
CHM 421/621 
Statistical Mechanics

Lecture 3



Introduction and Review
Lecture Plan 

An example application of Statistical Mechanics (ctd.): 

Calculation of average energy



A familiar example
Classical microstates - set of instantaneous coordinates and velocities.

System: Consider a system of N particles moving independently of each other and 
inside a closed container of volume V. The container (and hence the particles) is 
assumed to be in thermal contact with a reservoir at temperature T.

Model:

Probability distribution:

Momentum of ith particle

Position of ith particle

pi
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⇢({ri,pi}) =
1

Q(N,V, T )
exp (��H({ri,pi}))
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A familiar example
Probability distribution:

Meaning: 

The probability of finding the system in a microstate with the momenta of the particles 
between pi and pi + dpi and their positions between ri and ri + dri is given by 

=>

So what is Q(N,V,T)?

⇢({ri,pi}) =
1

Q(N,V, T )
exp (��H({ri,pi}))
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⇢ ({ri,pi}) d3Nrid
3Npi
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⇢ ({ri,pi}) d3Nrid

3Npi = 1
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A familiar example
Q(N,V, T ) = AV N

✓
2⇡m

�

◆ 3N
2
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Here A is a constant to ensure the correct dimensions. We will show later that

In this case, the normalisation equation becomes

Q(N,V, T ) =

✓
V

⇤3

◆N
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⇤ =
hp

2⇡mkBT
<latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit>

1

h3N

Z
⇢ ({ri,pi}) d3Nrid

3Npi = 1
<latexit sha1_base64="Nv6asxcmd7vZVKasPF6uZLXmHew="></latexit><latexit sha1_base64="Nv6asxcmd7vZVKasPF6uZLXmHew="></latexit><latexit sha1_base64="Nv6asxcmd7vZVKasPF6uZLXmHew="></latexit><latexit sha1_base64="Nv6asxcmd7vZVKasPF6uZLXmHew="></latexit>



Average Energy

U =
3

2
NkBT

<latexit sha1_base64="davjtVfyOAoEJ56c0ZtgRW5xerI=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSVEEvQqkXT1KhaYU2hM120y7dfLC7EUrIxb/ixYMiXv0Z3vw3btsctPXBwOO9GWbm+QlnUlnWt1FaWV1b3yhvVra2d3b3zP2DjoxTQahDYh6LBx9LyllEHcUUpw+JoDj0Oe3645up332kQrI4aqtJQt0QDyMWMIKVljzzyEHXqB8ITLLzPKvn6A6NvSZqe2bVqlkzoGViF6QKBVqe+dUfxCQNaaQIx1L2bCtRboaFYoTTvNJPJU0wGeMh7Wka4ZBKN5s9kKNTrQxQEAtdkUIz9fdEhkMpJ6GvO0OsRnLRm4r/eb1UBVduxqIkVTQi80VBypGK0TQNNGCCEsUnmmAimL4VkRHWaSidWUWHYC++vEw69Zpt1ez7i2qjWcRRhmM4gTOw4RIacAstcIBADs/wCm/Gk/FivBsf89aSUcwcwh8Ynz8HRZS+</latexit><latexit sha1_base64="davjtVfyOAoEJ56c0ZtgRW5xerI=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSVEEvQqkXT1KhaYU2hM120y7dfLC7EUrIxb/ixYMiXv0Z3vw3btsctPXBwOO9GWbm+QlnUlnWt1FaWV1b3yhvVra2d3b3zP2DjoxTQahDYh6LBx9LyllEHcUUpw+JoDj0Oe3645up332kQrI4aqtJQt0QDyMWMIKVljzzyEHXqB8ITLLzPKvn6A6NvSZqe2bVqlkzoGViF6QKBVqe+dUfxCQNaaQIx1L2bCtRboaFYoTTvNJPJU0wGeMh7Wka4ZBKN5s9kKNTrQxQEAtdkUIz9fdEhkMpJ6GvO0OsRnLRm4r/eb1UBVduxqIkVTQi80VBypGK0TQNNGCCEsUnmmAimL4VkRHWaSidWUWHYC++vEw69Zpt1ez7i2qjWcRRhmM4gTOw4RIacAstcIBADs/wCm/Gk/FivBsf89aSUcwcwh8Ynz8HRZS+</latexit><latexit sha1_base64="davjtVfyOAoEJ56c0ZtgRW5xerI=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSVEEvQqkXT1KhaYU2hM120y7dfLC7EUrIxb/ixYMiXv0Z3vw3btsctPXBwOO9GWbm+QlnUlnWt1FaWV1b3yhvVra2d3b3zP2DjoxTQahDYh6LBx9LyllEHcUUpw+JoDj0Oe3645up332kQrI4aqtJQt0QDyMWMIKVljzzyEHXqB8ITLLzPKvn6A6NvSZqe2bVqlkzoGViF6QKBVqe+dUfxCQNaaQIx1L2bCtRboaFYoTTvNJPJU0wGeMh7Wka4ZBKN5s9kKNTrQxQEAtdkUIz9fdEhkMpJ6GvO0OsRnLRm4r/eb1UBVduxqIkVTQi80VBypGK0TQNNGCCEsUnmmAimL4VkRHWaSidWUWHYC++vEw69Zpt1ez7i2qjWcRRhmM4gTOw4RIacAstcIBADs/wCm/Gk/FivBsf89aSUcwcwh8Ynz8HRZS+</latexit><latexit sha1_base64="davjtVfyOAoEJ56c0ZtgRW5xerI=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSVEEvQqkXT1KhaYU2hM120y7dfLC7EUrIxb/ixYMiXv0Z3vw3btsctPXBwOO9GWbm+QlnUlnWt1FaWV1b3yhvVra2d3b3zP2DjoxTQahDYh6LBx9LyllEHcUUpw+JoDj0Oe3645up332kQrI4aqtJQt0QDyMWMIKVljzzyEHXqB8ITLLzPKvn6A6NvSZqe2bVqlkzoGViF6QKBVqe+dUfxCQNaaQIx1L2bCtRboaFYoTTvNJPJU0wGeMh7Wka4ZBKN5s9kKNTrQxQEAtdkUIz9fdEhkMpJ6GvO0OsRnLRm4r/eb1UBVduxqIkVTQi80VBypGK0TQNNGCCEsUnmmAimL4VkRHWaSidWUWHYC++vEw69Zpt1ez7i2qjWcRRhmM4gTOw4RIacAstcIBADs/wCm/Gk/FivBsf89aSUcwcwh8Ynz8HRZS+</latexit>

