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Therefore
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To use the Boltzmann approximation for the particles we must have
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i.e. the average inter particle separation should be much larger than the thermal de 
Broglie wavelength. 


This can happen for dilute gases and at high temperatures.



Non-degenerate Systems
Ideal gas revisited: Quantum particles in a 3-d box

Consider that such a condition is met we can write
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Gas is at constant temperature T and constant volume V=L3 
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Non-degenerate systems
Classical equipartition theorem

Consider a classical system with energy that be written as 
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i.e. with M variables appearing through a quadratic dependence.

The classical partition function can then be written as 
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Non-degenerate Systems
Classical equipartition theorem
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i.e every quadratic term in the energy of a classical system contributes 1/2 kBT to the 
average energy at a given temperature T. 

This is the classical equipartition theorem. One expects that each such term would also 
contribute 1/2 kB to the specific heat at constant volume.



Non-degenerate Systems
Classical equipartition theorem

E.g. Monatomic ideal gas
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<latexit sha1_base64="Lo2r13eQw2WCD25HrC2QflKN2gg=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFXQjlHbjSirYB7QhTKaTdujkwcxEKCFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8cWPqdx6okCwK79Ukpk6AhyHzGcFKS6551HDb6Br1fYFJep6l1QzdorFbR65ZtirWDGiZ2DkpQ46ma371BxFJAhoqwrGUPduKlZNioRjhNCv1E0ljTMZ4SHuahjig0klnH2ToVCsD5EdCV6jQTP09keJAykng6c4Aq5Fc9Kbif14vUf6Vk7IwThQNyXyRn3CkIjSNAw2YoETxiSaYCKZvRWSEdRhKh1bSIdiLLy+TdrViWxX77qJcq+dxFOEYTuAMbLiEGtxAE1pA4BGe4RXejCfjxXg3PuatBSOfOYQ/MD5/AKublRc=</latexit><latexit sha1_base64="Lo2r13eQw2WCD25HrC2QflKN2gg=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFXQjlHbjSirYB7QhTKaTdujkwcxEKCFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8cWPqdx6okCwK79Ukpk6AhyHzGcFKS6551HDb6Br1fYFJep6l1QzdorFbR65ZtirWDGiZ2DkpQ46ma371BxFJAhoqwrGUPduKlZNioRjhNCv1E0ljTMZ4SHuahjig0klnH2ToVCsD5EdCV6jQTP09keJAykng6c4Aq5Fc9Kbif14vUf6Vk7IwThQNyXyRn3CkIjSNAw2YoETxiSaYCKZvRWSEdRhKh1bSIdiLLy+TdrViWxX77qJcq+dxFOEYTuAMbLiEGtxAE1pA4BGe4RXejCfjxXg3PuatBSOfOYQ/MD5/AKublRc=</latexit><latexit sha1_base64="Lo2r13eQw2WCD25HrC2QflKN2gg=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFXQjlHbjSirYB7QhTKaTdujkwcxEKCFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8cWPqdx6okCwK79Ukpk6AhyHzGcFKS6551HDb6Br1fYFJep6l1QzdorFbR65ZtirWDGiZ2DkpQ46ma371BxFJAhoqwrGUPduKlZNioRjhNCv1E0ljTMZ4SHuahjig0klnH2ToVCsD5EdCV6jQTP09keJAykng6c4Aq5Fc9Kbif14vUf6Vk7IwThQNyXyRn3CkIjSNAw2YoETxiSaYCKZvRWSEdRhKh1bSIdiLLy+TdrViWxX77qJcq+dxFOEYTuAMbLiEGtxAE1pA4BGe4RXejCfjxXg3PuatBSOfOYQ/MD5/AKublRc=</latexit><latexit sha1_base64="Lo2r13eQw2WCD25HrC2QflKN2gg=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFXQjlHbjSirYB7QhTKaTdujkwcxEKCFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8cWPqdx6okCwK79Ukpk6AhyHzGcFKS6551HDb6Br1fYFJep6l1QzdorFbR65ZtirWDGiZ2DkpQ46ma371BxFJAhoqwrGUPduKlZNioRjhNCv1E0ljTMZ4SHuahjig0klnH2ToVCsD5EdCV6jQTP09keJAykng6c4Aq5Fc9Kbif14vUf6Vk7IwThQNyXyRn3CkIjSNAw2YoETxiSaYCKZvRWSEdRhKh1bSIdiLLy+TdrViWxX77qJcq+dxFOEYTuAMbLiEGtxAE1pA4BGe4RXejCfjxXg3PuatBSOfOYQ/MD5/AKublRc=</latexit>

Answer comes out to be same for the quantum version in the non-degenerate limit.

(Why??)



