EkxCEppwo1XLsWLdTIjWjHLK8lyiICR2SPrQMFSQE1U6nT2X41Cg9HETSlNB4qv6eSEmo1Dj0TWdI9EAtehPxP6+V6OCqnTIRJxoEnS0KEo51hCcJ4R6TQDUfG0KoZOZWTAfEJKJNjnkTgrP48jKpu2XHLjv3F8XKzTyOHDpGJ6iEHHSJKugOVVENUfSIntErerOerBfr3fqYta5Y85kj9AfW5w9ue53F</latexit>

kx

ky

✏
<latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit>

✏+ d✏
<latexit sha1_base64="uPN7ZdMPoFtrKf3MYkVrGT1HRlA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLIAhlRgRdFt24rGAv0A4lkznThmaSIckItRRfxY0LRdz6Hu58G9N2BG39IfDxn3M4J3+YcqaN5305haXlldW14nppY3Nre8fd3WtomSkKdSq5VK2QaOBMQN0ww6GVKiBJyKEZDq4n9eY9KM2kuDPDFIKE9ASLGSXGWl33oAOpZlwKfIqjH+66Za/iTYUXwc+hjHLVuu5nJ5I0S0AYyonWbd9LTTAiyjDKYVzqZBpSQgekB22LgiSgg9H0+jE+tk6EY6nsEwZP3d8TI5JoPUxC25kQ09fztYn5X62dmfgyGDGRZgYEnS2KM46NxJMocMQUUMOHFghVzN6KaZ8oQo0NrGRD8Oe/vAiNs4rvVfzb83L1Ko+jiA7RETpBPrpAVXSDaqiOKHpAT+gFvTqPzrPz5rzPWgtOPrOP/sj5+AYETpTu</latexit><latexit sha1_base64="uPN7ZdMPoFtrKf3MYkVrGT1HRlA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLIAhlRgRdFt24rGAv0A4lkznThmaSIckItRRfxY0LRdz6Hu58G9N2BG39IfDxn3M4J3+YcqaN5305haXlldW14nppY3Nre8fd3WtomSkKdSq5VK2QaOBMQN0ww6GVKiBJyKEZDq4n9eY9KM2kuDPDFIKE9ASLGSXGWl33oAOpZlwKfIqjH+66Za/iTYUXwc+hjHLVuu5nJ5I0S0AYyonWbd9LTTAiyjDKYVzqZBpSQgekB22LgiSgg9H0+jE+tk6EY6nsEwZP3d8TI5JoPUxC25kQ09fztYn5X62dmfgyGDGRZgYEnS2KM46NxJMocMQUUMOHFghVzN6KaZ8oQo0NrGRD8Oe/vAiNs4rvVfzb83L1Ko+jiA7RETpBPrpAVXSDaqiOKHpAT+gFvTqPzrPz5rzPWgtOPrOP/sj5+AYETpTu</latexit><latexit sha1_base64="uPN7ZdMPoFtrKf3MYkVrGT1HRlA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLIAhlRgRdFt24rGAv0A4lkznThmaSIckItRRfxY0LRdz6Hu58G9N2BG39IfDxn3M4J3+YcqaN5305haXlldW14nppY3Nre8fd3WtomSkKdSq5VK2QaOBMQN0ww6GVKiBJyKEZDq4n9eY9KM2kuDPDFIKE9ASLGSXGWl33oAOpZlwKfIqjH+66Za/iTYUXwc+hjHLVuu5nJ5I0S0AYyonWbd9LTTAiyjDKYVzqZBpSQgekB22LgiSgg9H0+jE+tk6EY6nsEwZP3d8TI5JoPUxC25kQ09fztYn5X62dmfgyGDGRZgYEnS2KM46NxJMocMQUUMOHFghVzN6KaZ8oQo0NrGRD8Oe/vAiNs4rvVfzb83L1Ko+jiA7RETpBPrpAVXSDaqiOKHpAT+gFvTqPzrPz5rzPWgtOPrOP/sj5+AYETpTu</latexit><latexit sha1_base64="uPN7ZdMPoFtrKf3MYkVrGT1HRlA=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLIAhlRgRdFt24rGAv0A4lkznThmaSIckItRRfxY0LRdz6Hu58G9N2BG39IfDxn3M4J3+YcqaN5305haXlldW14nppY3Nre8fd3WtomSkKdSq5VK2QaOBMQN0ww6GVKiBJyKEZDq4n9eY9KM2kuDPDFIKE9ASLGSXGWl33oAOpZlwKfIqjH+66Za/iTYUXwc+hjHLVuu5nJ5I0S0AYyonWbd9LTTAiyjDKYVzqZBpSQgekB22LgiSgg9H0+jE+tk6EY6nsEwZP3d8TI5JoPUxC25kQ09fztYn5X62dmfgyGDGRZgYEnS2KM46NxJMocMQUUMOHFghVzN6KaZ8oQo0NrGRD8Oe/vAiNs4rvVfzb83L1Ko+jiA7RETpBPrpAVXSDaqiOKHpAT+gFvTqPzrPz5rzPWgtOPrOP/sj5+AYETpTu</latexit>

⌦ =
⇣⇡

L

⌘3

<latexit sha1_base64="WfugVWgtwH9m/vL26FExWZoSATM=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxEmZU0IsQ9OJBMIJZIBNDT6cmadKz0F0jhCFf4MVf8eJBEa+evfk3dpaDJj4oeLxXRVU9L5ZCo21/WwuLS8srq5m17PrG5tZ2bme3pqNEcajySEaq4TENUoRQRYESGrECFngS6l7/cuTXH0BpEYV3OIihFbBuKHzBGRqpnSu4NwF0GT2nrgQfi66vGE/dWAzT66GrRLeHh/fH7VzeLtlj0HniTEmeTFFp577cTsSTAELkkmnddOwYWylTKLiEYdZNNMSM91kXmoaGLADdSsfvDGnBKB3qR8pUiHSs/p5IWaD1IPBMZ8Cwp2e9kfif10zQP2ulIowThJBPFvmJpBjRUTa0IxRwlANDGFfC3Ep5j5lA0CSYNSE4sy/Pk9pRybFLzu1JvnwxjSND9skBKRKHnJIyuSIVUiWcPJJn8krerCfrxXq3PiatC9Z0Zo/8gfX5A1sHm6s=</latexit><latexit sha1_base64="WfugVWgtwH9m/vL26FExWZoSATM=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxEmZU0IsQ9OJBMIJZIBNDT6cmadKz0F0jhCFf4MVf8eJBEa+evfk3dpaDJj4oeLxXRVU9L5ZCo21/WwuLS8srq5m17PrG5tZ2bme3pqNEcajySEaq4TENUoRQRYESGrECFngS6l7/cuTXH0BpEYV3OIihFbBuKHzBGRqpnSu4NwF0GT2nrgQfi66vGE/dWAzT66GrRLeHh/fH7VzeLtlj0HniTEmeTFFp577cTsSTAELkkmnddOwYWylTKLiEYdZNNMSM91kXmoaGLADdSsfvDGnBKB3qR8pUiHSs/p5IWaD1IPBMZ8Cwp2e9kfif10zQP2ulIowThJBPFvmJpBjRUTa0IxRwlANDGFfC3Ep5j5lA0CSYNSE4sy/Pk9pRybFLzu1JvnwxjSND9skBKRKHnJIyuSIVUiWcPJJn8krerCfrxXq3PiatC9Z0Zo/8gfX5A1sHm6s=</latexit><latexit sha1_base64="WfugVWgtwH9m/vL26FExWZoSATM=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxEmZU0IsQ9OJBMIJZIBNDT6cmadKz0F0jhCFf4MVf8eJBEa+evfk3dpaDJj4oeLxXRVU9L5ZCo21/WwuLS8srq5m17PrG5tZ2bme3pqNEcajySEaq4TENUoRQRYESGrECFngS6l7/cuTXH0BpEYV3OIihFbBuKHzBGRqpnSu4NwF0GT2nrgQfi66vGE/dWAzT66GrRLeHh/fH7VzeLtlj0HniTEmeTFFp577cTsSTAELkkmnddOwYWylTKLiEYdZNNMSM91kXmoaGLADdSsfvDGnBKB3qR8pUiHSs/p5IWaD1IPBMZ8Cwp2e9kfif10zQP2ulIowThJBPFvmJpBjRUTa0IxRwlANDGFfC3Ep5j5lA0CSYNSE4sy/Pk9pRybFLzu1JvnwxjSND9skBKRKHnJIyuSIVUiWcPJJn8krerCfrxXq3PiatC9Z0Zo/8gfX5A1sHm6s=</latexit><latexit sha1_base64="WfugVWgtwH9m/vL26FExWZoSATM=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxEmZU0IsQ9OJBMIJZIBNDT6cmadKz0F0jhCFf4MVf8eJBEa+evfk3dpaDJj4oeLxXRVU9L5ZCo21/WwuLS8srq5m17PrG5tZ2bme3pqNEcajySEaq4TENUoRQRYESGrECFngS6l7/cuTXH0BpEYV3OIihFbBuKHzBGRqpnSu4NwF0GT2nrgQfi66vGE/dWAzT66GrRLeHh/fH7VzeLtlj0HniTEmeTFFp577cTsSTAELkkmnddOwYWylTKLiEYdZNNMSM91kXmoaGLADdSsfvDGnBKB3qR8pUiHSs/p5IWaD1IPBMZ8Cwp2e9kfif10zQP2ulIowThJBPFvmJpBjRUTa0IxRwlANDGFfC3Ep5j5lA0CSYNSE4sy/Pk9pRybFLzu1JvnwxjSND9skBKRKHnJIyuSIVUiWcPJJn8krerCfrxXq3PiatC9Z0Zo/8gfX5A1sHm6s=</latexit>

