
CHM 421/621 
Statistical Mechanics

Lecture 29 Quantum Statistics of Identical Particles



Applications of Statistical 
Mechanics

Lecture Plan 

Permutation symmetry of identical particles 

Quantum statistics of identical particles 

Fermi-Dirac Statistics 

Bose-Einstein Statistics 

Perfect Fermi Gas (Electrons in a metal)



Molecules and Solids
Normal modes of vibrations in a crystal

Debye model: In this model it is assumed that the frequencies in a crystal are 
continuously distributed in the range 0 < ⌫ < ⌫m
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assuming that they all correspond to an acoustic branch of lattice vibrations.
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(see McQuarrie)



Molecules and Solids
Normal modes of vibrations in a crystal
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High temperatures

Low temperatures

Hence, at low temperatures we have 
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Applications 
Permutation symmetry of identical particles

Permuting the coordinates of two identical particles in a system does not change any 
measurable properties of its state 

In quantum mechanics this translates to invariance of the probability density of the 
system to permutation of the particles’ coordinates

| (x1, x2, ...)|2 = | (x2, x1, ...)|2
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<latexit sha1_base64="9zqhOOAGgFqnITeA43x08j73YJU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCFMppN26MwkzEyKJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733hAmjSjvOt1VYWl5ZXSuulzY2t7Z37N29popTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbit4ZEKhqLez1KiM9RT9CIYqSNFNgHDwGFV7DiDQnO5Digp56iPY4CehLYZafqTAEXiZuTMshRD+wvrxvjlBOhMUNKdVwn0X6GpKaYkXHJSxVJEB6gHukYKhAnys+mP4zhsVG6MIqlKaHhVP09kSGu1IiHppMj3Vfz3kT8z+ukOrr0MyqSVBOBZ4uilEEdw0kgsEslwZqNDEFYUnMrxH0kEdYmtpIJwZ1/eZE0z6quU3Xvzsu16zyOIjgER6ACXHABauAW1EEDYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QO0w5bq</latexit><latexit sha1_base64="9zqhOOAGgFqnITeA43x08j73YJU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCFMppN26MwkzEyKJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733hAmjSjvOt1VYWl5ZXSuulzY2t7Z37N29popTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbit4ZEKhqLez1KiM9RT9CIYqSNFNgHDwGFV7DiDQnO5Digp56iPY4CehLYZafqTAEXiZuTMshRD+wvrxvjlBOhMUNKdVwn0X6GpKaYkXHJSxVJEB6gHukYKhAnys+mP4zhsVG6MIqlKaHhVP09kSGu1IiHppMj3Vfz3kT8z+ukOrr0MyqSVBOBZ4uilEEdw0kgsEslwZqNDEFYUnMrxH0kEdYmtpIJwZ1/eZE0z6quU3Xvzsu16zyOIjgER6ACXHABauAW1EEDYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QO0w5bq</latexit><latexit sha1_base64="9zqhOOAGgFqnITeA43x08j73YJU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCFMppN26MwkzEyKJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733hAmjSjvOt1VYWl5ZXSuulzY2t7Z37N29popTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbit4ZEKhqLez1KiM9RT9CIYqSNFNgHDwGFV7DiDQnO5Digp56iPY4CehLYZafqTAEXiZuTMshRD+wvrxvjlBOhMUNKdVwn0X6GpKaYkXHJSxVJEB6gHukYKhAnys+mP4zhsVG6MIqlKaHhVP09kSGu1IiHppMj3Vfz3kT8z+ukOrr0MyqSVBOBZ4uilEEdw0kgsEslwZqNDEFYUnMrxH0kEdYmtpIJwZ1/eZE0z6quU3Xvzsu16zyOIjgER6ACXHABauAW1EEDYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QO0w5bq</latexit><latexit sha1_base64="9zqhOOAGgFqnITeA43x08j73YJU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCFMppN26MwkzEyKJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733hAmjSjvOt1VYWl5ZXSuulzY2t7Z37N29popTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbit4ZEKhqLez1KiM9RT9CIYqSNFNgHDwGFV7DiDQnO5Digp56iPY4CehLYZafqTAEXiZuTMshRD+wvrxvjlBOhMUNKdVwn0X6GpKaYkXHJSxVJEB6gHukYKhAnys+mP4zhsVG6MIqlKaHhVP09kSGu1IiHppMj3Vfz3kT8z+ukOrr0MyqSVBOBZ4uilEEdw0kgsEslwZqNDEFYUnMrxH0kEdYmtpIJwZ1/eZE0z6quU3Xvzsu16zyOIjgER6ACXHABauAW1EEDYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QO0w5bq</latexit>