Non-degenerate Systems
Classical equipartition theorem

E.g. Harmonic oscillator

E =
NX

i=1

✓
p2i
2m

+
1

2
m!2x2

i

◆

<latexit sha1_base64="Wg8ElEJP+qcTRU2V/UP64oHT9EI="></latexit><latexit sha1_base64="Wg8ElEJP+qcTRU2V/UP64oHT9EI="></latexit><latexit sha1_base64="Wg8ElEJP+qcTRU2V/UP64oHT9EI="></latexit><latexit sha1_base64="Wg8ElEJP+qcTRU2V/UP64oHT9EI="></latexit>

E = NkBT CV = NkB
<latexit sha1_base64="CEq/9oUkrxL7p9lLG7q5Hc5v6/A=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWZE0I1QWgRXUqEvaIchk6ZtaCYZkoxQhvoFbvwVNy4UcevWnX9jph1BWw8EDufcw809QcSo0o7zZeWWlldW1/LrhY3Nre0de3evqUQsMWlgwYRsB0gRRjlpaKoZaUeSoDBgpBWMqqnfuiNSUcHrehwRL0QDTvsUI20k3z7uCmOn6eRqAi/hDRz5FVi/T1H1mz+KbxedkjMFXCRuRoogQ823P7s9geOQcI0ZUqrjOpH2EiQ1xYxMCt1YkQjhERqQjqEchUR5yfSeCTwySg/2hTSPazhVfycSFCo1DgMzGSI9VPNeKv7ndWLdv/ASyqNYE45ni/oxg1rAtBzYo5JgzcaGICyp+SvEQyQR1qbCginBnT95kTRPS65Tcm/PiuVKVkceHIBDcAJccA7K4BrUQANg8ACewAt4tR6tZ+vNep+N5qwssw/+wPr4BmkvmvQ=</latexit><latexit sha1_base64="CEq/9oUkrxL7p9lLG7q5Hc5v6/A=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWZE0I1QWgRXUqEvaIchk6ZtaCYZkoxQhvoFbvwVNy4UcevWnX9jph1BWw8EDufcw809QcSo0o7zZeWWlldW1/LrhY3Nre0de3evqUQsMWlgwYRsB0gRRjlpaKoZaUeSoDBgpBWMqqnfuiNSUcHrehwRL0QDTvsUI20k3z7uCmOn6eRqAi/hDRz5FVi/T1H1mz+KbxedkjMFXCRuRoogQ823P7s9geOQcI0ZUqrjOpH2EiQ1xYxMCt1YkQjhERqQjqEchUR5yfSeCTwySg/2hTSPazhVfycSFCo1DgMzGSI9VPNeKv7ndWLdv/ASyqNYE45ni/oxg1rAtBzYo5JgzcaGICyp+SvEQyQR1qbCginBnT95kTRPS65Tcm/PiuVKVkceHIBDcAJccA7K4BrUQANg8ACewAt4tR6tZ+vNep+N5qwssw/+wPr4BmkvmvQ=</latexit><latexit sha1_base64="CEq/9oUkrxL7p9lLG7q5Hc5v6/A=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWZE0I1QWgRXUqEvaIchk6ZtaCYZkoxQhvoFbvwVNy4UcevWnX9jph1BWw8EDufcw809QcSo0o7zZeWWlldW1/LrhY3Nre0de3evqUQsMWlgwYRsB0gRRjlpaKoZaUeSoDBgpBWMqqnfuiNSUcHrehwRL0QDTvsUI20k3z7uCmOn6eRqAi/hDRz5FVi/T1H1mz+KbxedkjMFXCRuRoogQ823P7s9geOQcI0ZUqrjOpH2EiQ1xYxMCt1YkQjhERqQjqEchUR5yfSeCTwySg/2hTSPazhVfycSFCo1DgMzGSI9VPNeKv7ndWLdv/ASyqNYE45ni/oxg1rAtBzYo5JgzcaGICyp+SvEQyQR1qbCginBnT95kTRPS65Tcm/PiuVKVkceHIBDcAJccA7K4BrUQANg8ACewAt4tR6tZ+vNep+N5qwssw/+wPr4BmkvmvQ=</latexit><latexit sha1_base64="CEq/9oUkrxL7p9lLG7q5Hc5v6/A=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWZE0I1QWgRXUqEvaIchk6ZtaCYZkoxQhvoFbvwVNy4UcevWnX9jph1BWw8EDufcw809QcSo0o7zZeWWlldW1/LrhY3Nre0de3evqUQsMWlgwYRsB0gRRjlpaKoZaUeSoDBgpBWMqqnfuiNSUcHrehwRL0QDTvsUI20k3z7uCmOn6eRqAi/hDRz5FVi/T1H1mz+KbxedkjMFXCRuRoogQ823P7s9geOQcI0ZUqrjOpH2EiQ1xYxMCt1YkQjhERqQjqEchUR5yfSeCTwySg/2hTSPazhVfycSFCo1DgMzGSI9VPNeKv7ndWLdv/ASyqNYE45ni/oxg1rAtBzYo5JgzcaGICyp+SvEQyQR1qbCginBnT95kTRPS65Tcm/PiuVKVkceHIBDcAJccA7K4BrUQANg8ACewAt4tR6tZ+vNep+N5qwssw/+wPr4BmkvmvQ=</latexit>



Non-degenerate Systems
Classical Rigid Rotor

Two masses separated by a fixed distance R

✏ = kBT cV = kB
<latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit><latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit><latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit><latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit>