N(✏) =
1
8 ⇥ 4

3⇡k
3

⌦
=

1
8 ⇥ 4

3⇡
�
2m✏
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� 3
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�
⇡
L

�3
<latexit sha1_base64="3mrnxgWeg14HkJt3MVlHgU2JPuM="></latexit><latexit sha1_base64="3mrnxgWeg14HkJt3MVlHgU2JPuM="></latexit><latexit sha1_base64="3mrnxgWeg14HkJt3MVlHgU2JPuM="></latexit><latexit sha1_base64="3mrnxgWeg14HkJt3MVlHgU2JPuM="></latexit>

=

p
2m

3
2

3⇡2~3 ⇥ V ⇥ ✏
3
2

<latexit sha1_base64="AgwKgXUxKBERB7ZREUWduO4Dr1A="></latexit><latexit sha1_base64="AgwKgXUxKBERB7ZREUWduO4Dr1A="></latexit><latexit sha1_base64="AgwKgXUxKBERB7ZREUWduO4Dr1A="></latexit><latexit sha1_base64="AgwKgXUxKBERB7ZREUWduO4Dr1A="></latexit> g(✏) =
1

V

dN

d✏
=

m
3
2

p
2⇡2~3

⇥ ✏
1
2

<latexit sha1_base64="Wk8SrqIv/We3TeGdm8v4Ijk45/A="></latexit><latexit sha1_base64="Wk8SrqIv/We3TeGdm8v4Ijk45/A="></latexit><latexit sha1_base64="Wk8SrqIv/We3TeGdm8v4Ijk45/A="></latexit><latexit sha1_base64="Wk8SrqIv/We3TeGdm8v4Ijk45/A="></latexit>

Density of states: 

No. of states in the shell (above) per 
unit volume 



Quantum Systems
Particle in a box

Example, canonical partition function

=
X

kx,ky,kz

exp

✓
��

~2k2
2m

◆

<latexit sha1_base64="Uujlj71kYKod31uXmvKNvqRlqUQ="></latexit><latexit sha1_base64="Uujlj71kYKod31uXmvKNvqRlqUQ="></latexit><latexit sha1_base64="Uujlj71kYKod31uXmvKNvqRlqUQ="></latexit><latexit sha1_base64="Uujlj71kYKod31uXmvKNvqRlqUQ="></latexit>

�! V

⇡3

Z
d3k exp

✓
��

~2k2
2m

◆

<latexit sha1_base64="W4y5CCt0nz9ZR71bUXOE6KWX/cg="></latexit><latexit sha1_base64="W4y5CCt0nz9ZR71bUXOE6KWX/cg="></latexit><latexit sha1_base64="W4y5CCt0nz9ZR71bUXOE6KWX/cg="></latexit><latexit sha1_base64="W4y5CCt0nz9ZR71bUXOE6KWX/cg="></latexit>

=
V m

3
2

p
2⇡2~3

1Z

0

d✏ ✏
1
2 exp (��✏)

<latexit sha1_base64="CuRqhJQtRxoflyvWVG4Ep1p5Bz0="></latexit><latexit sha1_base64="CuRqhJQtRxoflyvWVG4Ep1p5Bz0="></latexit><latexit sha1_base64="CuRqhJQtRxoflyvWVG4Ep1p5Bz0="></latexit><latexit sha1_base64="CuRqhJQtRxoflyvWVG4Ep1p5Bz0="></latexit>

Q(N,V, T ) = V

1Z

0

d✏ g(✏) exp (��✏)

<latexit sha1_base64="zta6i1RmjmQUMgBjWqPZSxM/i4c="></latexit><latexit sha1_base64="zta6i1RmjmQUMgBjWqPZSxM/i4c="></latexit><latexit sha1_base64="zta6i1RmjmQUMgBjWqPZSxM/i4c="></latexit><latexit sha1_base64="zta6i1RmjmQUMgBjWqPZSxM/i4c="></latexit>

=
V

⇤3
<latexit sha1_base64="/pUCkxBOTFY95nF/RGxW5BOOtMg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCroRim5cuKhgH9DEMplM2qGTBzMTocQs/BU3LhRx62+482+ctllo64GBwzn3cO8cL+FMKsv6NkoLi0vLK+XVytr6xuaWub3TknEqCG2SmMei42FJOYtoUzHFaScRFIcep21veDX22w9USBZHd2qUUDfE/YgFjGClpZ65hy6QEwhMslaeOTc66OP7k7xnVq2aNQGaJ3ZBqlCg0TO/HD8maUgjRTiWsmtbiXIzLBQjnOYVJ5U0wWSI+7SraYRDKt1scn+ODrXioyAW+kUKTdTfiQyHUo5CT0+GWA3krDcW//O6qQrO3YxFSapoRKaLgpQjFaNxGchnghLFR5pgIpi+FZEB1m0oXVlFl2DPfnmetI5rtlWzb0+r9cuijjLswwEcgQ1nUIdraEATCDzCM7zCm/FkvBjvxsd0tGQUmV34A+PzB/1QlXA=</latexit><latexit sha1_base64="/pUCkxBOTFY95nF/RGxW5BOOtMg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCroRim5cuKhgH9DEMplM2qGTBzMTocQs/BU3LhRx62+482+ctllo64GBwzn3cO8cL+FMKsv6NkoLi0vLK+XVytr6xuaWub3TknEqCG2SmMei42FJOYtoUzHFaScRFIcep21veDX22w9USBZHd2qUUDfE/YgFjGClpZ65hy6QEwhMslaeOTc66OP7k7xnVq2aNQGaJ3ZBqlCg0TO/HD8maUgjRTiWsmtbiXIzLBQjnOYVJ5U0wWSI+7SraYRDKt1scn+ODrXioyAW+kUKTdTfiQyHUo5CT0+GWA3krDcW//O6qQrO3YxFSapoRKaLgpQjFaNxGchnghLFR5pgIpi+FZEB1m0oXVlFl2DPfnmetI5rtlWzb0+r9cuijjLswwEcgQ1nUIdraEATCDzCM7zCm/FkvBjvxsd0tGQUmV34A+PzB/1QlXA=</latexit><latexit sha1_base64="/pUCkxBOTFY95nF/RGxW5BOOtMg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCroRim5cuKhgH9DEMplM2qGTBzMTocQs/BU3LhRx62+482+ctllo64GBwzn3cO8cL+FMKsv6NkoLi0vLK+XVytr6xuaWub3TknEqCG2SmMei42FJOYtoUzHFaScRFIcep21veDX22w9USBZHd2qUUDfE/YgFjGClpZ65hy6QEwhMslaeOTc66OP7k7xnVq2aNQGaJ3ZBqlCg0TO/HD8maUgjRTiWsmtbiXIzLBQjnOYVJ5U0wWSI+7SraYRDKt1scn+ODrXioyAW+kUKTdTfiQyHUo5CT0+GWA3krDcW//O6qQrO3YxFSapoRKaLgpQjFaNxGchnghLFR5pgIpi+FZEB1m0oXVlFl2DPfnmetI5rtlWzb0+r9cuijjLswwEcgQ1nUIdraEATCDzCM7zCm/FkvBjvxsd0tGQUmV34A+PzB/1QlXA=</latexit><latexit sha1_base64="/pUCkxBOTFY95nF/RGxW5BOOtMg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCroRim5cuKhgH9DEMplM2qGTBzMTocQs/BU3LhRx62+482+ctllo64GBwzn3cO8cL+FMKsv6NkoLi0vLK+XVytr6xuaWub3TknEqCG2SmMei42FJOYtoUzHFaScRFIcep21veDX22w9USBZHd2qUUDfE/YgFjGClpZ65hy6QEwhMslaeOTc66OP7k7xnVq2aNQGaJ3ZBqlCg0TO/HD8maUgjRTiWsmtbiXIzLBQjnOYVJ5U0wWSI+7SraYRDKt1scn+ODrXioyAW+kUKTdTfiQyHUo5CT0+GWA3krDcW//O6qQrO3YxFSapoRKaLgpQjFaNxGchnghLFR5pgIpi+FZEB1m0oXVlFl2DPfnmetI5rtlWzb0+r9cuijjLswwEcgQ1nUIdraEATCDzCM7zCm/FkvBjvxsd0tGQUmV34A+PzB/1QlXA=</latexit>