Spatial and spin 
variablesIf P12 is the permutation operator then we can write

P12 (x1, x2) ⌘  (x2, x1)
<latexit sha1_base64="kBpPUXWDUrIG0OlO61dV1JgFuzU=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2BRWpEyKYIui25cjmAv0ClDJs20wczFJFNahr6DG1/FjQtF3Lpx59uYtiNo6w+Bn++cw8n5vZgzqSzry8gtLa+sruXXCxubW9s75u5eQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa9u6tJvTmgQrIovFWjmHYC3AuZzwhWGrnmie2mqDqGji1Zaeii06FbLcNjh94nbPBDq5qismsWrYo1FVw0KDNFkMl2zU+nG5EkoKEiHEvZRlasOikWihFOxwUnkTTG5A73aFvbEAdUdtLpTWN4pEkX+pHQL1RwSn9PpDiQchR4ujPAqi/naxP4X62dKP+ik7IwThQNyWyRn3CoIjgJCHaZoETxkTaYCKb/CkkfC0yUjrGgQ0DzJy+aRrWCrAq6OSvWLrM48uAAHIISQOAc1MA1sEEdEPAAnsALeDUejWfjzXifteaMbGYf/JHx8Q3Gi5uR</latexit><latexit sha1_base64="kBpPUXWDUrIG0OlO61dV1JgFuzU=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2BRWpEyKYIui25cjmAv0ClDJs20wczFJFNahr6DG1/FjQtF3Lpx59uYtiNo6w+Bn++cw8n5vZgzqSzry8gtLa+sruXXCxubW9s75u5eQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa9u6tJvTmgQrIovFWjmHYC3AuZzwhWGrnmie2mqDqGji1Zaeii06FbLcNjh94nbPBDq5qismsWrYo1FVw0KDNFkMl2zU+nG5EkoKEiHEvZRlasOikWihFOxwUnkTTG5A73aFvbEAdUdtLpTWN4pEkX+pHQL1RwSn9PpDiQchR4ujPAqi/naxP4X62dKP+ik7IwThQNyWyRn3CoIjgJCHaZoETxkTaYCKb/CkkfC0yUjrGgQ0DzJy+aRrWCrAq6OSvWLrM48uAAHIISQOAc1MA1sEEdEPAAnsALeDUejWfjzXifteaMbGYf/JHx8Q3Gi5uR</latexit><latexit sha1_base64="kBpPUXWDUrIG0OlO61dV1JgFuzU=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2BRWpEyKYIui25cjmAv0ClDJs20wczFJFNahr6DG1/FjQtF3Lpx59uYtiNo6w+Bn++cw8n5vZgzqSzry8gtLa+sruXXCxubW9s75u5eQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa9u6tJvTmgQrIovFWjmHYC3AuZzwhWGrnmie2mqDqGji1Zaeii06FbLcNjh94nbPBDq5qismsWrYo1FVw0KDNFkMl2zU+nG5EkoKEiHEvZRlasOikWihFOxwUnkTTG5A73aFvbEAdUdtLpTWN4pEkX+pHQL1RwSn9PpDiQchR4ujPAqi/naxP4X62dKP+ik7IwThQNyWyRn3CoIjgJCHaZoETxkTaYCKb/CkkfC0yUjrGgQ0DzJy+aRrWCrAq6OSvWLrM48uAAHIISQOAc1MA1sEEdEPAAnsALeDUejWfjzXifteaMbGYf/JHx8Q3Gi5uR</latexit><latexit sha1_base64="kBpPUXWDUrIG0OlO61dV1JgFuzU=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2BRWpEyKYIui25cjmAv0ClDJs20wczFJFNahr6DG1/FjQtF3Lpx59uYtiNo6w+Bn++cw8n5vZgzqSzry8gtLa+sruXXCxubW9s75u5eQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa9u6tJvTmgQrIovFWjmHYC3AuZzwhWGrnmie2mqDqGji1Zaeii06FbLcNjh94nbPBDq5qismsWrYo1FVw0KDNFkMl2zU+nG5EkoKEiHEvZRlasOikWihFOxwUnkTTG5A73aFvbEAdUdtLpTWN4pEkX+pHQL1RwSn9PpDiQchR4ujPAqi/naxP4X62dKP+ik7IwThQNyWyRn3CoIjgJCHaZoETxkTaYCKb/CkkfC0yUjrGgQ0DzJy+aRrWCrAq6OSvWLrM48uAAHIISQOAc1MA1sEEdEPAAnsALeDUejWfjzXifteaMbGYf/JHx8Q3Gi5uR</latexit>

Since P12 is a symmetry in the system we can consider the wavefunction to be an 
eigenfunction of the operator