Average energy and specific heat per particle

Assuming centre of mass frameE =
X

j=1,N

1

2
I
�
!2
j,1 + !2

j,2

�

<latexit sha1_base64="dlFhRhAk5phYkyPxkXS6FQtb7Vw="></latexit><latexit sha1_base64="dlFhRhAk5phYkyPxkXS6FQtb7Vw="></latexit><latexit sha1_base64="dlFhRhAk5phYkyPxkXS6FQtb7Vw="></latexit><latexit sha1_base64="dlFhRhAk5phYkyPxkXS6FQtb7Vw="></latexit>

!j,µ
<latexit sha1_base64="/rNTxRuJ2a4ONcetVesrMdQAb3c=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8SNgVQY9BLx4jmAcka5id9CZj5rHMzCphyX948aCIV//Fm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWaQp0qrnQrIgY4k1C3zHJoJRqIiDg0o+H1xG8+gjZMyTs7SiAUpC9ZzCixTrrvKAF90s0eTjsiHXdLZb/iT4EXSZCTMspR65a+Oj1FUwHSUk6MaQd+YsOMaMsoh3GxkxpICB2SPrQdlUSACbPp1WN87JQejpV2JS2eqr8nMiKMGYnIdQpiB2bem4j/ee3UxpdhxmSSWpB0tihOObYKTyLAPaaBWj5yhFDN3K2YDogm1Lqgii6EYP7lRdI4qwR+Jbg9L1ev8jgK6BAdoRMUoAtURTeohuqIIo2e0St68568F+/d+5i1Lnn5zAH6A+/zB6MnkpY=</latexit><latexit sha1_base64="/rNTxRuJ2a4ONcetVesrMdQAb3c=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8SNgVQY9BLx4jmAcka5id9CZj5rHMzCphyX948aCIV//Fm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWaQp0qrnQrIgY4k1C3zHJoJRqIiDg0o+H1xG8+gjZMyTs7SiAUpC9ZzCixTrrvKAF90s0eTjsiHXdLZb/iT4EXSZCTMspR65a+Oj1FUwHSUk6MaQd+YsOMaMsoh3GxkxpICB2SPrQdlUSACbPp1WN87JQejpV2JS2eqr8nMiKMGYnIdQpiB2bem4j/ee3UxpdhxmSSWpB0tihOObYKTyLAPaaBWj5yhFDN3K2YDogm1Lqgii6EYP7lRdI4qwR+Jbg9L1ev8jgK6BAdoRMUoAtURTeohuqIIo2e0St68568F+/d+5i1Lnn5zAH6A+/zB6MnkpY=</latexit><latexit sha1_base64="/rNTxRuJ2a4ONcetVesrMdQAb3c=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8SNgVQY9BLx4jmAcka5id9CZj5rHMzCphyX948aCIV//Fm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWaQp0qrnQrIgY4k1C3zHJoJRqIiDg0o+H1xG8+gjZMyTs7SiAUpC9ZzCixTrrvKAF90s0eTjsiHXdLZb/iT4EXSZCTMspR65a+Oj1FUwHSUk6MaQd+YsOMaMsoh3GxkxpICB2SPrQdlUSACbPp1WN87JQejpV2JS2eqr8nMiKMGYnIdQpiB2bem4j/ee3UxpdhxmSSWpB0tihOObYKTyLAPaaBWj5yhFDN3K2YDogm1Lqgii6EYP7lRdI4qwR+Jbg9L1ev8jgK6BAdoRMUoAtURTeohuqIIo2e0St68568F+/d+5i1Lnn5zAH6A+/zB6MnkpY=</latexit><latexit sha1_base64="/rNTxRuJ2a4ONcetVesrMdQAb3c=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8SNgVQY9BLx4jmAcka5id9CZj5rHMzCphyX948aCIV//Fm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWaQp0qrnQrIgY4k1C3zHJoJRqIiDg0o+H1xG8+gjZMyTs7SiAUpC9ZzCixTrrvKAF90s0eTjsiHXdLZb/iT4EXSZCTMspR65a+Oj1FUwHSUk6MaQd+YsOMaMsoh3GxkxpICB2SPrQdlUSACbPp1WN87JQejpV2JS2eqr8nMiKMGYnIdQpiB2bem4j/ee3UxpdhxmSSWpB0tihOObYKTyLAPaaBWj5yhFDN3K2YDogm1Lqgii6EYP7lRdI4qwR+Jbg9L1ev8jgK6BAdoRMUoAtURTeohuqIIo2e0St68568F+/d+5i1Lnn5zAH6A+/zB6MnkpY=</latexit>

Angular velocity of jth 
rotor about axis

Classical version

I = µR2
<latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit><latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit><latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit><latexit sha1_base64="OYgb2FLDXt3OvbVsVlzd/WuL+TQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgl6Eohe9VbEfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuJKs2keDDjhAYxHggWMYKNlfxbdIm6cYruH2u9csWtujOgZeLlpAI5Gr3yV7cvSRpTYQjHWvuem5ggw8owwumk1E01TTAZ4QH1LRU4pjrIZidP0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010EWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfHmZtGpVz616d2eV+lUeRxGO4BhOwYNzqMMNNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRU6P7g==</latexit>