⇤ =
hp

2⇡mkBT
<latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit>

<latexit sha1_base64="ILzhUakbhr55hI5gH+fH6TdYkCM="></latexit>

Q(N,V, T ) =
X

n

exp(��✏(n)) =
X

nx,ny,nz

exp(��
~2

2mL2
(n2

x + n2
y + n2

z))
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✏J = J(J + 1)
~2
2I

<latexit sha1_base64="FbCNns27J1oRn8hvHpwjI0/2BgA=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQI0LYDYI2QtBGU0UwF8jGMDs5mwyZvTAzK4RlH8HGV7GxUMTW0s63cZJsodEfBj7+cw5nzu9GnEllWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAWFBg15KNoukcBZAA3FFId2JID4LoeWO7qc1Fv3ICQLg1s1jqDrk0HAPEaJ0lbPPHQgkoxrrOFzXCvVju0j7HiC0MQZukTcVdKkgq/Tnlm0ytZU+C/YGRRRpnrP/HT6IY19CBTlRMqObUWqmxChGOWQFpxYQkToiAygozEgPshuMj0oxQfa6WMvFPoFCk/dnxMJ8aUc+67u9IkayvnaxPyv1omVd9ZNWBDFCgI6W+TFHKsQT9LBfSaAKj7WQKhg+q+YDolOQ+kMCzoEe/7kv9CslG2rbN+cFKsXWRx5tIf2UQnZ6BRV0RWqowai6AE9oRf0ajwaz8ab8T5rzRnZzC76JePjG7Hjmxo=</latexit><latexit sha1_base64="FbCNns27J1oRn8hvHpwjI0/2BgA=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQI0LYDYI2QtBGU0UwF8jGMDs5mwyZvTAzK4RlH8HGV7GxUMTW0s63cZJsodEfBj7+cw5nzu9GnEllWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAWFBg15KNoukcBZAA3FFId2JID4LoeWO7qc1Fv3ICQLg1s1jqDrk0HAPEaJ0lbPPHQgkoxrrOFzXCvVju0j7HiC0MQZukTcVdKkgq/Tnlm0ytZU+C/YGRRRpnrP/HT6IY19CBTlRMqObUWqmxChGOWQFpxYQkToiAygozEgPshuMj0oxQfa6WMvFPoFCk/dnxMJ8aUc+67u9IkayvnaxPyv1omVd9ZNWBDFCgI6W+TFHKsQT9LBfSaAKj7WQKhg+q+YDolOQ+kMCzoEe/7kv9CslG2rbN+cFKsXWRx5tIf2UQnZ6BRV0RWqowai6AE9oRf0ajwaz8ab8T5rzRnZzC76JePjG7Hjmxo=</latexit><latexit sha1_base64="FbCNns27J1oRn8hvHpwjI0/2BgA=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQI0LYDYI2QtBGU0UwF8jGMDs5mwyZvTAzK4RlH8HGV7GxUMTW0s63cZJsodEfBj7+cw5nzu9GnEllWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAWFBg15KNoukcBZAA3FFId2JID4LoeWO7qc1Fv3ICQLg1s1jqDrk0HAPEaJ0lbPPHQgkoxrrOFzXCvVju0j7HiC0MQZukTcVdKkgq/Tnlm0ytZU+C/YGRRRpnrP/HT6IY19CBTlRMqObUWqmxChGOWQFpxYQkToiAygozEgPshuMj0oxQfa6WMvFPoFCk/dnxMJ8aUc+67u9IkayvnaxPyv1omVd9ZNWBDFCgI6W+TFHKsQT9LBfSaAKj7WQKhg+q+YDolOQ+kMCzoEe/7kv9CslG2rbN+cFKsXWRx5tIf2UQnZ6BRV0RWqowai6AE9oRf0ajwaz8ab8T5rzRnZzC76JePjG7Hjmxo=</latexit><latexit sha1_base64="FbCNns27J1oRn8hvHpwjI0/2BgA=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQI0LYDYI2QtBGU0UwF8jGMDs5mwyZvTAzK4RlH8HGV7GxUMTW0s63cZJsodEfBj7+cw5nzu9GnEllWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAWFBg15KNoukcBZAA3FFId2JID4LoeWO7qc1Fv3ICQLg1s1jqDrk0HAPEaJ0lbPPHQgkoxrrOFzXCvVju0j7HiC0MQZukTcVdKkgq/Tnlm0ytZU+C/YGRRRpnrP/HT6IY19CBTlRMqObUWqmxChGOWQFpxYQkToiAygozEgPshuMj0oxQfa6WMvFPoFCk/dnxMJ8aUc+67u9IkayvnaxPyv1omVd9ZNWBDFCgI6W+TFHKsQT9LBfSaAKj7WQKhg+q+YDolOQ+kMCzoEe/7kv9CslG2rbN+cFKsXWRx5tIf2UQnZ6BRV0RWqowai6AE9oRf0ajwaz8ab8T5rzRnZzC76JePjG7Hjmxo=</latexit>

J=0,1,2,…
I = µR2

<latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit><latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit><latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit><latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit>

�✏ = ✏1 � ✏0 = 2
~2

2µR2
<latexit sha1_base64="G6BMLAhEHDvq3oLUXsxSzwl7rHI="></latexit><latexit sha1_base64="G6BMLAhEHDvq3oLUXsxSzwl7rHI="></latexit><latexit sha1_base64="G6BMLAhEHDvq3oLUXsxSzwl7rHI="></latexit><latexit sha1_base64="G6BMLAhEHDvq3oLUXsxSzwl7rHI="></latexit>

⇡ 4.2⇥ 10�22J
<latexit sha1_base64="+uAa3e2P+OqoAkyJafp3Vn/puGQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpCEgi6LbsRVBfuAJpbJdNIOncyEmYlYQldu/BU3LhRx6ze482+cPhbaeuDC4Zx7ufeeKGVUadf9tgpLyyura8X10sbm1vaOvbvXUCKTmNSxYEK2IqQIo5zUNdWMtFJJUBIx0owGl2O/eU+kooLf6mFKwgT1OI0pRtpIHfswQGkqxQOsOD4MNE2Igp57l5/6/ghed+yy67gTwEXizUgZzFDr2F9BV+AsIVxjhpRqe26qwxxJTTEjo1KQKZIiPEA90jaUI7MvzCdvjOCxUbowFtIU13Ci/p7IUaLUMIlMZ4J0X817Y/E/r53p+DzMKU8zTTieLoozBrWA40xgl0qCNRsagrCk5laI+0girE1yJROCN//yImn4juc63k2lXL2YxVEEB+AInAAPnIEquAI1UAcYPIJn8ArerCfrxXq3PqatBWs2sw/+wPr8AQpBluc=</latexit><latexit sha1_base64="+uAa3e2P+OqoAkyJafp3Vn/puGQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpCEgi6LbsRVBfuAJpbJdNIOncyEmYlYQldu/BU3LhRx6ze482+cPhbaeuDC4Zx7ufeeKGVUadf9tgpLyyura8X10sbm1vaOvbvXUCKTmNSxYEK2IqQIo5zUNdWMtFJJUBIx0owGl2O/eU+kooLf6mFKwgT1OI0pRtpIHfswQGkqxQOsOD4MNE2Igp57l5/6/ghed+yy67gTwEXizUgZzFDr2F9BV+AsIVxjhpRqe26qwxxJTTEjo1KQKZIiPEA90jaUI7MvzCdvjOCxUbowFtIU13Ci/p7IUaLUMIlMZ4J0X817Y/E/r53p+DzMKU8zTTieLoozBrWA40xgl0qCNRsagrCk5laI+0girE1yJROCN//yImn4juc63k2lXL2YxVEEB+AInAAPnIEquAI1UAcYPIJn8ArerCfrxXq3PqatBWs2sw/+wPr8AQpBluc=</latexit><latexit sha1_base64="+uAa3e2P+OqoAkyJafp3Vn/puGQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpCEgi6LbsRVBfuAJpbJdNIOncyEmYlYQldu/BU3LhRx6ze482+cPhbaeuDC4Zx7ufeeKGVUadf9tgpLyyura8X10sbm1vaOvbvXUCKTmNSxYEK2IqQIo5zUNdWMtFJJUBIx0owGl2O/eU+kooLf6mFKwgT1OI0pRtpIHfswQGkqxQOsOD4MNE2Igp57l5/6/ghed+yy67gTwEXizUgZzFDr2F9BV+AsIVxjhpRqe26qwxxJTTEjo1KQKZIiPEA90jaUI7MvzCdvjOCxUbowFtIU13Ci/p7IUaLUMIlMZ4J0X817Y/E/r53p+DzMKU8zTTieLoozBrWA40xgl0qCNRsagrCk5laI+0girE1yJROCN//yImn4juc63k2lXL2YxVEEB+AInAAPnIEquAI1UAcYPIJn8ArerCfrxXq3PqatBWs2sw/+wPr8AQpBluc=</latexit><latexit sha1_base64="+uAa3e2P+OqoAkyJafp3Vn/puGQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpCEgi6LbsRVBfuAJpbJdNIOncyEmYlYQldu/BU3LhRx6ze482+cPhbaeuDC4Zx7ufeeKGVUadf9tgpLyyura8X10sbm1vaOvbvXUCKTmNSxYEK2IqQIo5zUNdWMtFJJUBIx0owGl2O/eU+kooLf6mFKwgT1OI0pRtpIHfswQGkqxQOsOD4MNE2Igp57l5/6/ghed+yy67gTwEXizUgZzFDr2F9BV+AsIVxjhpRqe26qwxxJTTEjo1KQKZIiPEA90jaUI7MvzCdvjOCxUbowFtIU13Ci/p7IUaLUMIlMZ4J0X817Y/E/r53p+DzMKU8zTTieLoozBrWA40xgl0qCNRsagrCk5laI+0girE1yJROCN//yImn4juc63k2lXL2YxVEEB+AInAAPnIEquAI1UAcYPIJn8ArerCfrxXq3PqatBWs2sw/+wPr8AQpBluc=</latexit>