P12 (x1, x2) ⌘ � (x1, x2)
<latexit sha1_base64="7EpUQa/lThJxtt/CNmMBN4rXuEw=">AAACG3icbVDLSsNAFJ34rPUVdelmsCgVpCRB0GXRjcsI9gFNCJPJpB06eTgzKS2h/+HGX3HjQhFXggv/xmmbhW09cOFwzr0z9x4/ZVRIw/jRVlbX1jc2S1vl7Z3dvX394LApkoxj0sAJS3jbR4IwGpOGpJKRdsoJinxGWn7/duK3BoQLmsQPcpQSN0LdmIYUI6kkT7dsLzetMXRsQatDz7wYetY5PHPIY0YH0GHqpQDNu55eMWrGFHCZmAWpgAK2p385QYKziMQSMyRExzRS6eaIS4oZGZedTJAU4T7qko6iMYqIcPPpbWN4qpQAhglXFUs4Vf9O5CgSYhT5qjNCsicWvYn4n9fJZHjt5jROM0liPPsozBiUCZwEBQPKCZZspAjCnKpdIe4hjrBUcZZVCObiycukadVMo2beX1bqN0UcJXAMTkAVmOAK1MEdsEEDYPAEXsAbeNeetVftQ/ucta5oxcwRmIP2/QvCQp6+</latexit><latexit sha1_base64="7EpUQa/lThJxtt/CNmMBN4rXuEw=">AAACG3icbVDLSsNAFJ34rPUVdelmsCgVpCRB0GXRjcsI9gFNCJPJpB06eTgzKS2h/+HGX3HjQhFXggv/xmmbhW09cOFwzr0z9x4/ZVRIw/jRVlbX1jc2S1vl7Z3dvX394LApkoxj0sAJS3jbR4IwGpOGpJKRdsoJinxGWn7/duK3BoQLmsQPcpQSN0LdmIYUI6kkT7dsLzetMXRsQatDz7wYetY5PHPIY0YH0GHqpQDNu55eMWrGFHCZmAWpgAK2p385QYKziMQSMyRExzRS6eaIS4oZGZedTJAU4T7qko6iMYqIcPPpbWN4qpQAhglXFUs4Vf9O5CgSYhT5qjNCsicWvYn4n9fJZHjt5jROM0liPPsozBiUCZwEBQPKCZZspAjCnKpdIe4hjrBUcZZVCObiycukadVMo2beX1bqN0UcJXAMTkAVmOAK1MEdsEEDYPAEXsAbeNeetVftQ/ucta5oxcwRmIP2/QvCQp6+</latexit><latexit sha1_base64="7EpUQa/lThJxtt/CNmMBN4rXuEw=">AAACG3icbVDLSsNAFJ34rPUVdelmsCgVpCRB0GXRjcsI9gFNCJPJpB06eTgzKS2h/+HGX3HjQhFXggv/xmmbhW09cOFwzr0z9x4/ZVRIw/jRVlbX1jc2S1vl7Z3dvX394LApkoxj0sAJS3jbR4IwGpOGpJKRdsoJinxGWn7/duK3BoQLmsQPcpQSN0LdmIYUI6kkT7dsLzetMXRsQatDz7wYetY5PHPIY0YH0GHqpQDNu55eMWrGFHCZmAWpgAK2p385QYKziMQSMyRExzRS6eaIS4oZGZedTJAU4T7qko6iMYqIcPPpbWN4qpQAhglXFUs4Vf9O5CgSYhT5qjNCsicWvYn4n9fJZHjt5jROM0liPPsozBiUCZwEBQPKCZZspAjCnKpdIe4hjrBUcZZVCObiycukadVMo2beX1bqN0UcJXAMTkAVmOAK1MEdsEEDYPAEXsAbeNeetVftQ/ucta5oxcwRmIP2/QvCQp6+</latexit><latexit sha1_base64="7EpUQa/lThJxtt/CNmMBN4rXuEw=">AAACG3icbVDLSsNAFJ34rPUVdelmsCgVpCRB0GXRjcsI9gFNCJPJpB06eTgzKS2h/+HGX3HjQhFXggv/xmmbhW09cOFwzr0z9x4/ZVRIw/jRVlbX1jc2S1vl7Z3dvX394LApkoxj0sAJS3jbR4IwGpOGpJKRdsoJinxGWn7/duK3BoQLmsQPcpQSN0LdmIYUI6kkT7dsLzetMXRsQatDz7wYetY5PHPIY0YH0GHqpQDNu55eMWrGFHCZmAWpgAK2p385QYKziMQSMyRExzRS6eaIS4oZGZedTJAU4T7qko6iMYqIcPPpbWN4qpQAhglXFUs4Vf9O5CgSYhT5qjNCsicWvYn4n9fJZHjt5jROM0liPPsozBiUCZwEBQPKCZZspAjCnKpdIe4hjrBUcZZVCObiycukadVMo2beX1bqN0UcJXAMTkAVmOAK1MEdsEEDYPAEXsAbeNeetVftQ/ucta5oxcwRmIP2/QvCQp6+</latexit>

P 2
12 (x1, x2) ⌘  (x1, x2)