Moment of inertia

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>



Non-degenerate Systems
Ideal diatomic gas

Ediatomic = Etrans + Erot + Evib
<latexit sha1_base64="iQDYNy07NpSDv9VPUCM0CrMieIk=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARBKXMiKAboSiCywr2Am0pmTRtQzPJkJwplGFewo2v4saFIm4Fd76NaTsLbf0h8OU/55CcP4gEN+B5305uaXlldS2/XtjY3NrecXf3akbFmrIqVULpRkAME1yyKnAQrBFpRsJAsHowvJnU6yOmDVfyAcYRa4ekL3mPUwLW6rint52kywmokNMUX2F7BU2kSfHJhLWCjEY8SDtu0St5U+FF8DMookyVjvvV6ioah0wCFcSYpu9F0E6IBk4FSwut2LCI0CHps6ZFSUJm2sl0qxQfWaeLe0rbIwFP3d8TCQmNGYeB7QwJDMx8bWL+V2vG0LtsJ1xGMTBJZw/1YoFB4UlEuMs1oyDGFgjV3P4V0wHRhIINsmBD8OdXXoTaWcn3Sv79ebF8ncWRRwfoEB0jH12gMrpDFVRFFD2iZ/SK3pwn58V5dz5mrTknm9lHf+R8/gAtX54u</latexit><latexit sha1_base64="iQDYNy07NpSDv9VPUCM0CrMieIk=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARBKXMiKAboSiCywr2Am0pmTRtQzPJkJwplGFewo2v4saFIm4Fd76NaTsLbf0h8OU/55CcP4gEN+B5305uaXlldS2/XtjY3NrecXf3akbFmrIqVULpRkAME1yyKnAQrBFpRsJAsHowvJnU6yOmDVfyAcYRa4ekL3mPUwLW6rint52kywmokNMUX2F7BU2kSfHJhLWCjEY8SDtu0St5U+FF8DMookyVjvvV6ioah0wCFcSYpu9F0E6IBk4FSwut2LCI0CHps6ZFSUJm2sl0qxQfWaeLe0rbIwFP3d8TCQmNGYeB7QwJDMx8bWL+V2vG0LtsJ1xGMTBJZw/1YoFB4UlEuMs1oyDGFgjV3P4V0wHRhIINsmBD8OdXXoTaWcn3Sv79ebF8ncWRRwfoEB0jH12gMrpDFVRFFD2iZ/SK3pwn58V5dz5mrTknm9lHf+R8/gAtX54u</latexit><latexit sha1_base64="iQDYNy07NpSDv9VPUCM0CrMieIk=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARBKXMiKAboSiCywr2Am0pmTRtQzPJkJwplGFewo2v4saFIm4Fd76NaTsLbf0h8OU/55CcP4gEN+B5305uaXlldS2/XtjY3NrecXf3akbFmrIqVULpRkAME1yyKnAQrBFpRsJAsHowvJnU6yOmDVfyAcYRa4ekL3mPUwLW6rint52kywmokNMUX2F7BU2kSfHJhLWCjEY8SDtu0St5U+FF8DMookyVjvvV6ioah0wCFcSYpu9F0E6IBk4FSwut2LCI0CHps6ZFSUJm2sl0qxQfWaeLe0rbIwFP3d8TCQmNGYeB7QwJDMx8bWL+V2vG0LtsJ1xGMTBJZw/1YoFB4UlEuMs1oyDGFgjV3P4V0wHRhIINsmBD8OdXXoTaWcn3Sv79ebF8ncWRRwfoEB0jH12gMrpDFVRFFD2iZ/SK3pwn58V5dz5mrTknm9lHf+R8/gAtX54u</latexit><latexit sha1_base64="iQDYNy07NpSDv9VPUCM0CrMieIk=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARBKXMiKAboSiCywr2Am0pmTRtQzPJkJwplGFewo2v4saFIm4Fd76NaTsLbf0h8OU/55CcP4gEN+B5305uaXlldS2/XtjY3NrecXf3akbFmrIqVULpRkAME1yyKnAQrBFpRsJAsHowvJnU6yOmDVfyAcYRa4ekL3mPUwLW6rint52kywmokNMUX2F7BU2kSfHJhLWCjEY8SDtu0St5U+FF8DMookyVjvvV6ioah0wCFcSYpu9F0E6IBk4FSwut2LCI0CHps6ZFSUJm2sl0qxQfWaeLe0rbIwFP3d8TCQmNGYeB7QwJDMx8bWL+V2vG0LtsJ1xGMTBJZw/1YoFB4UlEuMs1oyDGFgjV3P4V0wHRhIINsmBD8OdXXoTaWcn3Sv79ebF8ncWRRwfoEB0jH12gMrpDFVRFFD2iZ/SK3pwn58V5dz5mrTknm9lHf+R8/gAtX54u</latexit>