For HCl with I=2.65 x 10-47 kg/m3

Compared to the energy of first excitation in particle-in-a-box, this is much 
larger.


Hence, quantisation of levels is more important in this case.

Degeneracy of each level is 2J+1



Quantum Systems
Harmonic oscillator

Eigenvalues
 v=0,1,2,…

For HCl with

Hence, quantisation of levels is more important in this case too.

✏v = (v +
1

2
)h⌫

<latexit sha1_base64="CdfhhKPu6D5Sg1pRGBGZVniaq8g=">AAACC3icbZDLSsNAFIYn9VbrrerSzdAiVISSFEE3QtGNywr2Ak0ok+lJO3QyCTOTQgnZu/FV3LhQxK0v4M63cXpZaOsPAx//OYcz5/djzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH91O6+0xSMUi8aAnMXghGQgWMEq0sXrFkguxYtzgGF/jyvjcDSShqZOltewMD7Erkl6xbFftmfAqOAsoo4UaveKX249oEoLQlBOluo4day8lUjPKISu4iYKY0BEZQNegICEoL53dkuFT4/RxEEnzhMYz9/dESkKlJqFvOkOih2q5NjX/q3UTHVx5KRNxokHQ+aIg4VhHeBoM7jMJVPOJAUIlM3/FdEhMGNrEVzAhOMsnr0KrVnXsqnN/Ua7fLOLIoxNUQhXkoEtUR3eogZqIokf0jF7Rm/VkvVjv1se8NWctZo7RH1mfPxramcs=</latexit><latexit sha1_base64="CdfhhKPu6D5Sg1pRGBGZVniaq8g=">AAACC3icbZDLSsNAFIYn9VbrrerSzdAiVISSFEE3QtGNywr2Ak0ok+lJO3QyCTOTQgnZu/FV3LhQxK0v4M63cXpZaOsPAx//OYcz5/djzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH91O6+0xSMUi8aAnMXghGQgWMEq0sXrFkguxYtzgGF/jyvjcDSShqZOltewMD7Erkl6xbFftmfAqOAsoo4UaveKX249oEoLQlBOluo4day8lUjPKISu4iYKY0BEZQNegICEoL53dkuFT4/RxEEnzhMYz9/dESkKlJqFvOkOih2q5NjX/q3UTHVx5KRNxokHQ+aIg4VhHeBoM7jMJVPOJAUIlM3/FdEhMGNrEVzAhOMsnr0KrVnXsqnN/Ua7fLOLIoxNUQhXkoEtUR3eogZqIokf0jF7Rm/VkvVjv1se8NWctZo7RH1mfPxramcs=</latexit><latexit sha1_base64="CdfhhKPu6D5Sg1pRGBGZVniaq8g=">AAACC3icbZDLSsNAFIYn9VbrrerSzdAiVISSFEE3QtGNywr2Ak0ok+lJO3QyCTOTQgnZu/FV3LhQxK0v4M63cXpZaOsPAx//OYcz5/djzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH91O6+0xSMUi8aAnMXghGQgWMEq0sXrFkguxYtzgGF/jyvjcDSShqZOltewMD7Erkl6xbFftmfAqOAsoo4UaveKX249oEoLQlBOluo4day8lUjPKISu4iYKY0BEZQNegICEoL53dkuFT4/RxEEnzhMYz9/dESkKlJqFvOkOih2q5NjX/q3UTHVx5KRNxokHQ+aIg4VhHeBoM7jMJVPOJAUIlM3/FdEhMGNrEVzAhOMsnr0KrVnXsqnN/Ua7fLOLIoxNUQhXkoEtUR3eogZqIokf0jF7Rm/VkvVjv1se8NWctZo7RH1mfPxramcs=</latexit><latexit sha1_base64="CdfhhKPu6D5Sg1pRGBGZVniaq8g=">AAACC3icbZDLSsNAFIYn9VbrrerSzdAiVISSFEE3QtGNywr2Ak0ok+lJO3QyCTOTQgnZu/FV3LhQxK0v4M63cXpZaOsPAx//OYcz5/djzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH91O6+0xSMUi8aAnMXghGQgWMEq0sXrFkguxYtzgGF/jyvjcDSShqZOltewMD7Erkl6xbFftmfAqOAsoo4UaveKX249oEoLQlBOluo4day8lUjPKISu4iYKY0BEZQNegICEoL53dkuFT4/RxEEnzhMYz9/dESkKlJqFvOkOih2q5NjX/q3UTHVx5KRNxokHQ+aIg4VhHeBoM7jMJVPOJAUIlM3/FdEhMGNrEVzAhOMsnr0KrVnXsqnN/Ua7fLOLIoxNUQhXkoEtUR3eogZqIokf0jF7Rm/VkvVjv1se8NWctZo7RH1mfPxramcs=</latexit>