<latexit sha1_base64="CdWmr3gu7hyZSTQCkYHpX1jAtK0=">AAACFXicbVDLSsNAFJ34rPUVdelmsCgVSkmCoMuiG5cR7AOaGCbTSTt08nBmUlpCf8KNv+LGhSJuBXf+jdM2C9t64MLhnHu59x4/YVRIw/jRVlbX1jc2C1vF7Z3dvX394LAh4pRjUscxi3nLR4IwGpG6pJKRVsIJCn1Gmn7/ZuI3B4QLGkf3cpQQN0TdiAYUI6kkT6/YXmZa4wcLOrag5aFnVoaedQ7PHPKY0sG86uklo2pMAZeJmZMSyGF7+rfTiXEakkhihoRom0Yi3QxxSTEj46KTCpIg3Edd0lY0QiERbjb9agxPldKBQcxVRRJO1b8TGQqFGIW+6gyR7IlFbyL+57VTGVy5GY2SVJIIzxYFKYMyhpOIYIdygiUbKYIwp+pWiHuIIyxVkEUVgrn48jJpWFXTqJp3F6XadR5HARyDE1AGJrgENXALbFAHGDyBF/AG3rVn7VX70D5nrStaPnME5qB9/QIEQ5w1</latexit><latexit sha1_base64="CdWmr3gu7hyZSTQCkYHpX1jAtK0=">AAACFXicbVDLSsNAFJ34rPUVdelmsCgVSkmCoMuiG5cR7AOaGCbTSTt08nBmUlpCf8KNv+LGhSJuBXf+jdM2C9t64MLhnHu59x4/YVRIw/jRVlbX1jc2C1vF7Z3dvX394LAh4pRjUscxi3nLR4IwGpG6pJKRVsIJCn1Gmn7/ZuI3B4QLGkf3cpQQN0TdiAYUI6kkT6/YXmZa4wcLOrag5aFnVoaedQ7PHPKY0sG86uklo2pMAZeJmZMSyGF7+rfTiXEakkhihoRom0Yi3QxxSTEj46KTCpIg3Edd0lY0QiERbjb9agxPldKBQcxVRRJO1b8TGQqFGIW+6gyR7IlFbyL+57VTGVy5GY2SVJIIzxYFKYMyhpOIYIdygiUbKYIwp+pWiHuIIyxVkEUVgrn48jJpWFXTqJp3F6XadR5HARyDE1AGJrgENXALbFAHGDyBF/AG3rVn7VX70D5nrStaPnME5qB9/QIEQ5w1</latexit><latexit sha1_base64="CdWmr3gu7hyZSTQCkYHpX1jAtK0=">AAACFXicbVDLSsNAFJ34rPUVdelmsCgVSkmCoMuiG5cR7AOaGCbTSTt08nBmUlpCf8KNv+LGhSJuBXf+jdM2C9t64MLhnHu59x4/YVRIw/jRVlbX1jc2C1vF7Z3dvX394LAh4pRjUscxi3nLR4IwGpG6pJKRVsIJCn1Gmn7/ZuI3B4QLGkf3cpQQN0TdiAYUI6kkT6/YXmZa4wcLOrag5aFnVoaedQ7PHPKY0sG86uklo2pMAZeJmZMSyGF7+rfTiXEakkhihoRom0Yi3QxxSTEj46KTCpIg3Edd0lY0QiERbjb9agxPldKBQcxVRRJO1b8TGQqFGIW+6gyR7IlFbyL+57VTGVy5GY2SVJIIzxYFKYMyhpOIYIdygiUbKYIwp+pWiHuIIyxVkEUVgrn48jJpWFXTqJp3F6XadR5HARyDE1AGJrgENXALbFAHGDyBF/AG3rVn7VX70D5nrStaPnME5qB9/QIEQ5w1</latexit><latexit sha1_base64="CdWmr3gu7hyZSTQCkYHpX1jAtK0=">AAACFXicbVDLSsNAFJ34rPUVdelmsCgVSkmCoMuiG5cR7AOaGCbTSTt08nBmUlpCf8KNv+LGhSJuBXf+jdM2C9t64MLhnHu59x4/YVRIw/jRVlbX1jc2C1vF7Z3dvX394LAh4pRjUscxi3nLR4IwGpG6pJKRVsIJCn1Gmn7/ZuI3B4QLGkf3cpQQN0TdiAYUI6kkT6/YXmZa4wcLOrag5aFnVoaedQ7PHPKY0sG86uklo2pMAZeJmZMSyGF7+rfTiXEakkhihoRom0Yi3QxxSTEj46KTCpIg3Edd0lY0QiERbjb9agxPldKBQcxVRRJO1b8TGQqFGIW+6gyR7IlFbyL+57VTGVy5GY2SVJIIzxYFKYMyhpOIYIdygiUbKYIwp+pWiHuIIyxVkEUVgrn48jJpWFXTqJp3F6XadR5HARyDE1AGJrgENXALbFAHGDyBF/AG3rVn7VX70D5nrStaPnME5qB9/QIEQ5w1</latexit>

and



Applications 
Permutation symmetry of identical particles

Using the previous relations we can easily show that              corresponding to symmetric 
and antisymmetric wave functions, respectively.               

� = ±1
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Symmetric wave functions -> Bosons (photons, phonons, etc.)

Anti-symmetric wave functions -> Fermions (electrons, protons, etc.)

In the case of independent particles it can be shown that no two fermions can occupy 
the same (single-particle) state.


However, bosons do not have such a restriction.



Applications 
Quantum statistics of identical particles

We have seen that if there are N identical non-interacting particles in a system at 
temperature T the canonical partition function is given by

Z(N,V, T ) =
X

n1,n2,n3,...
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With the restriction

The restriction makes this sum hard to obtain. So we can try a different strategy. 



Applications 
Quantum statistics of identical particles

Consider the system to be open and able to exchange particles with a reservoir with 
chemical potential µ
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absoulte 

activity

Each internal sum is restricted to yield a sum of particles equal to N.

However, since N itself can be anything, we can rewrite the above as the unrestricted 
sum
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nmax is the maximum 

number of particles in 
each level

Zg(V, T, µ) =
nmaxX

n1=0

nmaxX

n2=0

nmaxX

n3=0

· · ·�Ne
��

1P
i=1

ni✏i

=
1Y

i=1

 
nmaxX

ni=0

�nie��ni✏i

!