=) zdiatomic = ztrans ⇥ zrot ⇥ zvib
<latexit sha1_base64="eaHkWDguiKS5jVgNOGaL/vDQLko=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi6KZQdOOygn1AW0omTdvQPIbkTqEO8zVu/BU3Lioi7vwU08eitl4InHvOvZzcE0aCW/D9by+zsbm1vZPdze3tHxwe5Y9PalbHhrIq1UKbRkgsE1yxKnAQrBEZRmQoWD0c3k/1+ogZy7V6gnHE2pL0Fe9xSsBRnXypxaXzYRY/d5IuJ6AlpykuTVswRNm0BVzOZaNhqRvxMO3kC37RnxVeB8ECFNCiKp38pNXVNJZMARXE2mbgR9BOiAFOBUtzrdiyiNAh6bOmg4o4s3YyOzPFF47p4p427inAM3Z5IyHS2rEM3aQkMLCr2pT8T2vG0LttJ1xFMTBF50a9WGDQeJoZ7nLDKIixA4Qa7v6K6YAYQsElm3MhBKsnr4PaVTHwi8HjdaF8t4gji87QObpEAbpBZfSAKqiKKHpBb2iCPrxX79379L7moxlvsXOK/pT38wtHn6eB</latexit><latexit sha1_base64="eaHkWDguiKS5jVgNOGaL/vDQLko=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi6KZQdOOygn1AW0omTdvQPIbkTqEO8zVu/BU3Lioi7vwU08eitl4InHvOvZzcE0aCW/D9by+zsbm1vZPdze3tHxwe5Y9PalbHhrIq1UKbRkgsE1yxKnAQrBEZRmQoWD0c3k/1+ogZy7V6gnHE2pL0Fe9xSsBRnXypxaXzYRY/d5IuJ6AlpykuTVswRNm0BVzOZaNhqRvxMO3kC37RnxVeB8ECFNCiKp38pNXVNJZMARXE2mbgR9BOiAFOBUtzrdiyiNAh6bOmg4o4s3YyOzPFF47p4p427inAM3Z5IyHS2rEM3aQkMLCr2pT8T2vG0LttJ1xFMTBF50a9WGDQeJoZ7nLDKIixA4Qa7v6K6YAYQsElm3MhBKsnr4PaVTHwi8HjdaF8t4gji87QObpEAbpBZfSAKqiKKHpBb2iCPrxX79379L7moxlvsXOK/pT38wtHn6eB</latexit><latexit sha1_base64="eaHkWDguiKS5jVgNOGaL/vDQLko=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi6KZQdOOygn1AW0omTdvQPIbkTqEO8zVu/BU3Lioi7vwU08eitl4InHvOvZzcE0aCW/D9by+zsbm1vZPdze3tHxwe5Y9PalbHhrIq1UKbRkgsE1yxKnAQrBEZRmQoWD0c3k/1+ogZy7V6gnHE2pL0Fe9xSsBRnXypxaXzYRY/d5IuJ6AlpykuTVswRNm0BVzOZaNhqRvxMO3kC37RnxVeB8ECFNCiKp38pNXVNJZMARXE2mbgR9BOiAFOBUtzrdiyiNAh6bOmg4o4s3YyOzPFF47p4p427inAM3Z5IyHS2rEM3aQkMLCr2pT8T2vG0LttJ1xFMTBF50a9WGDQeJoZ7nLDKIixA4Qa7v6K6YAYQsElm3MhBKsnr4PaVTHwi8HjdaF8t4gji87QObpEAbpBZfSAKqiKKHpBb2iCPrxX79379L7moxlvsXOK/pT38wtHn6eB</latexit><latexit sha1_base64="eaHkWDguiKS5jVgNOGaL/vDQLko=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi6KZQdOOygn1AW0omTdvQPIbkTqEO8zVu/BU3Lioi7vwU08eitl4InHvOvZzcE0aCW/D9by+zsbm1vZPdze3tHxwe5Y9PalbHhrIq1UKbRkgsE1yxKnAQrBEZRmQoWD0c3k/1+ogZy7V6gnHE2pL0Fe9xSsBRnXypxaXzYRY/d5IuJ6AlpykuTVswRNm0BVzOZaNhqRvxMO3kC37RnxVeB8ECFNCiKp38pNXVNJZMARXE2mbgR9BOiAFOBUtzrdiyiNAh6bOmg4o4s3YyOzPFF47p4p427inAM3Z5IyHS2rEM3aQkMLCr2pT8T2vG0LttJ1xFMTBF50a9WGDQeJoZ7nLDKIixA4Qa7v6K6YAYQsElm3MhBKsnr4PaVTHwi8HjdaF8t4gji87QObpEAbpBZfSAKqiKKHpBb2iCPrxX79379L7moxlvsXOK/pT38wtHn6eB</latexit>