�✏ = ✏1 � ✏0 = h⌫
<latexit sha1_base64="LPg/CLX2QwXDFyV6+NBFOlGVCDI=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNCNUNSFywr2Ap1hyKRn2tBMZkgyQhn6HG58FTcuFHEnbnwb0wteWg8Evvz/OSTnD1POlHacT6uwsLi0vFJcLa2tb2xu2ds7DZVkkkKdJjyRrZAo4ExAXTPNoZVKIHHIoRn2L0d+8w6kYom41YMU/Jh0BYsYJdpIge16V8A1wR6kivFE4PNvDFx89HNxjNPDnsgCu+xUnHHheXCnUEbTqgX2u9dJaBaD0JQTpdquk2o/J1IzymFY8jIFKaF90oW2QUFiUH4+Xm2ID4zSwVEizREaj9XfEzmJlRrEoemMie6pWW8k/ue1Mx2d+TkTaaZB0MlDUcaxTvAoJ9xhEqjmAwOESmb+immPSEK1SbNkQnBnV56HxnHFdSruzUm5ejGNo4j20D46RC46RVV0jWqojii6R4/oGb1YD9aT9Wq9TVoL1nRmF/0p6+MLkNqfSg==</latexit><latexit sha1_base64="LPg/CLX2QwXDFyV6+NBFOlGVCDI=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNCNUNSFywr2Ap1hyKRn2tBMZkgyQhn6HG58FTcuFHEnbnwb0wteWg8Evvz/OSTnD1POlHacT6uwsLi0vFJcLa2tb2xu2ds7DZVkkkKdJjyRrZAo4ExAXTPNoZVKIHHIoRn2L0d+8w6kYom41YMU/Jh0BYsYJdpIge16V8A1wR6kivFE4PNvDFx89HNxjNPDnsgCu+xUnHHheXCnUEbTqgX2u9dJaBaD0JQTpdquk2o/J1IzymFY8jIFKaF90oW2QUFiUH4+Xm2ID4zSwVEizREaj9XfEzmJlRrEoemMie6pWW8k/ue1Mx2d+TkTaaZB0MlDUcaxTvAoJ9xhEqjmAwOESmb+immPSEK1SbNkQnBnV56HxnHFdSruzUm5ejGNo4j20D46RC46RVV0jWqojii6R4/oGb1YD9aT9Wq9TVoL1nRmF/0p6+MLkNqfSg==</latexit><latexit sha1_base64="LPg/CLX2QwXDFyV6+NBFOlGVCDI=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNCNUNSFywr2Ap1hyKRn2tBMZkgyQhn6HG58FTcuFHEnbnwb0wteWg8Evvz/OSTnD1POlHacT6uwsLi0vFJcLa2tb2xu2ds7DZVkkkKdJjyRrZAo4ExAXTPNoZVKIHHIoRn2L0d+8w6kYom41YMU/Jh0BYsYJdpIge16V8A1wR6kivFE4PNvDFx89HNxjNPDnsgCu+xUnHHheXCnUEbTqgX2u9dJaBaD0JQTpdquk2o/J1IzymFY8jIFKaF90oW2QUFiUH4+Xm2ID4zSwVEizREaj9XfEzmJlRrEoemMie6pWW8k/ue1Mx2d+TkTaaZB0MlDUcaxTvAoJ9xhEqjmAwOESmb+immPSEK1SbNkQnBnV56HxnHFdSruzUm5ejGNo4j20D46RC46RVV0jWqojii6R4/oGb1YD9aT9Wq9TVoL1nRmF/0p6+MLkNqfSg==</latexit><latexit sha1_base64="LPg/CLX2QwXDFyV6+NBFOlGVCDI=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNCNUNSFywr2Ap1hyKRn2tBMZkgyQhn6HG58FTcuFHEnbnwb0wteWg8Evvz/OSTnD1POlHacT6uwsLi0vFJcLa2tb2xu2ds7DZVkkkKdJjyRrZAo4ExAXTPNoZVKIHHIoRn2L0d+8w6kYom41YMU/Jh0BYsYJdpIge16V8A1wR6kivFE4PNvDFx89HNxjNPDnsgCu+xUnHHheXCnUEbTqgX2u9dJaBaD0JQTpdquk2o/J1IzymFY8jIFKaF90oW2QUFiUH4+Xm2ID4zSwVEizREaj9XfEzmJlRrEoemMie6pWW8k/ue1Mx2d+TkTaaZB0MlDUcaxTvAoJ9xhEqjmAwOESmb+immPSEK1SbNkQnBnV56HxnHFdSruzUm5ejGNo4j20D46RC46RVV0jWqojii6R4/oGb1YD9aT9Wq9TVoL1nRmF/0p6+MLkNqfSg==</latexit>

⇡ 5.7⇥ 10�20J
<latexit sha1_base64="pd5fOTG+cdF9DWoA4u3hVvdzt2g=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcGJKi1GXRjbiqYB/QxDKZTtqhk8kwMxFL6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPKBhV2nW/rYXFpeWV1cJacX1jc2vb3tltqCSVmNRxwhLZCpEijHJS11Qz0hKSoDhkpBkOLsd+855IRRN+q4eCBDHqcRpRjLSROvaBj4SQyQM8cyrQ1zQmCnruXXZSdkfwumOXXMedAM4TLyclkKPWsb/8boLTmHCNGVKq7blCBxmSmmJGRkU/VUQgPEA90jaUI7MvyCZvjOCRUbowSqQpruFE/T2RoVipYRyazhjpvpr1xuJ/XjvV0XmQUS5STTieLopSBnUCx5nALpUEazY0BGFJza0Q95FEWJvkiiYEb/bledIoO57reDenpepFHkcB7INDcAw8UAFVcAVqoA4weATP4BW8WU/Wi/VufUxbF6x8Zg/8gfX5AxC5lus=</latexit><latexit sha1_base64="pd5fOTG+cdF9DWoA4u3hVvdzt2g=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcGJKi1GXRjbiqYB/QxDKZTtqhk8kwMxFL6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPKBhV2nW/rYXFpeWV1cJacX1jc2vb3tltqCSVmNRxwhLZCpEijHJS11Qz0hKSoDhkpBkOLsd+855IRRN+q4eCBDHqcRpRjLSROvaBj4SQyQM8cyrQ1zQmCnruXXZSdkfwumOXXMedAM4TLyclkKPWsb/8boLTmHCNGVKq7blCBxmSmmJGRkU/VUQgPEA90jaUI7MvyCZvjOCRUbowSqQpruFE/T2RoVipYRyazhjpvpr1xuJ/XjvV0XmQUS5STTieLopSBnUCx5nALpUEazY0BGFJza0Q95FEWJvkiiYEb/bledIoO57reDenpepFHkcB7INDcAw8UAFVcAVqoA4weATP4BW8WU/Wi/VufUxbF6x8Zg/8gfX5AxC5lus=</latexit><latexit sha1_base64="pd5fOTG+cdF9DWoA4u3hVvdzt2g=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcGJKi1GXRjbiqYB/QxDKZTtqhk8kwMxFL6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPKBhV2nW/rYXFpeWV1cJacX1jc2vb3tltqCSVmNRxwhLZCpEijHJS11Qz0hKSoDhkpBkOLsd+855IRRN+q4eCBDHqcRpRjLSROvaBj4SQyQM8cyrQ1zQmCnruXXZSdkfwumOXXMedAM4TLyclkKPWsb/8boLTmHCNGVKq7blCBxmSmmJGRkU/VUQgPEA90jaUI7MvyCZvjOCRUbowSqQpruFE/T2RoVipYRyazhjpvpr1xuJ/XjvV0XmQUS5STTieLopSBnUCx5nALpUEazY0BGFJza0Q95FEWJvkiiYEb/bledIoO57reDenpepFHkcB7INDcAw8UAFVcAVqoA4weATP4BW8WU/Wi/VufUxbF6x8Zg/8gfX5AxC5lus=</latexit><latexit sha1_base64="pd5fOTG+cdF9DWoA4u3hVvdzt2g=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcGJKi1GXRjbiqYB/QxDKZTtqhk8kwMxFL6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPKBhV2nW/rYXFpeWV1cJacX1jc2vb3tltqCSVmNRxwhLZCpEijHJS11Qz0hKSoDhkpBkOLsd+855IRRN+q4eCBDHqcRpRjLSROvaBj4SQyQM8cyrQ1zQmCnruXXZSdkfwumOXXMedAM4TLyclkKPWsb/8boLTmHCNGVKq7blCBxmSmmJGRkU/VUQgPEA90jaUI7MvyCZvjOCRUbowSqQpruFE/T2RoVipYRyazhjpvpr1xuJ/XjvV0XmQUS5STTieLopSBnUCx5nALpUEazY0BGFJza0Q95FEWJvkiiYEb/bledIoO57reDenpepFHkcB7INDcAw8UAFVcAVqoA4weATP4BW8WU/Wi/VufUxbF6x8Zg/8gfX5AxC5lus=</latexit>

⌫ = 8.65⇥ 1013Hz
<latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit><latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit><latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit><latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit>