Calculate

Answer

U = hHi = 1

h3N

Z
dr

Z
dp H({ri,pi}) ⇢({ri,pi})

<latexit sha1_base64="NCB8Eg0NTpFIWPVFpCe4lyIoo1Q="></latexit><latexit sha1_base64="NCB8Eg0NTpFIWPVFpCe4lyIoo1Q="></latexit><latexit sha1_base64="NCB8Eg0NTpFIWPVFpCe4lyIoo1Q="></latexit><latexit sha1_base64="NCB8Eg0NTpFIWPVFpCe4lyIoo1Q="></latexit>



Average Energy
U = hHi = 1

h3N

Z
dr

Z
dp H({ri,pi}) ⇢({ri,pi})

<latexit sha1_base64="wKAEgflUBSIySd51aIjlMbFgCmg="></latexit><latexit sha1_base64="wKAEgflUBSIySd51aIjlMbFgCmg="></latexit><latexit sha1_base64="wKAEgflUBSIySd51aIjlMbFgCmg="></latexit><latexit sha1_base64="wKAEgflUBSIySd51aIjlMbFgCmg="></latexit>

=
1

Qh3N

Z
dr

Z
dp

 
NX
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p2i
2m

!
exp

 
��

NX

i=1

p2i
2m

!

<latexit sha1_base64="k4IQXaw+8L0FZmq8GL0uu/gMEj8="></latexit><latexit sha1_base64="k4IQXaw+8L0FZmq8GL0uu/gMEj8="></latexit><latexit sha1_base64="k4IQXaw+8L0FZmq8GL0uu/gMEj8="></latexit><latexit sha1_base64="k4IQXaw+8L0FZmq8GL0uu/gMEj8="></latexit>

=
1

Qh3N

0

@
NY

i=1

Z

V

dri

1

A
Z

dp

 
NX

i=1

p2i
2m

!
exp

 
��

NX

i=1

p2i
2m

!

<latexit sha1_base64="vSRKrYGJYTXCFsSdeehlbMcAQBk="></latexit><latexit sha1_base64="vSRKrYGJYTXCFsSdeehlbMcAQBk="></latexit><latexit sha1_base64="vSRKrYGJYTXCFsSdeehlbMcAQBk="></latexit><latexit sha1_base64="vSRKrYGJYTXCFsSdeehlbMcAQBk="></latexit>

=
1

Qh3N
V N

Z
dp

 
NX

i=1

p2i
2m

!
exp

 
��

NX

i=1

p2i
2m

!

<latexit sha1_base64="CUpmcs2d9i717dHhrUDclRKJxos="></latexit><latexit sha1_base64="CUpmcs2d9i717dHhrUDclRKJxos="></latexit><latexit sha1_base64="CUpmcs2d9i717dHhrUDclRKJxos="></latexit><latexit sha1_base64="CUpmcs2d9i717dHhrUDclRKJxos="></latexit>
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Since all pj are being 

integrated over


each integral in the sum

 is identical

=
1

Qh3N
V N

NX

j=1

Z
dp

p2j
2m

exp

 
��

NX

i=1

p2i
2m

!