=) ✏diatomic = ✏trans + ✏rot + ✏vib

=) cV diatomic = cV trans + cV rot + cV vib
<latexit sha1_base64="PBgCpGuJ3U8J4bV9VzbepxMpS3k="></latexit><latexit sha1_base64="PBgCpGuJ3U8J4bV9VzbepxMpS3k="></latexit><latexit sha1_base64="PBgCpGuJ3U8J4bV9VzbepxMpS3k="></latexit><latexit sha1_base64="PBgCpGuJ3U8J4bV9VzbepxMpS3k="></latexit>

For the quantum case there will be addition terms as we shall see



Non-degenerate Systems
Quantum Harmonic Oscillator

Non-degenerate case

z = exp(��
~!
2
)

1X

n=0

exp(��n~!)
<latexit sha1_base64="+iu3X348LFC9StQM7aze2DvK8ow="></latexit><latexit sha1_base64="+iu3X348LFC9StQM7aze2DvK8ow="></latexit><latexit sha1_base64="+iu3X348LFC9StQM7aze2DvK8ow="></latexit><latexit sha1_base64="+iu3X348LFC9StQM7aze2DvK8ow="></latexit>

=
exp(�� ~!

2 )

1� exp(��~!)
<latexit sha1_base64="Djzi+fchLWpI4TGGjJLBZfag5FI="></latexit><latexit sha1_base64="Djzi+fchLWpI4TGGjJLBZfag5FI="></latexit><latexit sha1_base64="Djzi+fchLWpI4TGGjJLBZfag5FI="></latexit><latexit sha1_base64="Djzi+fchLWpI4TGGjJLBZfag5FI="></latexit>

<latexit sha1_base64="43M4Sj6N4IcDMuE+DuXj3ld1NGg="></latexit>
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Non-degenerate Systems
Quantum Harmonic Oscillator

For typical diatomic vibration frequencies at room temperature we have
~!
kBT

<< 1
<latexit sha1_base64="Ec4H+dOD7hwMOaUE0LVs34V67bA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6KKLUjcuK/QFTQiT6aQdOpMJMxOhhOzc+CtuXCji1l9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaW9/Y3CpvV3Z29/YP7MOjrhKpxKSDBROyHyJFGI1JR1PNSD+RBPGQkV44uZ35vQciFRVxW08T4nM0imlEMdJGCuxTL5IIZ944RNITnIxQnk2CJmznsF6HbmBXnZozB1wlbkGqoEArsL+8ocApJ7HGDCk1cJ1E+xmSmmJG8oqXKpIgPEEjMjA0RpwoP5v/kcNzowxhJKSpWMO5+nsiQ1ypKQ9NJ0d6rJa9mfifN0h1dONnNE5STWK8WBSlDGoBZ6HAIZUEazY1BGFJza0Qj5EJRpvoKiYEd/nlVdK9rLlOzb2/qjaaRRxlcALOwAVwwTVogDvQAh2AwSN4Bq/gzXqyXqx362PRWrKKmWPwB9bnD7g1mIY=</latexit><latexit sha1_base64="Ec4H+dOD7hwMOaUE0LVs34V67bA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6KKLUjcuK/QFTQiT6aQdOpMJMxOhhOzc+CtuXCji1l9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaW9/Y3CpvV3Z29/YP7MOjrhKpxKSDBROyHyJFGI1JR1PNSD+RBPGQkV44uZ35vQciFRVxW08T4nM0imlEMdJGCuxTL5IIZ944RNITnIxQnk2CJmznsF6HbmBXnZozB1wlbkGqoEArsL+8ocApJ7HGDCk1cJ1E+xmSmmJG8oqXKpIgPEEjMjA0RpwoP5v/kcNzowxhJKSpWMO5+nsiQ1ypKQ9NJ0d6rJa9mfifN0h1dONnNE5STWK8WBSlDGoBZ6HAIZUEazY1BGFJza0Qj5EJRpvoKiYEd/nlVdK9rLlOzb2/qjaaRRxlcALOwAVwwTVogDvQAh2AwSN4Bq/gzXqyXqx362PRWrKKmWPwB9bnD7g1mIY=</latexit><latexit sha1_base64="Ec4H+dOD7hwMOaUE0LVs34V67bA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6KKLUjcuK/QFTQiT6aQdOpMJMxOhhOzc+CtuXCji1l9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaW9/Y3CpvV3Z29/YP7MOjrhKpxKSDBROyHyJFGI1JR1PNSD+RBPGQkV44uZ35vQciFRVxW08T4nM0imlEMdJGCuxTL5IIZ944RNITnIxQnk2CJmznsF6HbmBXnZozB1wlbkGqoEArsL+8ocApJ7HGDCk1cJ1E+xmSmmJG8oqXKpIgPEEjMjA0RpwoP5v/kcNzowxhJKSpWMO5+nsiQ1ypKQ9NJ0d6rJa9mfifN0h1dONnNE5STWK8WBSlDGoBZ6HAIZUEazY1BGFJza0Qj5EJRpvoKiYEd/nlVdK9rLlOzb2/qjaaRRxlcALOwAVwwTVogDvQAh2AwSN4Bq/gzXqyXqx362PRWrKKmWPwB9bnD7g1mIY=</latexit><latexit sha1_base64="Ec4H+dOD7hwMOaUE0LVs34V67bA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6KKLUjcuK/QFTQiT6aQdOpMJMxOhhOzc+CtuXCji1l9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaW9/Y3CpvV3Z29/YP7MOjrhKpxKSDBROyHyJFGI1JR1PNSD+RBPGQkV44uZ35vQciFRVxW08T4nM0imlEMdJGCuxTL5IIZ944RNITnIxQnk2CJmznsF6HbmBXnZozB1wlbkGqoEArsL+8ocApJ7HGDCk1cJ1E+xmSmmJG8oqXKpIgPEEjMjA0RpwoP5v/kcNzowxhJKSpWMO5+nsiQ1ypKQ9NJ0d6rJa9mfifN0h1dONnNE5STWK8WBSlDGoBZ6HAIZUEazY1BGFJza0Qj5EJRpvoKiYEd/nlVdK9rLlOzb2/qjaaRRxlcALOwAVwwTVogDvQAh2AwSN4Bq/gzXqyXqx362PRWrKKmWPwB9bnD7g1mIY=</latexit>