� �✏rot
<latexit sha1_base64="UMWQoz0fVcnor1S/j2ihOeX2bTc=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGtbCMYGIgd4S9zeSyZO+D3TkhHMHGv2JjoYitv8LOf+MmuUITHww83pthZl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRLUDpkGKGJooUEI7VcCiQMJ9MLya+PcPoLRI4jscpeBHLIxFX3CGRuraB14YUu8aJDLqQaqFNGquEhx37apTc6agi8QtSJUUaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzCueJmGlPEhC6FjaMwi0H4+fWFMj43So/1EmYqRTtXfEzmLtB5FgemMGA70vDcR//M6GfYv/FzEaYYQ89mifiYpJnSSB+0JBRzlyBDGlTC3Uj5ginE0qVVMCO78y4ukdVpznZp7e1atXxZxlMkhOSInxCXnpE5uSIM0CSeP5Jm8kjfryXqx3q2PWWvJKmb2yR9Ynz9AEJdX</latexit><latexit sha1_base64="UMWQoz0fVcnor1S/j2ihOeX2bTc=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGtbCMYGIgd4S9zeSyZO+D3TkhHMHGv2JjoYitv8LOf+MmuUITHww83pthZl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRLUDpkGKGJooUEI7VcCiQMJ9MLya+PcPoLRI4jscpeBHLIxFX3CGRuraB14YUu8aJDLqQaqFNGquEhx37apTc6agi8QtSJUUaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzCueJmGlPEhC6FjaMwi0H4+fWFMj43So/1EmYqRTtXfEzmLtB5FgemMGA70vDcR//M6GfYv/FzEaYYQ89mifiYpJnSSB+0JBRzlyBDGlTC3Uj5ginE0qVVMCO78y4ukdVpznZp7e1atXxZxlMkhOSInxCXnpE5uSIM0CSeP5Jm8kjfryXqx3q2PWWvJKmb2yR9Ynz9AEJdX</latexit><latexit sha1_base64="UMWQoz0fVcnor1S/j2ihOeX2bTc=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGtbCMYGIgd4S9zeSyZO+D3TkhHMHGv2JjoYitv8LOf+MmuUITHww83pthZl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRLUDpkGKGJooUEI7VcCiQMJ9MLya+PcPoLRI4jscpeBHLIxFX3CGRuraB14YUu8aJDLqQaqFNGquEhx37apTc6agi8QtSJUUaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzCueJmGlPEhC6FjaMwi0H4+fWFMj43So/1EmYqRTtXfEzmLtB5FgemMGA70vDcR//M6GfYv/FzEaYYQ89mifiYpJnSSB+0JBRzlyBDGlTC3Uj5ginE0qVVMCO78y4ukdVpznZp7e1atXxZxlMkhOSInxCXnpE5uSIM0CSeP5Jm8kjfryXqx3q2PWWvJKmb2yR9Ynz9AEJdX</latexit><latexit sha1_base64="UMWQoz0fVcnor1S/j2ihOeX2bTc=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGtbCMYGIgd4S9zeSyZO+D3TkhHMHGv2JjoYitv8LOf+MmuUITHww83pthZl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRLUDpkGKGJooUEI7VcCiQMJ9MLya+PcPoLRI4jscpeBHLIxFX3CGRuraB14YUu8aJDLqQaqFNGquEhx37apTc6agi8QtSJUUaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzCueJmGlPEhC6FjaMwi0H4+fWFMj43So/1EmYqRTtXfEzmLtB5FgemMGA70vDcR//M6GfYv/FzEaYYQ89mifiYpJnSSB+0JBRzlyBDGlTC3Uj5ginE0qVVMCO78y4ukdVpznZp7e1atXxZxlMkhOSInxCXnpE5uSIM0CSeP5Jm8kjfryXqx3q2PWWvJKmb2yR9Ynz9AEJdX</latexit>



Quantum Systems
Electrons

Consider a H atom as example
 n=1,2,3,…

The electronic energies and populations essentially remain constant due to 
this large gap. Thus, their contribution can be mostly ignored.

⌫ = 8.65⇥ 1013Hz
<latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit><latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit><latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit><latexit sha1_base64="XfKALCTDHoZIWMFQaptFuadpyK8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEFMU8uyBVsHQsEn1ITagc122tOk5kO0gl6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPEHOmtOt+W7ml5ZXVtfx6YWNza3vH3t1rqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXk/85j2VikXiVo9i6oe4L1iPEayN1LGLnkjgJSw752eeZiFVyL1L0ckYwupDxy65jjsFXCQoIyWQodaxv7xuRJKQCk04VqqN3Fj7KZaaEU7HBS9RNMZkiPu0bajAZp+fTp8Yw0OjdGEvkqaEhlP190SKQ6VGYWA6Q6wHat6biP957UT3yn7KRJxoKshsUS/hUEdwkgjsMkmJ5iNDMJHM3ArJAEtMtMmtYEJA8y8vksaxg1wH3ZyWKldZHHlQBAfgCCBwASqgCmqgDgh4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBMiKV4Q==</latexit>

✏n = �13.6

n2
eV

<latexit sha1_base64="hAgOTRAnTtFiU0DK+7ypqkXgP/k=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQbAy7UdRGCNpYRjAXyMYwOzmbDJmdXWZmhbBsbeOr2FgoYusT2Pk2Ti6FJv4w8PGfczhzfj/mTGnH+bZyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4HpUbzyAVCwSd3oYQzskPcECRok2Vsfe9yBWjBsU+BIfe4EkNHVPSmdZKu7LGYZ6xy46JWcsPA/uFIpoqmrH/vK6EU1CEJpyolTLdWLdTonUjHLICl6iICZ0QHrQMihICKqdjk/J8KFxujiIpHlC47H7eyIloVLD0DedIdF9NVsbmf/VWokOLtopE3GiQdDJoiDhWEd4lAvuMglU86EBQiUzf8W0T0wa2qRXMCG4syfPQ71ccp2Se3tarFxN48ijPXSAjpCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH5PWnDWd2UV/ZH3+ADXtmUs=</latexit><latexit sha1_base64="hAgOTRAnTtFiU0DK+7ypqkXgP/k=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQbAy7UdRGCNpYRjAXyMYwOzmbDJmdXWZmhbBsbeOr2FgoYusT2Pk2Ti6FJv4w8PGfczhzfj/mTGnH+bZyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4HpUbzyAVCwSd3oYQzskPcECRok2Vsfe9yBWjBsU+BIfe4EkNHVPSmdZKu7LGYZ6xy46JWcsPA/uFIpoqmrH/vK6EU1CEJpyolTLdWLdTonUjHLICl6iICZ0QHrQMihICKqdjk/J8KFxujiIpHlC47H7eyIloVLD0DedIdF9NVsbmf/VWokOLtopE3GiQdDJoiDhWEd4lAvuMglU86EBQiUzf8W0T0wa2qRXMCG4syfPQ71ccp2Se3tarFxN48ijPXSAjpCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH5PWnDWd2UV/ZH3+ADXtmUs=</latexit><latexit sha1_base64="hAgOTRAnTtFiU0DK+7ypqkXgP/k=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQbAy7UdRGCNpYRjAXyMYwOzmbDJmdXWZmhbBsbeOr2FgoYusT2Pk2Ti6FJv4w8PGfczhzfj/mTGnH+bZyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4HpUbzyAVCwSd3oYQzskPcECRok2Vsfe9yBWjBsU+BIfe4EkNHVPSmdZKu7LGYZ6xy46JWcsPA/uFIpoqmrH/vK6EU1CEJpyolTLdWLdTonUjHLICl6iICZ0QHrQMihICKqdjk/J8KFxujiIpHlC47H7eyIloVLD0DedIdF9NVsbmf/VWokOLtopE3GiQdDJoiDhWEd4lAvuMglU86EBQiUzf8W0T0wa2qRXMCG4syfPQ71ccp2Se3tarFxN48ijPXSAjpCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH5PWnDWd2UV/ZH3+ADXtmUs=</latexit><latexit sha1_base64="hAgOTRAnTtFiU0DK+7ypqkXgP/k=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQbAy7UdRGCNpYRjAXyMYwOzmbDJmdXWZmhbBsbeOr2FgoYusT2Pk2Ti6FJv4w8PGfczhzfj/mTGnH+bZyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4HpUbzyAVCwSd3oYQzskPcECRok2Vsfe9yBWjBsU+BIfe4EkNHVPSmdZKu7LGYZ6xy46JWcsPA/uFIpoqmrH/vK6EU1CEJpyolTLdWLdTonUjHLICl6iICZ0QHrQMihICKqdjk/J8KFxujiIpHlC47H7eyIloVLD0DedIdF9NVsbmf/VWokOLtopE3GiQdDJoiDhWEd4lAvuMglU86EBQiUzf8W0T0wa2qRXMCG4syfPQ71ccp2Se3tarFxN48ijPXSAjpCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH5PWnDWd2UV/ZH3+ADXtmUs=</latexit>

�✏ = ✏2 � ✏1 =
13.6⇥ 3

4
eV

<latexit sha1_base64="IOQ2Sn150W597nuthuGngpNXAQo="></latexit><latexit sha1_base64="IOQ2Sn150W597nuthuGngpNXAQo="></latexit><latexit sha1_base64="IOQ2Sn150W597nuthuGngpNXAQo="></latexit><latexit sha1_base64="IOQ2Sn150W597nuthuGngpNXAQo="></latexit>

