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Non-degenerate Systems

Ideal gas revisited: Quantum particles in a 3-d box

Gas is at constant temperature T and constant volume V=L3

Allowed energies for L h%K? ko, = ha (0 = z,, 2)
1 particle e(k) = 9m L
Na — 17 27

Number of states with

energy less than ¢ N 1 4 2mee > L3 4 27T1Me 3V
=573 ) *B 37\ &

Therefore 4 'V V




Non-degenerate Systems

Ideal gas revisited: Quantum particles in a 3-d box

Gas is at constant temperature T and constant volume V=L3

To use the Boltzmann approximation for the particles we must have

N(kBT) >> NN
V Vv
— >>N AS —
5 > —| A << %

l.e. the average inter particle separation should be much larger than the thermal de
Broglie wavelength.

This can happen for dilute gases and at high temperatures.
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Ideal gas revisited: Quantum particles in a 3-d box

Gas is at constant temperature T and constant volume V=L3

Consider that such a condition is met we can write
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Classical equipartition theorem

Consider a classical system with energy that be written as

M

E(817827337 ce ey SMySM+1, - - '7) — chsi T f(SM—I—lasM—i—Q? . )
k=1
l.e. with M variables appearing through a quadratic dependence.

The classical partition function can then be written as

M
Z(N,V,T) :/d31/d32-o-/dsM--'eXp(—ﬁchs%) X exp(—Bf(sp+1,Sv+2,---))
k=1

— H </ dsy. exp( 6cksi)> X Zrest

where Zrest :/dSM+1/dSM+2"'eXp(—Bf(SM+1,SM+2>~-))
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Classical equipartition theorem

1
2

M
Z(N, V) T) — H (5%) X Zrest
k=1 \OK

dln Z
dp

M __
EkBT + Erest

B=—

i.e every quadratic term in the energy of a classical system contributes 1/2 kgT to the
average energy at a given temperature T.

This is the classical equipartition theorem. One expects that each such term would also
contribute 1/2 kg to the specific heat at constant volume.
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Classical equipartition theorem

E.g. Monatomic ideal gas

Answer comes out to be same for the quantum version in the non-degenerate limit.
(Why??)
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Classical equipartition theorem

E.g. Harmonic oscillator

N
E = Z (— + mw2x2>
i=1

E = NkgT Cy = Nkp
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Classical Rigid Rotor

Two masses separated by a fixed distance R

Classical version

1 5 5 .

b= Z -1 (%’,1 + wj72) Assuming centre of mass frame

e =LA Wi, Angular velocity of jth
: rotor about axis K

I = uR?* Moment of inertia

Average energy and specific heat per particle

€ =kgT cv = kg
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Ideal diatomic gas

Ediatomic — Etrans + Erot + Evib

— Zdiatomic — Ztrans X Zrot X Zyib

— Edz'atO’rmjc — €trans €rot €vib

— CV diatomic — CVirans + CV rot + CV vib

For the quantum case there will be addition terms as we shall see
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Quantum Harmonic Oscillator

/\2 1
H = v 1L Zmw?d?
2m 2

E,=(n —)hw n=0,1,2,...
2

Non-degenerate case

z = exp(— Z exp(—pBnhw)

B eXp(—ﬁ%“’)
1 — exp(—Bhw)
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Quantum Harmonic Oscillator

€e=FE/N =

Aw
For typical diatomic vibration frequencies at room temperature we have P << 1

So energy per oscillator is
€— €9~ kT
Similarlyas T -> 0

In general classical result applies when T >> 0, €— g~ kp®,;;, eOvir/T

vib — kB

©
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Quantum Harmonic Oscillator

Fraction of excited molecules

/ o~ B(n+5)hw @mb(K)
T (D)
_ By H2 6215
e 2
HCI 4227
_Svib
— T
Clo 810

Weaker the bond more thermally excited the molecule. l2 310
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Quantum Rigid Rotor

A h?

H,.; = Z2 For each rotor
21
Eigenvalues
- J=0,1,2
E; = 1)— — U, Ly 4.,
g =J(J+ )21
These states are 2J+7 degenerate
(since My = -J,-J+1,...,J and energy doesn’t depend on M,)
2
B = Z—] Rotational constant in energy units
Typical values | X 1047 (kg-m3) B/ks (K)
Ho 0.461 87.6
HF 1.34 30.1
HCI 2.65 15.2

|2 745.0 0.054
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Quantum Rigid Rotor

Partition function (non-degenerate case)
AE=2(J+1)B~ B ForsmallJ

— T/0, >>1 ©, = B/kg Characteristic rotation

For most diatomic gases temperature

at room temperature

Zrot = i(Z] + 1) exp(—6J(J +1)B)
J=0

_Z 2J + 1) exp< J(J+1)%>

O/ Vexp (—J(J+ 1)%) _ @%
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Quantum Rigid Rotor

Partition function (non-degenerate case)

For the general case we can use the following

a=0 b=0c0 n=J
f(00) = f'(o0) =+ =0 T 1 16, 4 (6) AN
ot =g T3t T\ ) TOU\T

Provided that % <1
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Quantum Rigid Rotor

Energy and specific heat

For T/©, >>1 we recover the classical result

Average energy and specific heat per particle

e =kgT cv = kg