So energy per oscillator is 
✏� ✏0 ⇡ kBT

<latexit sha1_base64="QF20AFlLyovHK0Je9EsyvGUFnmE=">AAACGXicbVDLSgMxFM34rPVVdekmWBQ3lhkRdFnqxmWFvqAzDJk004ZmkpBkxDL0N9z4K25cKOJSV/6NmbaCth4IHM65h5t7IsmoNq775Swtr6yurRc2iptb2zu7pb39lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsaXud++44oTQVvmJEkQYL6nMYUI2OlsOT6wtp5OvOJ1JQJPoZn8IeHLjzxkZRK3MNhWIMNGJbKbsWdAC4Sb0bKYIZ6WPrwewKnCeEGM6R113OlCTKkDMWMjIt+qolEeIj6pGspRwnRQTa5bAyPrdKDsVD2cQMn6u9EhhKtR0lkJxNkBnrey8X/vG5q4qsgo1ymhnA8XRSnDBoB85pgjyqCDRtZgrCi9q8QD5BC2Ngyi7YEb/7kRdI6r3huxbu9KFdrszoK4BAcgVPggUtQBTegDpoAgwfwBF7Aq/PoPDtvzvt0dMmZZQ7AHzif33/un+c=</latexit><latexit sha1_base64="QF20AFlLyovHK0Je9EsyvGUFnmE=">AAACGXicbVDLSgMxFM34rPVVdekmWBQ3lhkRdFnqxmWFvqAzDJk004ZmkpBkxDL0N9z4K25cKOJSV/6NmbaCth4IHM65h5t7IsmoNq775Swtr6yurRc2iptb2zu7pb39lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsaXud++44oTQVvmJEkQYL6nMYUI2OlsOT6wtp5OvOJ1JQJPoZn8IeHLjzxkZRK3MNhWIMNGJbKbsWdAC4Sb0bKYIZ6WPrwewKnCeEGM6R113OlCTKkDMWMjIt+qolEeIj6pGspRwnRQTa5bAyPrdKDsVD2cQMn6u9EhhKtR0lkJxNkBnrey8X/vG5q4qsgo1ymhnA8XRSnDBoB85pgjyqCDRtZgrCi9q8QD5BC2Ngyi7YEb/7kRdI6r3huxbu9KFdrszoK4BAcgVPggUtQBTegDpoAgwfwBF7Aq/PoPDtvzvt0dMmZZQ7AHzif33/un+c=</latexit><latexit sha1_base64="QF20AFlLyovHK0Je9EsyvGUFnmE=">AAACGXicbVDLSgMxFM34rPVVdekmWBQ3lhkRdFnqxmWFvqAzDJk004ZmkpBkxDL0N9z4K25cKOJSV/6NmbaCth4IHM65h5t7IsmoNq775Swtr6yurRc2iptb2zu7pb39lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsaXud++44oTQVvmJEkQYL6nMYUI2OlsOT6wtp5OvOJ1JQJPoZn8IeHLjzxkZRK3MNhWIMNGJbKbsWdAC4Sb0bKYIZ6WPrwewKnCeEGM6R113OlCTKkDMWMjIt+qolEeIj6pGspRwnRQTa5bAyPrdKDsVD2cQMn6u9EhhKtR0lkJxNkBnrey8X/vG5q4qsgo1ymhnA8XRSnDBoB85pgjyqCDRtZgrCi9q8QD5BC2Ngyi7YEb/7kRdI6r3huxbu9KFdrszoK4BAcgVPggUtQBTegDpoAgwfwBF7Aq/PoPDtvzvt0dMmZZQ7AHzif33/un+c=</latexit><latexit sha1_base64="QF20AFlLyovHK0Je9EsyvGUFnmE=">AAACGXicbVDLSgMxFM34rPVVdekmWBQ3lhkRdFnqxmWFvqAzDJk004ZmkpBkxDL0N9z4K25cKOJSV/6NmbaCth4IHM65h5t7IsmoNq775Swtr6yurRc2iptb2zu7pb39lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsaXud++44oTQVvmJEkQYL6nMYUI2OlsOT6wtp5OvOJ1JQJPoZn8IeHLjzxkZRK3MNhWIMNGJbKbsWdAC4Sb0bKYIZ6WPrwewKnCeEGM6R113OlCTKkDMWMjIt+qolEeIj6pGspRwnRQTa5bAyPrdKDsVD2cQMn6u9EhhKtR0lkJxNkBnrey8X/vG5q4qsgo1ymhnA8XRSnDBoB85pgjyqCDRtZgrCi9q8QD5BC2Ngyi7YEb/7kRdI6r3huxbu9KFdrszoK4BAcgVPggUtQBTegDpoAgwfwBF7Aq/PoPDtvzvt0dMmZZQ7AHzif33/un+c=</latexit>