<latexit sha1_base64="6EkbWj6VJVRxIQYdOEMhQaA7ntU="></latexit><latexit sha1_base64="6EkbWj6VJVRxIQYdOEMhQaA7ntU="></latexit><latexit sha1_base64="6EkbWj6VJVRxIQYdOEMhQaA7ntU="></latexit><latexit sha1_base64="6EkbWj6VJVRxIQYdOEMhQaA7ntU="></latexit>



Applications 
Fermi-Dirac Statistics

For fermions nmax = 1. So we get

N =
1

�

@ lnZFD
g

@µ
= �

@ lnZFD
g

@�
<latexit sha1_base64="Q+LXskitDBDIPt/BLizdhdZS3cs="></latexit><latexit sha1_base64="Q+LXskitDBDIPt/BLizdhdZS3cs="></latexit><latexit sha1_base64="Q+LXskitDBDIPt/BLizdhdZS3cs="></latexit><latexit sha1_base64="Q+LXskitDBDIPt/BLizdhdZS3cs="></latexit>

Average number of particles in the system is

=
1X

i=1

�e��✏i

1 + �e��✏i
<latexit sha1_base64="n8wIszSEmNm/Sakgh4qzihrAu+E="></latexit><latexit sha1_base64="n8wIszSEmNm/Sakgh4qzihrAu+E="></latexit><latexit sha1_base64="n8wIszSEmNm/Sakgh4qzihrAu+E="></latexit><latexit sha1_base64="n8wIszSEmNm/Sakgh4qzihrAu+E="></latexit>

⌘
1X

i=1

ni

<latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit><latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit><latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit><latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit>
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g (V, T, µ) =

1Y

i=1

 
1X

ni=0

�nie��ni✏i
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=
1Y

I=1

(1 + �e��✏i)
<latexit sha1_base64="7b5XdHPd7OMPaO+hFhkxkZMAiEI="></latexit><latexit sha1_base64="7b5XdHPd7OMPaO+hFhkxkZMAiEI="></latexit><latexit sha1_base64="7b5XdHPd7OMPaO+hFhkxkZMAiEI="></latexit><latexit sha1_base64="7b5XdHPd7OMPaO+hFhkxkZMAiEI="></latexit>

Average number of 
particles in level i

ni =
�e��✏i

1 + �e��✏i

=
1

e��(µ�✏i) + 1
<latexit sha1_base64="msnkbXE3EhtM6j0NanJ+CPsweP8="></latexit><latexit sha1_base64="msnkbXE3EhtM6j0NanJ+CPsweP8="></latexit><latexit sha1_base64="msnkbXE3EhtM6j0NanJ+CPsweP8="></latexit><latexit sha1_base64="msnkbXE3EhtM6j0NanJ+CPsweP8="></latexit>



Applications 
Bose-Einstein Statistics

For bosons nmax =    . So we get

Average number of particles in the system is

⌘
1X

i=1

ni

<latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit><latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit><latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit><latexit sha1_base64="lkgWGgOJrJfWIgXaGCmaHCYZ7WQ=">AAACEHicbVA7T8MwGHTKq5RXgJHFokIwVQlCggWpgoWxSPQhNSFyXKe16jjBdipFUX4CC3+FhQGEWBnZ+Dc4bQZoOcnS6e4729/5MaNSWda3UVlaXlldq67XNja3tnfM3b2OjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xdeF3J0RIGvE7lcbEDdGQ04BipLTkmccOeUjoBDoyCb2MXtr5vUN5oFLoRDpXXJvx3KOeWbca1hRwkdglqYMSLc/8cgYRTkLCFWZIyr5txcrNkFAUM5LXnESSGOExGpK+phyFRLrZdKEcHmllAINI6MMVnKq/ExkKpUxDX0+GSI3kvFeI/3n9RAUXbkZ5nCjC8eyhIGFQRbBoBw6oIFixVBOEBdV/hXiEBMJKd1jTJdjzKy+SzmnDthr27Vm9eVXWUQUH4BCcABucgya4AS3QBhg8gmfwCt6MJ+PFeDc+ZqMVo8zsgz8wPn8AvK2dqA==</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>
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ni=0

�nie��ni✏i

!

=
1Y

i=1

(1� �e��✏i)�1 (�e��✏i < 1)
<latexit sha1_base64="jl6kEseEVN5uHEUbnVk4odt5p60="></latexit><latexit sha1_base64="jl6kEseEVN5uHEUbnVk4odt5p60="></latexit><latexit sha1_base64="jl6kEseEVN5uHEUbnVk4odt5p60="></latexit><latexit sha1_base64="jl6kEseEVN5uHEUbnVk4odt5p60="></latexit>
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1
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@ lnZBE
g
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@ lnZBE
g

@�
<latexit sha1_base64="xSWDk6UY7HCZ9Xn6sWAWa9NogGo="></latexit><latexit sha1_base64="xSWDk6UY7HCZ9Xn6sWAWa9NogGo="></latexit><latexit sha1_base64="xSWDk6UY7HCZ9Xn6sWAWa9NogGo="></latexit><latexit sha1_base64="xSWDk6UY7HCZ9Xn6sWAWa9NogGo="></latexit>