<latexit sha1_base64="DTcnUbwVPT1mFzGTnmZbfxVcGBU="></latexit><latexit sha1_base64="DTcnUbwVPT1mFzGTnmZbfxVcGBU="></latexit><latexit sha1_base64="DTcnUbwVPT1mFzGTnmZbfxVcGBU="></latexit><latexit sha1_base64="DTcnUbwVPT1mFzGTnmZbfxVcGBU="></latexit>

=
N

Qh3N
V N

Z
dp

p21
2m

exp

 
��

NX

i=1

p2i
2m

!

<latexit sha1_base64="8e5aEPwp0iG9ZaSLnLmpgOIuTdI="></latexit><latexit sha1_base64="8e5aEPwp0iG9ZaSLnLmpgOIuTdI="></latexit><latexit sha1_base64="8e5aEPwp0iG9ZaSLnLmpgOIuTdI="></latexit><latexit sha1_base64="8e5aEPwp0iG9ZaSLnLmpgOIuTdI="></latexit>

=
N

Qh3N
V N

 Z NY

i=1

dpi
p21
2m

exp

✓
��

p2i
2m

◆!

<latexit sha1_base64="LHbVyHYfIhdpoNIKAjw6NMUvuzw="></latexit><latexit sha1_base64="LHbVyHYfIhdpoNIKAjw6NMUvuzw="></latexit><latexit sha1_base64="LHbVyHYfIhdpoNIKAjw6NMUvuzw="></latexit><latexit sha1_base64="LHbVyHYfIhdpoNIKAjw6NMUvuzw="></latexit>



Average Energy

where we have substituted y =
pp
2m

<latexit sha1_base64="Pa/xKm0qRsbHBs4KXx+M+tvhRow=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqewWQS9C0YvHCvYHukvJptk2NMmuSVYoYR/Ai6/ixYMiXn0Ab76N6XYP2joQmMzMR/JNmDCqtOt+O6WV1bX1jfJmZWt7Z3evun/QUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDecXM/87gORisbiTk8TEnA0EjSiGGkrDao144cRnGbwEvqRRNjk9yTLjK/upTYNnmU25dbdHHCZeAWpgQKtQfXLH8Y45URozJBSfc9NdGCQ1BQzklX8VJEE4Qkakb6lAnGiApMvk8ETqwxhFEt7hIa5+nvCIK7UlIc2yZEeq0VvJv7n9VMdXQSGiiTVROD5Q1HKoI7hrBk4pJJgzaaWICyp/SvEY2Q70ba/ii3BW1x5mXQadc+te7dnteZVUUcZHIFjcAo8cA6a4Aa0QBtg8AiewSt4c56cF+fd+ZhHS04xcwj+wPn8AetGm4w=</latexit><latexit sha1_base64="Pa/xKm0qRsbHBs4KXx+M+tvhRow=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqewWQS9C0YvHCvYHukvJptk2NMmuSVYoYR/Ai6/ixYMiXn0Ab76N6XYP2joQmMzMR/JNmDCqtOt+O6WV1bX1jfJmZWt7Z3evun/QUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDecXM/87gORisbiTk8TEnA0EjSiGGkrDao144cRnGbwEvqRRNjk9yTLjK/upTYNnmU25dbdHHCZeAWpgQKtQfXLH8Y45URozJBSfc9NdGCQ1BQzklX8VJEE4Qkakb6lAnGiApMvk8ETqwxhFEt7hIa5+nvCIK7UlIc2yZEeq0VvJv7n9VMdXQSGiiTVROD5Q1HKoI7hrBk4pJJgzaaWICyp/SvEY2Q70ba/ii3BW1x5mXQadc+te7dnteZVUUcZHIFjcAo8cA6a4Aa0QBtg8AiewSt4c56cF+fd+ZhHS04xcwj+wPn8AetGm4w=</latexit><latexit sha1_base64="Pa/xKm0qRsbHBs4KXx+M+tvhRow=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqewWQS9C0YvHCvYHukvJptk2NMmuSVYoYR/Ai6/ixYMiXn0Ab76N6XYP2joQmMzMR/JNmDCqtOt+O6WV1bX1jfJmZWt7Z3evun/QUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDecXM/87gORisbiTk8TEnA0EjSiGGkrDao144cRnGbwEvqRRNjk9yTLjK/upTYNnmU25dbdHHCZeAWpgQKtQfXLH8Y45URozJBSfc9NdGCQ1BQzklX8VJEE4Qkakb6lAnGiApMvk8ETqwxhFEt7hIa5+nvCIK7UlIc2yZEeq0VvJv7n9VMdXQSGiiTVROD5Q1HKoI7hrBk4pJJgzaaWICyp/SvEY2Q70ba/ii3BW1x5mXQadc+te7dnteZVUUcZHIFjcAo8cA6a4Aa0QBtg8AiewSt4c56cF+fd+ZhHS04xcwj+wPn8AetGm4w=</latexit><latexit sha1_base64="Pa/xKm0qRsbHBs4KXx+M+tvhRow=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqewWQS9C0YvHCvYHukvJptk2NMmuSVYoYR/Ai6/ixYMiXn0Ab76N6XYP2joQmMzMR/JNmDCqtOt+O6WV1bX1jfJmZWt7Z3evun/QUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDecXM/87gORisbiTk8TEnA0EjSiGGkrDao144cRnGbwEvqRRNjk9yTLjK/upTYNnmU25dbdHHCZeAWpgQKtQfXLH8Y45URozJBSfc9NdGCQ1BQzklX8VJEE4Qkakb6lAnGiApMvk8ETqwxhFEt7hIa5+nvCIK7UlIc2yZEeq0VvJv7n9VMdXQSGiiTVROD5Q1HKoI7hrBk4pJJgzaaWICyp/SvEY2Q70ba/ii3BW1x5mXQadc+te7dnteZVUUcZHIFjcAo8cA6a4Aa0QBtg8AiewSt4c56cF+fd+ZhHS04xcwj+wPn8AetGm4w=</latexit>
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V N
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dpi exp
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��

p2i
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◆◆ Z
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exp
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��
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◆

<latexit sha1_base64="NT+aC8N34iYd509JJrWlSn2kopM="></latexit><latexit sha1_base64="NT+aC8N34iYd509JJrWlSn2kopM="></latexit><latexit sha1_base64="NT+aC8N34iYd509JJrWlSn2kopM="></latexit><latexit sha1_base64="NT+aC8N34iYd509JJrWlSn2kopM="></latexit>

=
N

Qh3N
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�
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Z
dy y2exp
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�

<latexit sha1_base64="HLiajLE7DvRNPBjNOQp9TJz3Gcc="></latexit><latexit sha1_base64="HLiajLE7DvRNPBjNOQp9TJz3Gcc="></latexit><latexit sha1_base64="HLiajLE7DvRNPBjNOQp9TJz3Gcc="></latexit><latexit sha1_base64="HLiajLE7DvRNPBjNOQp9TJz3Gcc="></latexit>



Average Energy
Now

Z
dy y2exp

�
��y2

�
<latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nr0psUaz3s1Q1xa+gHLG1BKMlxQ=">AAACEXicbZA7SwNBFIXv+jZGjbY2gyLEwrCrhZaCjWUEYwLZGGYnd5PB2Qczd8Vlif/Dxr9iY6GIjZ3/xsmj0OiBgY9zZph7T5Aqach1v5y5+YXFpeWV1dJaeX1js7JVvjZJpgU2RKIS3Qq4QSVjbJAkha1UI48Chc3g9nyUN+9QG5nEV5Sn2Il4P5ahFJys1a0c+zIm1iv8IGT58CG/OWKFryOG9+nQVxhS9dAPkDizia9lf0AHrFvZc2vuWOwveFPYg6nq3cqn30tEFmFMQnFj2p6bUqfgmqRQOCz5mcGUi1vex7bFmEdoOsV4uSHbt06PhYm2x446dn++KHhkTB4F9mbEaWBms5H5X9bOKDztFDJOM8JYTD4KM8UoYaOmWE9qFKRyC1xoaWdlYsA1F2T7LNkSvNmV/8L1Uc1za96lCyuwA7tQBQ9O4AwuoA4NEPAIz/AKb86T8+K8T+qac6a9bcMvOR/fwLafiQ==</latexit><latexit