⇡ 1.63⇥ 10�18J
<latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="QbJkvoIrNBpfCOKtpEYluCT06go=">AAAB/XicbZBLSwMxFIXv+Ky1anXrwmAR3DhMFLRLwY24qmAf0BlLJs20oZmZkGTEMnTpxr/ixoUi/g13/hvTx0JbDwQ+zkm4uSeUgmvjed/O0vLK6tp6YaO4Wdra3invlho6zRRldZqKVLVCopngCasbbgRrScVIHArWDAdX47z5wJTmaXJnhpIFMeklPOKUGGt1ygc+kVKljwhh9/wM+YbHTCPs3ecnuDpCN51yxXO9idAi4BlUYKZap/zld1OaxSwxVBCt29iTJsiJMpwKNir6mWaS0AHpsbbFhNh5QT5ZZISOrNNFUarsSQyauL9f5CTWehiH9mZMTF/PZ2Pzv6ydmaga5DyRmWEJnQ6KMoFMisatoC5XjBoxtECo4vaviPaJItTY7oq2BDy/8iI0Tl3sufjWgwLswyEcA4YLuIRrqEEdKDzBC7zBu/PsvDof07qWnFlve/BHzucPaCCV4Q==</latexit><latexit sha1_base64="QbJkvoIrNBpfCOKtpEYluCT06go=">AAAB/XicbZBLSwMxFIXv+Ky1anXrwmAR3DhMFLRLwY24qmAf0BlLJs20oZmZkGTEMnTpxr/ixoUi/g13/hvTx0JbDwQ+zkm4uSeUgmvjed/O0vLK6tp6YaO4Wdra3invlho6zRRldZqKVLVCopngCasbbgRrScVIHArWDAdX47z5wJTmaXJnhpIFMeklPOKUGGt1ygc+kVKljwhh9/wM+YbHTCPs3ecnuDpCN51yxXO9idAi4BlUYKZap/zld1OaxSwxVBCt29iTJsiJMpwKNir6mWaS0AHpsbbFhNh5QT5ZZISOrNNFUarsSQyauL9f5CTWehiH9mZMTF/PZ2Pzv6ydmaga5DyRmWEJnQ6KMoFMisatoC5XjBoxtECo4vaviPaJItTY7oq2BDy/8iI0Tl3sufjWgwLswyEcA4YLuIRrqEEdKDzBC7zBu/PsvDof07qWnFlve/BHzucPaCCV4Q==</latexit><latexit sha1_base64="saug7rsNj1syVto34ZX7KqHniN0=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSGjoF0W3YirCvYBTSyT6aQdOsmEmYlYQpdu/BU3LhRx6ye482+ctllo64ELh3Pu5d57goQzpV332yosLC4trxRXS2vrG5tb9vZOQ4lUElonggvZCrCinMW0rpnmtJVIiqOA02YwuBz7zXsqFRPxrR4m1I9wL2YhI1gbqWPvezhJpHiAEDlnp9DTLKIKIvcuO0aVEbzu2GXXcSeA8wTlpAxy1Dr2l9cVJI1orAnHSrWRm2g/w1Izwumo5KWKJpgMcI+2DY2x2ednk0dG8NAoXRgKaSrWcKL+nshwpNQwCkxnhHVfzXpj8T+vneqw4mcsTlJNYzJdFKYcagHHqcAuk5RoPjQEE8nMrZD0scREm+xKJgQ0+/I8aZw4yHXQjVuuXuRxFMEeOABHAIFzUAVXoAbqgIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx/njpdQ</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit><latexit sha1_base64="KZs2NAOJGCLd/lMQcKbwaq9Vu8s=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxEMWAoGMFC2IqEn1ITagc12mtOollO4gq6sjCr7AwgBArn8DG3+C2GaDlSFc6Oude3XtPIDhT2nW/rbn5hcWl5cJKcXVtfWPT3tquqySVhNZIwhPZDLCinMW0ppnmtCkkxVHAaSPoX478xj2ViiXxrR4I6ke4G7OQEayN1Lb3PCyETB4gRM7ZCfQ0i6iCyL3LjlB5CK/bdsl13DHgLEE5KYEc1bb95XUSkkY01oRjpVrIFdrPsNSMcDoseqmiApM+7tKWoTE2+/xs/MgQHhilA8NEmoo1HKu/JzIcKTWIAtMZYd1T095I/M9rpTos+xmLRappTCaLwpRDncBRKrDDJCWaDwzBRDJzKyQ9LDHRJruiCQFNvzxL6scOch10c1qqXORxFMAu2AeHAIFzUAFXoApqgIBH8AxewZv1ZL1Y79bHpHXOymd2wB9Ynz/ozpdU</latexit>

� �✏vib
<latexit sha1_base64="uWyaN4GFISKGfy4BCRvt/BQELRM=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEBD0W9eCxgv2AJpTNdpIu3WzC7qZQQvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OClDOlHefbKq2srq1vlDcrW9s7u3v2/kFLJZmk0KQJT2QnIAo4E9DUTHPopBJIHHBoB8Obqd8egVQsEQ96nIIfk0iwkFGijdSzj7wowt4tcE2wB6li3Kj5iAWTnl11as4MeJm4BamiAo2e/eX1E5rFIDTlRKmu66Taz4nUjHKYVLxMQUrokETQNVSQGJSfz16Y4FOj9HGYSFNC45n6eyInsVLjODCdMdEDtehNxf+8bqbDKz9nIs00CDpfFGYc6wRP88B9JoFqPjaEUMnMrZgOiCRUm9QqJgR38eVl0jqvuU7Nvb+o1q+LOMroGJ2gM+SiS1RHd6iBmoiiR/SMXtGb9WS9WO/Wx7y1ZBUzh+gPrM8fIa6XQw==</latexit><latexit sha1_base64="uWyaN4GFISKGfy4BCRvt/BQELRM=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEBD0W9eCxgv2AJpTNdpIu3WzC7qZQQvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OClDOlHefbKq2srq1vlDcrW9s7u3v2/kFLJZmk0KQJT2QnIAo4E9DUTHPopBJIHHBoB8Obqd8egVQsEQ96nIIfk0iwkFGijdSzj7wowt4tcE2wB6li3Kj5iAWTnl11as4MeJm4BamiAo2e/eX1E5rFIDTlRKmu66Taz4nUjHKYVLxMQUrokETQNVSQGJSfz16Y4FOj9HGYSFNC45n6eyInsVLjODCdMdEDtehNxf+8bqbDKz9nIs00CDpfFGYc6wRP88B9JoFqPjaEUMnMrZgOiCRUm9QqJgR38eVl0jqvuU7Nvb+o1q+LOMroGJ2gM+SiS1RHd6iBmoiiR/SMXtGb9WS9WO/Wx7y1ZBUzh+gPrM8fIa6XQw==</latexit><latexit sha1_base64="uWyaN4GFISKGfy4BCRvt/BQELRM=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEBD0W9eCxgv2AJpTNdpIu3WzC7qZQQvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OClDOlHefbKq2srq1vlDcrW9s7u3v2/kFLJZmk0KQJT2QnIAo4E9DUTHPopBJIHHBoB8Obqd8egVQsEQ96nIIfk0iwkFGijdSzj7wowt4tcE2wB6li3Kj5iAWTnl11as4MeJm4BamiAo2e/eX1E5rFIDTlRKmu66Taz4nUjHKYVLxMQUrokETQNVSQGJSfz16Y4FOj9HGYSFNC45n6eyInsVLjODCdMdEDtehNxf+8bqbDKz9nIs00CDpfFGYc6wRP88B9JoFqPjaEUMnMrZgOiCRUm9QqJgR38eVl0jqvuU7Nvb+o1q+LOMroGJ2gM+SiS1RHd6iBmoiiR/SMXtGb9WS9WO/Wx7y1ZBUzh+gPrM8fIa6XQw==</latexit><latexit sha1_base64="uWyaN4GFISKGfy4BCRvt/BQELRM=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEBD0W9eCxgv2AJpTNdpIu3WzC7qZQQvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OClDOlHefbKq2srq1vlDcrW9s7u3v2/kFLJZmk0KQJT2QnIAo4E9DUTHPopBJIHHBoB8Obqd8egVQsEQ96nIIfk0iwkFGijdSzj7wowt4tcE2wB6li3Kj5iAWTnl11as4MeJm4BamiAo2e/eX1E5rFIDTlRKmu66Taz4nUjHKYVLxMQUrokETQNVSQGJSfz16Y4FOj9HGYSFNC45n6eyInsVLjODCdMdEDtehNxf+8bqbDKz9nIs00CDpfFGYc6wRP88B9JoFqPjaEUMnMrZgOiCRUm9QqJgR38eVl0jqvuU7Nvb+o1q+LOMroGJ2gM+SiS1RHd6iBmoiiR/SMXtGb9WS9WO/Wx7y1ZBUzh+gPrM8fIa6XQw==</latexit>



Quantum Systems
Many-electron systems

Consider a system of independent particles

Thus, the microstate for a quantum system can be specified by specifying 
these quantum numbers (n1, n2, n3, …).