=
1X

i=1

�e��✏i

1� �e��✏i
<latexit sha1_base64="HovRYMM7O13KCFmLcBX2y8F6bUk="></latexit><latexit sha1_base64="HovRYMM7O13KCFmLcBX2y8F6bUk="></latexit><latexit sha1_base64="HovRYMM7O13KCFmLcBX2y8F6bUk="></latexit><latexit sha1_base64="HovRYMM7O13KCFmLcBX2y8F6bUk="></latexit>

Average number of 
particles in level i

ni =
�e��✏i

1� �e��✏i

=
1

e��(µ�✏i) � 1
<latexit sha1_base64="aWZrB8xiNSAeZYdSewt6CeXp/30="></latexit><latexit sha1_base64="aWZrB8xiNSAeZYdSewt6CeXp/30="></latexit><latexit sha1_base64="aWZrB8xiNSAeZYdSewt6CeXp/30="></latexit><latexit sha1_base64="aWZrB8xiNSAeZYdSewt6CeXp/30="></latexit>



<latexit sha1_base64="dmJ9I9Lg2kIJwZdQmpPIIxoxs4o="></latexit>

ni =
1

e��(µ�✏i) ± 1

Applications 
Summary of Quantum Statistics

Zg =
1Y

i=0

⇣
1± e�(µ�✏i)

⌘±1

<latexit sha1_base64="F3+S8o66OqQ/mG3HTpwH8bH/w94="></latexit><latexit sha1_base64="F3+S8o66OqQ/mG3HTpwH8bH/w94="></latexit><latexit sha1_base64="F3+S8o66OqQ/mG3HTpwH8bH/w94="></latexit><latexit sha1_base64="F3+S8o66OqQ/mG3HTpwH8bH/w94="></latexit> + Fermi-Dirac