sha1_base64="nr0psUaz3s1Q1xa+gHLG1BKMlxQ=">AAACEXicbZA7SwNBFIXv+jZGjbY2gyLEwrCrhZaCjWUEYwLZGGYnd5PB2Qczd8Vlif/Dxr9iY6GIjZ3/xsmj0OiBgY9zZph7T5Aqach1v5y5+YXFpeWV1dJaeX1js7JVvjZJpgU2RKIS3Qq4QSVjbJAkha1UI48Chc3g9nyUN+9QG5nEV5Sn2Il4P5ahFJys1a0c+zIm1iv8IGT58CG/OWKFryOG9+nQVxhS9dAPkDizia9lf0AHrFvZc2vuWOwveFPYg6nq3cqn30tEFmFMQnFj2p6bUqfgmqRQOCz5mcGUi1vex7bFmEdoOsV4uSHbt06PhYm2x446dn++KHhkTB4F9mbEaWBms5H5X9bOKDztFDJOM8JYTD4KM8UoYaOmWE9qFKRyC1xoaWdlYsA1F2T7LNkSvNmV/8L1Uc1za96lCyuwA7tQBQ9O4AwuoA4NEPAIz/AKb86T8+K8T+qac6a9bcMvOR/fwLafiQ==</latexit><latexit sha1_base64="9y+7ifuNJrwExPtwNTibEHigRk0=">AAACHHicbVA9SwNBEN3z2/h1ammzGIRYGO5ioaVoYxnBRCEXw95mLlnc+2B3TjyO83/Y+FdsLBSxsRD8N27iFRp9MPB4b4aZeX4ihUbH+bSmpmdm5+YXFitLyyura/b6RlvHqeLQ4rGM1aXPNEgRQQsFSrhMFLDQl3DhX5+M/IsbUFrE0TlmCXRDNohEIDhDI/XsfU9ESPu55wc0K+6yqwbNPRVSuE0KT0KAtT3PB2TUOJ4SgyHu0p5dderOGPQvcUtSJSWaPfvd68c8DSFCLpnWHddJsJszhYJLKCpeqiFh/JoNoGNoxELQ3Xz8XEF3jNKnQaxMmVPH6s+JnIVaZ6FvOkOGQz3pjcT/vE6KwWE3F1GSIkT8e1GQSooxHSVF+0IBR5kZwrgS5lbKh0wxjibPignBnXz5L2k36q5Td8+c6tFxGccC2SLbpEZcckCOyClpkhbh5J48kmfyYj1YT9ar9fbdOmWVM5vkF6yPL6evoQw=</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit><latexit sha1_base64="eS7RS0KlmsaAH81GuH6A0oFeBNA=">AAACHHicbVBNS8NAEN34WetX1KOXxSLowZJUQY9FLx4rWBWaWDabSbu4+WB3IoZQ/4cX/4oXD4p48SD4b9zWHvx6MPB4b4aZeUEmhUbH+bAmJqemZ2Yrc9X5hcWlZXtl9UynueLQ5qlM1UXANEiRQBsFSrjIFLA4kHAeXB0N/fNrUFqkySkWGfgx6yUiEpyhkbr2ricSpGHpBREtBrfFZYOWnoop3GQDT0KEWzteAMiocTwlen3cpl275tSdEehf4o5JjYzR6tpvXpjyPIYEuWRad1wnQ79kCgWXMKh6uYaM8SvWg46hCYtB++XouQHdNEpIo1SZMqeO1O8TJYu1LuLAdMYM+/q3NxT/8zo5Rgd+KZIsR0j416IolxRTOkyKhkIBR1kYwrgS5lbK+0wxjibPqgnB/f3yX3LWqLtO3T3ZqzUPx3FUyDrZIFvEJfukSY5Ji7QJJ3fkgTyRZ+veerRerNev1glrPLNGfsB6/wSo76EQ</latexit>
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<latexit sha1_base64="NE+Yb4/QLnUo4LHCKS+lPqNFhSE="></latexit><latexit sha1_base64="NE+Yb4/QLnUo4LHCKS+lPqNFhSE="></latexit><latexit sha1_base64="NE+Yb4/QLnUo4LHCKS+lPqNFhSE="></latexit><latexit sha1_base64="NE+Yb4/QLnUo4LHCKS+lPqNFhSE="></latexit>