Ĥ = ĥ1 + ĥ2 + ĥ3 + ...
<latexit sha1_base64="7cFZtvm5h2Coo05HLsKcreS/GJI=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBCFkqqAboeimywr2Am0Ik+mkHTq5MDMRSshzuPFV3LhQxJ248W2cpkFq6w8DH/85hzPn92LOpLLtb6O0srq2vlHerGxt7+zumfsHbRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxxrfTeueBCsmi8F5NYuoEeBgynxGstOWaqD/CKm1k8BrmNMpcBM9+uTbH55oty3LNqm3ZueAyoAKqoFDTNT/7g4gkAQ0V4VjKHrJj5aRYKEY4zSr9RNIYkzEe0p7GEAdUOml+WgZPtDOAfiT0CxXM3fmJFAdSTgJPdwZYjeRibWr+V+slyr9yUhbGiaIhmS3yEw5VBKc5wQETlCg+0YCJYPqvkIywwETpNCs6BLR48jK0axayLXR3Ua3fFHGUwRE4BqcAgUtQBw3QBC1AwCN4Bq/gzXgyXox342PWWjKKmUPwR8bXDxJynlQ=</latexit><latexit sha1_base64="7cFZtvm5h2Coo05HLsKcreS/GJI=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBCFkqqAboeimywr2Am0Ik+mkHTq5MDMRSshzuPFV3LhQxJ248W2cpkFq6w8DH/85hzPn92LOpLLtb6O0srq2vlHerGxt7+zumfsHbRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxxrfTeueBCsmi8F5NYuoEeBgynxGstOWaqD/CKm1k8BrmNMpcBM9+uTbH55oty3LNqm3ZueAyoAKqoFDTNT/7g4gkAQ0V4VjKHrJj5aRYKEY4zSr9RNIYkzEe0p7GEAdUOml+WgZPtDOAfiT0CxXM3fmJFAdSTgJPdwZYjeRibWr+V+slyr9yUhbGiaIhmS3yEw5VBKc5wQETlCg+0YCJYPqvkIywwETpNCs6BLR48jK0axayLXR3Ua3fFHGUwRE4BqcAgUtQBw3QBC1AwCN4Bq/gzXgyXox342PWWjKKmUPwR8bXDxJynlQ=</latexit><latexit sha1_base64="7cFZtvm5h2Coo05HLsKcreS/GJI=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBCFkqqAboeimywr2Am0Ik+mkHTq5MDMRSshzuPFV3LhQxJ248W2cpkFq6w8DH/85hzPn92LOpLLtb6O0srq2vlHerGxt7+zumfsHbRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxxrfTeueBCsmi8F5NYuoEeBgynxGstOWaqD/CKm1k8BrmNMpcBM9+uTbH55oty3LNqm3ZueAyoAKqoFDTNT/7g4gkAQ0V4VjKHrJj5aRYKEY4zSr9RNIYkzEe0p7GEAdUOml+WgZPtDOAfiT0CxXM3fmJFAdSTgJPdwZYjeRibWr+V+slyr9yUhbGiaIhmS3yEw5VBKc5wQETlCg+0YCJYPqvkIywwETpNCs6BLR48jK0axayLXR3Ua3fFHGUwRE4BqcAgUtQBw3QBC1AwCN4Bq/gzXgyXox342PWWjKKmUPwR8bXDxJynlQ=</latexit><latexit sha1_base64="7cFZtvm5h2Coo05HLsKcreS/GJI=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBCFkqqAboeimywr2Am0Ik+mkHTq5MDMRSshzuPFV3LhQxJ248W2cpkFq6w8DH/85hzPn92LOpLLtb6O0srq2vlHerGxt7+zumfsHbRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxxrfTeueBCsmi8F5NYuoEeBgynxGstOWaqD/CKm1k8BrmNMpcBM9+uTbH55oty3LNqm3ZueAyoAKqoFDTNT/7g4gkAQ0V4VjKHrJj5aRYKEY4zSr9RNIYkzEe0p7GEAdUOml+WgZPtDOAfiT0CxXM3fmJFAdSTgJPdwZYjeRibWr+V+slyr9yUhbGiaIhmS3yEw5VBKc5wQETlCg+0YCJYPqvkIywwETpNCs6BLR48jK0axayLXR3Ua3fFHGUwRE4BqcAgUtQBw3QBC1AwCN4Bq/gzXgyXox342PWWjKKmUPwR8bXDxJynlQ=</latexit>

E(n1, n2, n3, ...) = ✏n1 + ✏n2 + ✏n3 + ...
<latexit sha1_base64="FZZtLbOXtWaqc8O2vvcRYq44+4M=">AAACNnicbZBNS8MwGMdTX+d8q3r0EhzCxFHaTdCLMBTBizDBvcBWSpplW1ialiQVRtmn8uLn8LaLB0W8+hFMtx7c5gMJf37/5yF5/n7EqFS2PTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjDKSV1RxUgrEgQFPiNNf3ib+s1nIiQN+ZMaRcQNUJ/THsVIaeSZD3dF7jklyL1yelVKlmWdwWvYIZGkTHck2h7D8zlQXgSVFOhJzyzYlj0tuCycTBRAVjXPfOt0QxwHhCvMkJRtx46UmyChKGZknO/EkkQID1GftLXkKCDSTaZrj+GpJl3YC4U+XMEp/TuRoEDKUeDrzgCpgVz0Uvif145V78pNKI9iRTiePdSLGVQhTDOEXSoIVmykBcKC6r9CPEACYaWTzusQnMWVl0WjbDm25TxeFKo3WRw5cAxOQBE44BJUwT2ogTrA4AVMwAf4NF6Nd+PL+J61rhjZzBGYK+PnF9XBp9o=</latexit><latexit sha1_base64="FZZtLbOXtWaqc8O2vvcRYq44+4M=">AAACNnicbZBNS8MwGMdTX+d8q3r0EhzCxFHaTdCLMBTBizDBvcBWSpplW1ialiQVRtmn8uLn8LaLB0W8+hFMtx7c5gMJf37/5yF5/n7EqFS2PTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjDKSV1RxUgrEgQFPiNNf3ib+s1nIiQN+ZMaRcQNUJ/THsVIaeSZD3dF7jklyL1yelVKlmWdwWvYIZGkTHck2h7D8zlQXgSVFOhJzyzYlj0tuCycTBRAVjXPfOt0QxwHhCvMkJRtx46UmyChKGZknO/EkkQID1GftLXkKCDSTaZrj+GpJl3YC4U+XMEp/TuRoEDKUeDrzgCpgVz0Uvif145V78pNKI9iRTiePdSLGVQhTDOEXSoIVmykBcKC6r9CPEACYaWTzusQnMWVl0WjbDm25TxeFKo3WRw5cAxOQBE44BJUwT2ogTrA4AVMwAf4NF6Nd+PL+J61rhjZzBGYK+PnF9XBp9o=</latexit><latexit sha1_base64="FZZtLbOXtWaqc8O2vvcRYq44+4M=">AAACNnicbZBNS8MwGMdTX+d8q3r0EhzCxFHaTdCLMBTBizDBvcBWSpplW1ialiQVRtmn8uLn8LaLB0W8+hFMtx7c5gMJf37/5yF5/n7EqFS2PTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjDKSV1RxUgrEgQFPiNNf3ib+s1nIiQN+ZMaRcQNUJ/THsVIaeSZD3dF7jklyL1yelVKlmWdwWvYIZGkTHck2h7D8zlQXgSVFOhJzyzYlj0tuCycTBRAVjXPfOt0QxwHhCvMkJRtx46UmyChKGZknO/EkkQID1GftLXkKCDSTaZrj+GpJl3YC4U+XMEp/TuRoEDKUeDrzgCpgVz0Uvif145V78pNKI9iRTiePdSLGVQhTDOEXSoIVmykBcKC6r9CPEACYaWTzusQnMWVl0WjbDm25TxeFKo3WRw5cAxOQBE44BJUwT2ogTrA4AVMwAf4NF6Nd+PL+J61rhjZzBGYK+PnF9XBp9o=</latexit><latexit sha1_base64="FZZtLbOXtWaqc8O2vvcRYq44+4M=">AAACNnicbZBNS8MwGMdTX+d8q3r0EhzCxFHaTdCLMBTBizDBvcBWSpplW1ialiQVRtmn8uLn8LaLB0W8+hFMtx7c5gMJf37/5yF5/n7EqFS2PTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjDKSV1RxUgrEgQFPiNNf3ib+s1nIiQN+ZMaRcQNUJ/THsVIaeSZD3dF7jklyL1yelVKlmWdwWvYIZGkTHck2h7D8zlQXgSVFOhJzyzYlj0tuCycTBRAVjXPfOt0QxwHhCvMkJRtx46UmyChKGZknO/EkkQID1GftLXkKCDSTaZrj+GpJl3YC4U+XMEp/TuRoEDKUeDrzgCpgVz0Uvif145V78pNKI9iRTiePdSLGVQhTDOEXSoIVmykBcKC6r9CPEACYaWTzusQnMWVl0WjbDm25TxeFKo3WRw5cAxOQBE44BJUwT2ogTrA4AVMwAf4NF6Nd+PL+J61rhjZzBGYK+PnF9XBp9o=</latexit>

Separable Hamiltonian implies

Where n’s are quantum numbers. In the present case, each quantum number 
corresponds to the level occupied by one of the N particles.