-  Bose-Einstein

Classical limit: High temperature or low density � ! 0
<latexit sha1_base64="ltH3LzS5uHGfsM1thLyM3qta6fM=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplM2qGTSZy5KZTS73DjQhG3fow7/8Zpm4W2Hhg4nHMuc+8JMykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJs01402WylR3Qmq4FIo3UaDknUxzmoSSt8Ph3cxvj7g2IlWPOM54kNC+ErFgFK0U+NJGI0p8TInbq1TdmjsHWSVeQapQoNGrfPlRyvKEK2SSGtP13AyDCdUomOTTsp8bnlE2pH3etVTRhJtgMl96Ss6tEpE41fYpJHP198SEJsaMk9AmE4oDs+zNxP+8bo7xTTARKsuRK7b4KM4lsSfOGiCR0JyhHFtCmRZ2V8IGVFOGtqeyLcFbPnmVtC5rnlvzHq6q9duijhKcwhlcgAfXUId7aEATGDzBM7zCmzNyXpx352MRXXOKmRP4A+fzB7zEkWg=</latexit><latexit sha1_base64="ltH3LzS5uHGfsM1thLyM3qta6fM=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplM2qGTSZy5KZTS73DjQhG3fow7/8Zpm4W2Hhg4nHMuc+8JMykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJs01402WylR3Qmq4FIo3UaDknUxzmoSSt8Ph3cxvj7g2IlWPOM54kNC+ErFgFK0U+NJGI0p8TInbq1TdmjsHWSVeQapQoNGrfPlRyvKEK2SSGtP13AyDCdUomOTTsp8bnlE2pH3etVTRhJtgMl96Ss6tEpE41fYpJHP198SEJsaMk9AmE4oDs+zNxP+8bo7xTTARKsuRK7b4KM4lsSfOGiCR0JyhHFtCmRZ2V8IGVFOGtqeyLcFbPnmVtC5rnlvzHq6q9duijhKcwhlcgAfXUId7aEATGDzBM7zCmzNyXpx352MRXXOKmRP4A+fzB7zEkWg=</latexit><latexit sha1_base64="ltH3LzS5uHGfsM1thLyM3qta6fM=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplM2qGTSZy5KZTS73DjQhG3fow7/8Zpm4W2Hhg4nHMuc+8JMykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJs01402WylR3Qmq4FIo3UaDknUxzmoSSt8Ph3cxvj7g2IlWPOM54kNC+ErFgFK0U+NJGI0p8TInbq1TdmjsHWSVeQapQoNGrfPlRyvKEK2SSGtP13AyDCdUomOTTsp8bnlE2pH3etVTRhJtgMl96Ss6tEpE41fYpJHP198SEJsaMk9AmE4oDs+zNxP+8bo7xTTARKsuRK7b4KM4lsSfOGiCR0JyhHFtCmRZ2V8IGVFOGtqeyLcFbPnmVtC5rnlvzHq6q9duijhKcwhlcgAfXUId7aEATGDzBM7zCmzNyXpx352MRXXOKmRP4A+fzB7zEkWg=</latexit><latexit sha1_base64="ltH3LzS5uHGfsM1thLyM3qta6fM=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9CEMplM2qGTSZy5KZTS73DjQhG3fow7/8Zpm4W2Hhg4nHMuc+8JMykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJs01402WylR3Qmq4FIo3UaDknUxzmoSSt8Ph3cxvj7g2IlWPOM54kNC+ErFgFK0U+NJGI0p8TInbq1TdmjsHWSVeQapQoNGrfPlRyvKEK2SSGtP13AyDCdUomOTTsp8bnlE2pH3etVTRhJtgMl96Ss6tEpE41fYpJHP198SEJsaMk9AmE4oDs+zNxP+8bo7xTTARKsuRK7b4KM4lsSfOGiCR0JyhHFtCmRZ2V8IGVFOGtqeyLcFbPnmVtC5rnlvzHq6q9duijhKcwhlcgAfXUId7aEATGDzBM7zCmzNyXpx352MRXXOKmRP4A+fzB7zEkWg=</latexit>
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<latexit sha1_base64="sR9vRONABXDFDZ0tRmlX8+fXBCs=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLkU3LivYVujUcie9rcFMEpKMWIZ+iBt/xY0LRdy4EPwb08dCrQcCh3PuSXJPogW3Lgy/gqnpmdm5+YXFwtLyyupacX2jZlVmGFaZEspcJWBRcIlVx53AK20Q0kRgPbk9G/j1OzSWK3npehqbKXQl73AGzkut4kGsvD1I57Lf4jQGrY26p7Hwd7SB4nW+FyfoIEZtufAR3m8VS2E5HIJOkmhMSmSMSqv4EbcVy1KUjgmwthGF2jVzMI4zgf1CnFnUwG6hiw1PJaRom/lwuT7d8UqbdpTxRzo6VH8mckit7aWJn0zB3di/3kD8z2tkrnPczLnUmUPJRg91MkGdooOmaJsbZE70PAFmuP8rZTdggDnfZ8GXEP1deZLU9stRWI4uDksnp+M6FsgW2Sa7JCJH5ISckwqpEkYeyBN5Ia/BY/AcvAXvo9GpYJzZJL8QfH4DMKCiqA==</latexit><latexit sha1_base64="sR9vRONABXDFDZ0tRmlX8+fXBCs=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLkU3LivYVujUcie9rcFMEpKMWIZ+iBt/xY0LRdy4EPwb08dCrQcCh3PuSXJPogW3Lgy/gqnpmdm5+YXFwtLyyupacX2jZlVmGFaZEspcJWBRcIlVx53AK20Q0kRgPbk9G/j1OzSWK3npehqbKXQl73AGzkut4kGsvD1I57Lf4jQGrY26p7Hwd7SB4nW+FyfoIEZtufAR3m8VS2E5HIJOkmhMSmSMSqv4EbcVy1KUjgmwthGF2jVzMI4zgf1CnFnUwG6hiw1PJaRom/lwuT7d8UqbdpTxRzo6VH8mckit7aWJn0zB3di/3kD8z2tkrnPczLnUmUPJRg91MkGdooOmaJsbZE70PAFmuP8rZTdggDnfZ8GXEP1deZLU9stRWI4uDksnp+M6FsgW2Sa7JCJH5ISckwqpEkYeyBN5Ia/BY/AcvAXvo9GpYJzZJL8QfH4DMKCiqA==</latexit><latexit