=
3X

⌫=1

⇡

�

Z
dy⌫ y2⌫exp

�
��y2⌫

�

<latexit sha1_base64="f5UkBvQsMuycA7BelCfFyWhcDmk="></latexit><latexit sha1_base64="f5UkBvQsMuycA7BelCfFyWhcDmk="></latexit><latexit sha1_base64="f5UkBvQsMuycA7BelCfFyWhcDmk="></latexit><latexit sha1_base64="f5UkBvQsMuycA7BelCfFyWhcDmk="></latexit>
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<latexit sha1_base64="zKvWD7P1qsmC08FluEYtKiuF1Aw="></latexit><latexit sha1_base64="zKvWD7P1qsmC08FluEYtKiuF1Aw="></latexit><latexit sha1_base64="zKvWD7P1qsmC08FluEYtKiuF1Aw="></latexit><latexit sha1_base64="zKvWD7P1qsmC08FluEYtKiuF1Aw="></latexit>
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<latexit sha1_base64="b8Lyh/ymEzQdrjQOzZxj1PND/9k=">AAACJnicbVDLSsNAFJ3UV62vqks3g0XQTUmqoJtC0Y3LClaFppbJ9KYdnDyYuRFKyNe48VfcuKiIuPNTnDYBnwcGDuecy517vFgKjbb9bpXm5hcWl8rLlZXVtfWN6ubWlY4SxaHDIxmpG49pkCKEDgqUcBMrYIEn4dq7O5v61/egtIjCSxzH0AvYMBS+4AyN1K82m9T1FePpYZY2XA+QZdSV4ON+LruxyNJcd5UYjvDg9iuf9as1u27PQP8SpyA1UqDdr07c QcSTAELkkmnddewYeylTKLiErOImGmLG79gQuoaGLADdS2dnZnTPKAPqR8q8EOlM/T6RskDrceCZZMBwpH97U/E/r5ugf9JLRRgnCCHPF/mJpBjRaWd0IBRwlGNDGFfC/JXyETMtoGm2Ykpwfp/8l1w16o5ddy6Oaq3Too4y2SG7ZJ845Ji0yDlpkw7h5IE8kQl5sR6tZ+vVesujJauY2SY/YH18AmpipmE=</latexit><latexit sha1_base64="b8Lyh/ymEzQdrjQOzZxj1PND/9k=">AAACJnicbVDLSsNAFJ3UV62vqks3g0XQTUmqoJtC0Y3LClaFppbJ9KYdnDyYuRFKyNe48VfcuKiIuPNTnDYBnwcGDuecy517vFgKjbb9bpXm5hcWl8rLlZXVtfWN6ubWlY4SxaHDIxmpG49pkCKEDgqUcBMrYIEn4dq7O5v61/egtIjCSxzH0AvYMBS+4AyN1K82m9T1FePpYZY2XA+QZdSV4ON+LruxyNJcd5UYjvDg9iuf9as1u27PQP8SpyA1UqDdr07c QcSTAELkkmnddewYeylTKLiErOImGmLG79gQuoaGLADdS2dnZnTPKAPqR8q8EOlM/T6RskDrceCZZMBwpH97U/E/r5ugf9JLRRgnCCHPF/mJpBjRaWd0IBRwlGNDGFfC/JXyETMtoGm2Ykpwfp/8l1w16o5ddy6Oaq3Too4y2SG7ZJ845Ji0yDlpkw7h5IE8kQl5sR6tZ+vVesujJauY2SY/YH18AmpipmE=</latexit><latexit sha1_base64="b8Lyh/ymEzQdrjQOzZxj1PND/9k=">AAACJnicbVDLSsNAFJ3UV62vqks3g0XQTUmqoJtC0Y3LClaFppbJ9KYdnDyYuRFKyNe48VfcuKiIuPNTnDYBnwcGDuecy517vFgKjbb9bpXm5hcWl8rLlZXVtfWN6ubWlY4SxaHDIxmpG49pkCKEDgqUcBMrYIEn4dq7O5v61/egtIjCSxzH0AvYMBS+4AyN1K82m9T1FePpYZY2XA+QZdSV4ON+LruxyNJcd5UYjvDg9iuf9as1u27PQP8SpyA1UqDdr07c QcSTAELkkmnddewYeylTKLiErOImGmLG79gQuoaGLADdS2dnZnTPKAPqR8q8EOlM/T6RskDrceCZZMBwpH97U/E/r5ugf9JLRRgnCCHPF/mJpBjRaWd0IBRwlGNDGFfC/JXyETMtoGm2Ykpwfp/8l1w16o5ddy6Oaq3Too4y2SG7ZJ845Ji0yDlpkw7h5IE8kQl5sR6tZ+vVesujJauY2SY/YH18AmpipmE=</latexit><latexit sha1_base64="b8Lyh/ymEzQdrjQOzZxj1PND/9k=">AAACJnicbVDLSsNAFJ3UV62vqks3g0XQTUmqoJtC0Y3LClaFppbJ9KYdnDyYuRFKyNe48VfcuKiIuPNTnDYBnwcGDuecy517vFgKjbb9bpXm5hcWl8rLlZXVtfWN6ubWlY4SxaHDIxmpG49pkCKEDgqUcBMrYIEn4dq7O5v61/egtIjCSxzH0AvYMBS+4AyN1K82m9T1FePpYZY2XA+QZdSV4ON+LruxyNJcd5UYjvDg9iuf9as1u27PQP8SpyA1UqDdr07c QcSTAELkkmnddewYeylTKLiErOImGmLG79gQuoaGLADdS2dnZnTPKAPqR8q8EOlM/T6RskDrceCZZMBwpH97U/E/r5ugf9JLRRgnCCHPF/mJpBjRaWd0IBRwlGNDGFfC/JXyETMtoGm2Ykpwfp/8l1w16o5ddy6Oaq3Too4y2SG7ZJ845Ji0yDlpkw7h5IE8kQl5sR6tZ+vVesujJauY2SY/YH18AmpipmE=</latexit>

Using this formula in the previous equations and setting                           we get …Q =
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<latexit sha1_base64="lvg2yadY2yki0F7yyTbWTVHOoCU=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCixCbsqaCMEbSxEEjAPyG7C7GQ2GTL7YOauEJb9Axt/xcZCEVtbO//GyaPQxAMDh3Pu4c49Xiy4Asv6NhYWl5ZXVnNr+fWNza1tc2e3rqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIY3uB75jQcmFY/CexjGzA1IL+Q+pwS01DGPqvgSO4L5UHR8SWhaz1LnVue7pH2aOZL3+nDcvuuYBatkjYHniT0lBTRFpWN+Od2IJgELgQqiVMu2YnBTIoFTwbK8kygWEzogPdbSNCQBU246vifDh1rpYj+S+oWAx+rvREoCpYaBpycDAn01643E/7xWAv6Fm/IwToCFdLLITwSGCI/KwV0uGQUx1IRQyfVfMe0TXQvoCvO6BHv25HlSPynZVsmunhXKV9M6cmgfHaAistE5KqMbVEE1RNEjekav6M14Ml6Md+NjMrpgTDN76A+Mzx/Ghpvf</latexit><latexit sha1_base64="lvg2yadY2yki0F7yyTbWTVHOoCU=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCixCbsqaCMEbSxEEjAPyG7C7GQ2GTL7YOauEJb9Axt/xcZCEVtbO//GyaPQxAMDh3Pu4c49Xiy4Asv6NhYWl5ZXVnNr+fWNza1tc2e3rqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIY3uB75jQcmFY/CexjGzA1IL+Q+pwS01DGPqvgSO4L5UHR8SWhaz1LnVue7pH2aOZL3+nDcvuuYBatkjYHniT0lBTRFpWN+Od2IJgELgQqiVMu2YnBTIoFTwbK8kygWEzogPdbSNCQBU246vifDh1rpYj+S+oWAx+rvREoCpYaBpycDAn01643E/7xWAv6Fm/IwToCFdLLITwSGCI/KwV0uGQUx1IRQyfVfMe0TXQvoCvO6BHv25HlSPynZVsmunhXKV9M6cmgfHaAistE5KqMbVEE1RNEjekav6M14Ml6Md+NjMrpgTDN76A+Mzx/Ghpvf</latexit><latexit sha1_base64="lvg2yadY2yki0F7yyTbWTVHOoCU=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCixCbsqaCMEbSxEEjAPyG7C7GQ2GTL7YOauEJb9Axt/xcZCEVtbO//GyaPQxAMDh3Pu4c49Xiy4Asv6NhYWl5ZXVnNr+fWNza1tc2e3rqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIY3uB75jQcmFY/CexjGzA1IL+Q+pwS01DGPqvgSO4L5UHR8SWhaz1LnVue7pH2aOZL3+nDcvuuYBatkjYHniT0lBTRFpWN+Od2IJgELgQqiVMu2YnBTIoFTwbK8kygWEzogPdbSNCQBU246vifDh1rpYj+S+oWAx+rvREoCpYaBpycDAn01643E/7xWAv6Fm/IwToCFdLLITwSGCI/KwV0uGQUx1IRQyfVfMe0TXQvoCvO6BHv25HlSPynZVsmunhXKV9M6cmgfHaAistE5KqMbVEE1RNEjekav6M14Ml6Md+NjMrpgTDN76A+Mzx/Ghpvf</latexit><latexit sha1_base64="lvg2yadY2yki0F7yyTbWTVHOoCU=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCixCbsqaCMEbSxEEjAPyG7C7GQ2GTL7YOauEJb9Axt/xcZCEVtbO//GyaPQxAMDh3Pu4c49Xiy4Asv6NhYWl5ZXVnNr+fWNza1tc2e3rqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIY3uB75jQcmFY/CexjGzA1IL+Q+pwS01DGPqvgSO4L5UHR8SWhaz1LnVue7pH2aOZL3+nDcvuuYBatkjYHniT0lBTRFpWN+Od2IJgELgQqiVMu2YnBTIoFTwbK8kygWEzogPdbSNCQBU246vifDh1rpYj+S+oWAx+rvREoCpYaBpycDAn01643E/7xWAv6Fm/IwToCFdLLITwSGCI/KwV0uGQUx1IRQyfVfMe0TXQvoCvO6BHv25HlSPynZVsmunhXKV9M6cmgfHaAistE5KqMbVEE1RNEjekav6M14Ml6Md+NjMrpgTDN76A+Mzx/Ghpvf</latexit>
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<latexit sha1_base64="1/qwviFkqgmdx5psPrWUa6ld5dI="></latexit><latexit sha1_base64="1/qwviFkqgmdx5psPrWUa6ld5dI="></latexit><latexit sha1_base64="1/qwviFkqgmdx5psPrWUa6ld5dI="></latexit><latexit sha1_base64="1/qwviFkqgmdx5psPrWUa6ld5dI="></latexit>