sha1_base64="sR9vRONABXDFDZ0tRmlX8+fXBCs=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLkU3LivYVujUcie9rcFMEpKMWIZ+iBt/xY0LRdy4EPwb08dCrQcCh3PuSXJPogW3Lgy/gqnpmdm5+YXFwtLyyupacX2jZlVmGFaZEspcJWBRcIlVx53AK20Q0kRgPbk9G/j1OzSWK3npehqbKXQl73AGzkut4kGsvD1I57Lf4jQGrY26p7Hwd7SB4nW+FyfoIEZtufAR3m8VS2E5HIJOkmhMSmSMSqv4EbcVy1KUjgmwthGF2jVzMI4zgf1CnFnUwG6hiw1PJaRom/lwuT7d8UqbdpTxRzo6VH8mckit7aWJn0zB3di/3kD8z2tkrnPczLnUmUPJRg91MkGdooOmaJsbZE70PAFmuP8rZTdggDnfZ8GXEP1deZLU9stRWI4uDksnp+M6FsgW2Sa7JCJH5ISckwqpEkYeyBN5Ia/BY/AcvAXvo9GpYJzZJL8QfH4DMKCiqA==</latexit><latexit sha1_base64="sR9vRONABXDFDZ0tRmlX8+fXBCs=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLkU3LivYVujUcie9rcFMEpKMWIZ+iBt/xY0LRdy4EPwb08dCrQcCh3PuSXJPogW3Lgy/gqnpmdm5+YXFwtLyyupacX2jZlVmGFaZEspcJWBRcIlVx53AK20Q0kRgPbk9G/j1OzSWK3npehqbKXQl73AGzkut4kGsvD1I57Lf4jQGrY26p7Hwd7SB4nW+FyfoIEZtufAR3m8VS2E5HIJOkmhMSmSMSqv4EbcVy1KUjgmwthGF2jVzMI4zgf1CnFnUwG6hiw1PJaRom/lwuT7d8UqbdpTxRzo6VH8mckit7aWJn0zB3di/3kD8z2tkrnPczLnUmUPJRg91MkGdooOmaJsbZE70PAFmuP8rZTdggDnfZ8GXEP1deZLU9stRWI4uDksnp+M6FsgW2Sa7JCJH5ISckwqpEkYeyBN5Ia/BY/AcvAXvo9GpYJzZJL8QfH4DMKCiqA==</latexit>
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<latexit sha1_base64="CLhFUsheeF4jVv7eFYZannfTAgY=">AAACInicbVDLSgMxFM34rPVVdekmWAQ3lhkR1IVQdONKKtgHdGrJpHfa0ExmSDJCDfMtbvwVNy4UdSX4MaaPhbYeCBzOOTfJPUHCmdKu++XMzS8sLi3nVvKra+sbm4Wt7ZqKU0mhSmMey0ZAFHAmoKqZ5tBIJJAo4FAP+pdDv34PUrFY3OpBAq2IdAULGSXaSu3CmR9KQo0f29DwDiOyNsvMdYbP8diCO3PoB6CJD4li3A6xLDMPWbtQdEvuCHiWeBNSRBNU2oUPvxPTNAKhKSdKNT030S1DpGaUQ5b3UwUJoX3ShaalgkSgWma0Yob3rdLBYSztERqP1N8ThkRKDaLAJiOie2raG4r/ec1Uh6ctw0SSahB0/FCYcqxjPOwLd5gEqvnAEkIls3/FtEdsMdq2mrcleNMrz5LaUclzS97NcbF8Makjh3bRHjpAHjpBZXSFKqiKKHpEz+gVvTlPzovz7nyOo3POZGYH/YHz/QMoU6Xm</latexit><latexit sha1_base64="CLhFUsheeF4jVv7eFYZannfTAgY=">AAACInicbVDLSgMxFM34rPVVdekmWAQ3lhkR1IVQdONKKtgHdGrJpHfa0ExmSDJCDfMtbvwVNy4UdSX4MaaPhbYeCBzOOTfJPUHCmdKu++XMzS8sLi3nVvKra+sbm4Wt7ZqKU0mhSmMey0ZAFHAmoKqZ5tBIJJAo4FAP+pdDv34PUrFY3OpBAq2IdAULGSXaSu3CmR9KQo0f29DwDiOyNsvMdYbP8diCO3PoB6CJD4li3A6xLDMPWbtQdEvuCHiWeBNSRBNU2oUPvxPTNAKhKSdKNT030S1DpGaUQ5b3UwUJoX3ShaalgkSgWma0Yob3rdLBYSztERqP1N8ThkRKDaLAJiOie2raG4r/ec1Uh6ctw0SSahB0/FCYcqxjPOwLd5gEqvnAEkIls3/FtEdsMdq2mrcleNMrz5LaUclzS97NcbF8Makjh3bRHjpAHjpBZXSFKqiKKHpEz+gVvTlPzovz7nyOo3POZGYH/YHz/QMoU6Xm</latexit><latexit sha1_base64="CLhFUsheeF4jVv7eFYZannfTAgY=">AAACInicbVDLSgMxFM34rPVVdekmWAQ3lhkR1IVQdONKKtgHdGrJpHfa0ExmSDJCDfMtbvwVNy4UdSX4MaaPhbYeCBzOOTfJPUHCmdKu++XMzS8sLi3nVvKra+sbm4Wt7ZqKU0mhSmMey0ZAFHAmoKqZ5tBIJJAo4FAP+pdDv34PUrFY3OpBAq2IdAULGSXaSu3CmR9KQo0f29DwDiOyNsvMdYbP8diCO3PoB6CJD4li3A6xLDMPWbtQdEvuCHiWeBNSRBNU2oUPvxPTNAKhKSdKNT030S1DpGaUQ5b3UwUJoX3ShaalgkSgWma0Yob3rdLBYSztERqP1N8ThkRKDaLAJiOie2raG4r/ec1Uh6ctw0SSahB0/FCYcqxjPOwLd5gEqvnAEkIls3/FtEdsMdq2mrcleNMrz5LaUclzS97NcbF8Makjh3bRHjpAHjpBZXSFKqiKKHpEz+gVvTlPzovz7nyOo3POZGYH/YHz/QMoU6Xm</latexit><latexit sha1_base64="CLhFUsheeF4jVv7eFYZannfTAgY=">AAACInicbVDLSgMxFM34rPVVdekmWAQ3lhkR1IVQdONKKtgHdGrJpHfa0ExmSDJCDfMtbvwVNy4UdSX4MaaPhbYeCBzOOTfJPUHCmdKu++XMzS8sLi3nVvKra+sbm4Wt7ZqKU0mhSmMey0ZAFHAmoKqZ5tBIJJAo4FAP+pdDv34PUrFY3OpBAq2IdAULGSXaSu3CmR9KQo0f29DwDiOyNsvMdYbP8diCO3PoB6CJD4li3A6xLDMPWbtQdEvuCHiWeBNSRBNU2oUPvxPTNAKhKSdKNT030S1DpGaUQ5b3UwUJoX3ShaalgkSgWma0Yob3rdLBYSztERqP1N8ThkRKDaLAJiOie2raG4r/ec1Uh6ctw0SSahB0/FCYcqxjPOwLd5gEqvnAEkIls3/FtEdsMdq2mrcleNMrz5LaUclzS97NcbF8Makjh3bRHjpAHjpBZXSFKqiKKHpEz+gVvTlPzovz7nyOo3POZGYH/YHz/QMoU6Xm</latexit>
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