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<latexit sha1_base64="9FcPB1rJa0LBlQpNQ6fGkpkFUEY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgm6EUjeupEJf0IYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPFnEllWd9GYWV1bX2juFna2t7Z3TP3D9oySgShLRLxSHQ9LClnIW0ppjjtxoLiwOO0441vpn7ngQrJorCpJjF1AjwMmc8IVlpyzaPrvi8wSc+ztJqhOzR266jpmmWrYs2AlomdkzLkaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddHZ9hk61MkB+JHSFCs3U3xMpDqScBJ7uDLAayUVvKv7n9RLlXzkpC+NE0ZDMF/kJRypC0yjQgAlKFJ9ogolg+lZERlinoXRgJR2CvfjyMmlXK7ZVse8vyrV6HkcRjuEEzsCGS6jBLTSgBQQe4Rle4c14Ml6Md+Nj3low8plD+APj8wepR5QL</latexit><latexit sha1_base64="9FcPB1rJa0LBlQpNQ6fGkpkFUEY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgm6EUjeupEJf0IYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPFnEllWd9GYWV1bX2juFna2t7Z3TP3D9oySgShLRLxSHQ9LClnIW0ppjjtxoLiwOO0441vpn7ngQrJorCpJjF1AjwMmc8IVlpyzaPrvi8wSc+ztJqhOzR266jpmmWrYs2AlomdkzLkaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddHZ9hk61MkB+JHSFCs3U3xMpDqScBJ7uDLAayUVvKv7n9RLlXzkpC+NE0ZDMF/kJRypC0yjQgAlKFJ9ogolg+lZERlinoXRgJR2CvfjyMmlXK7ZVse8vyrV6HkcRjuEEzsCGS6jBLTSgBQQe4Rle4c14Ml6Md+Nj3low8plD+APj8wepR5QL</latexit><latexit sha1_base64="9FcPB1rJa0LBlQpNQ6fGkpkFUEY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgm6EUjeupEJf0IYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPFnEllWd9GYWV1bX2juFna2t7Z3TP3D9oySgShLRLxSHQ9LClnIW0ppjjtxoLiwOO0441vpn7ngQrJorCpJjF1AjwMmc8IVlpyzaPrvi8wSc+ztJqhOzR266jpmmWrYs2AlomdkzLkaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddHZ9hk61MkB+JHSFCs3U3xMpDqScBJ7uDLAayUVvKv7n9RLlXzkpC+NE0ZDMF/kJRypC0yjQgAlKFJ9ogolg+lZERlinoXRgJR2CvfjyMmlXK7ZVse8vyrV6HkcRjuEEzsCGS6jBLTSgBQQe4Rle4c14Ml6Md+Nj3low8plD+APj8wepR5QL</latexit><latexit sha1_base64="9FcPB1rJa0LBlQpNQ6fGkpkFUEY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgm6EUjeupEJf0IYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPFnEllWd9GYWV1bX2juFna2t7Z3TP3D9oySgShLRLxSHQ9LClnIW0ppjjtxoLiwOO0441vpn7ngQrJorCpJjF1AjwMmc8IVlpyzaPrvi8wSc+ztJqhOzR266jpmmWrYs2AlomdkzLkaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddHZ9hk61MkB+JHSFCs3U3xMpDqScBJ7uDLAayUVvKv7n9RLlXzkpC+NE0ZDMF/kJRypC0yjQgAlKFJ9ogolg+lZERlinoXRgJR2CvfjyMmlXK7ZVse8vyrV6HkcRjuEEzsCGS6jBLTSgBQQe4Rle4c14Ml6Md+Nj3low8plD+APj8wepR5QL</latexit>

� =
1

kBT<latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit><latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit><latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit><latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit>

Which is the desired result!

⇤ =
hp

2⇡mkBT
<latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit><latexit sha1_base64="JYzwLOGi1Vy5CQYoCLyOQktiCwE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIi6EYodePCRYW+oAlhMpm0Q2eSODMRSsgnuPFX3LhQxK1Ld/6N0zYLbT0wcDjnXO7c4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRx1FaThLgcDSMaUoyUljzz1LnV4QDBK+iEAuFslGeOvBcqqzsJhRyOvSZs57lnVq2aNQNcJnZBqqBAyzO/nCDGKSeRwgxJObCtRLkZEopiRvKKk0qSIDxGQzLQNEKcSDebHZTDE60EMIyFfpGCM/X3RIa4lBPu6yRHaiQXvan4nzdIVXjpZjRKUkUiPF8UpgyqGE7bgQEVBCs20QRhQfVfIR4h3YvSHVZ0CfbiycukW6/ZVs2+O682mkUdZXAEjsEZsMEFaIAb0AIdgMEjeAav4M14Ml6Md+NjHi0Zxcwh+APj8weaZZxN</latexit>