⇥vib ⌘
~!
kB

<latexit sha1_base64="YXQoNUpRddmnbCUpVkPEGwgJO+c=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQklE0KPoxWOFVgtNCJPtpF26+XB3UyghP8KLf8WLB0W8evDmv3Hb5qDVBwOP92aYmRekgitt21/WwuLS8spqZa26vrG5tV3b2b1VSSYZtlkiEtkJQKHgMbY11wI7qUSIAoF3wfBq4t+NUCqexC09TtGLoB/zkDPQRvJrx25rgBr8fMSDgrp4n/ERdUMJLHcHAUg3ibAPRT70Lwu/Vrcb9hT0L3FKUiclmn7t0+0lLIsw1kyAUl3HTrWXg9ScCSyqbqYwBTaEPnYNjSFC5eXTpwp6aJQeDRNpKtZ0qv6cyCFSahyZqw8j0AM1703E/7xupsNzL+dxmmmM2WxRmAmqEzpJiPa4RKbF2BBgkptbKRuASUSbHKsmBGf+5b/k9qTh2A3n5rR+cVnGUSH75IAcEYeckQtyTZqkTRh5IE/khbxaj9az9Wa9z1oXrHJmj/yC9fEN6emfWw==</latexit><latexit sha1_base64="YXQoNUpRddmnbCUpVkPEGwgJO+c=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQklE0KPoxWOFVgtNCJPtpF26+XB3UyghP8KLf8WLB0W8evDmv3Hb5qDVBwOP92aYmRekgitt21/WwuLS8spqZa26vrG5tV3b2b1VSSYZtlkiEtkJQKHgMbY11wI7qUSIAoF3wfBq4t+NUCqexC09TtGLoB/zkDPQRvJrx25rgBr8fMSDgrp4n/ERdUMJLHcHAUg3ibAPRT70Lwu/Vrcb9hT0L3FKUiclmn7t0+0lLIsw1kyAUl3HTrWXg9ScCSyqbqYwBTaEPnYNjSFC5eXTpwp6aJQeDRNpKtZ0qv6cyCFSahyZqw8j0AM1703E/7xupsNzL+dxmmmM2WxRmAmqEzpJiPa4RKbF2BBgkptbKRuASUSbHKsmBGf+5b/k9qTh2A3n5rR+cVnGUSH75IAcEYeckQtyTZqkTRh5IE/khbxaj9az9Wa9z1oXrHJmj/yC9fEN6emfWw==</latexit><latexit sha1_base64="YXQoNUpRddmnbCUpVkPEGwgJO+c=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQklE0KPoxWOFVgtNCJPtpF26+XB3UyghP8KLf8WLB0W8evDmv3Hb5qDVBwOP92aYmRekgitt21/WwuLS8spqZa26vrG5tV3b2b1VSSYZtlkiEtkJQKHgMbY11wI7qUSIAoF3wfBq4t+NUCqexC09TtGLoB/zkDPQRvJrx25rgBr8fMSDgrp4n/ERdUMJLHcHAUg3ibAPRT70Lwu/Vrcb9hT0L3FKUiclmn7t0+0lLIsw1kyAUl3HTrWXg9ScCSyqbqYwBTaEPnYNjSFC5eXTpwp6aJQeDRNpKtZ0qv6cyCFSahyZqw8j0AM1703E/7xupsNzL+dxmmmM2WxRmAmqEzpJiPa4RKbF2BBgkptbKRuASUSbHKsmBGf+5b/k9qTh2A3n5rR+cVnGUSH75IAcEYeckQtyTZqkTRh5IE/khbxaj9az9Wa9z1oXrHJmj/yC9fEN6emfWw==</latexit><latexit sha1_base64="YXQoNUpRddmnbCUpVkPEGwgJO+c=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQklE0KPoxWOFVgtNCJPtpF26+XB3UyghP8KLf8WLB0W8evDmv3Hb5qDVBwOP92aYmRekgitt21/WwuLS8spqZa26vrG5tV3b2b1VSSYZtlkiEtkJQKHgMbY11wI7qUSIAoF3wfBq4t+NUCqexC09TtGLoB/zkDPQRvJrx25rgBr8fMSDgrp4n/ERdUMJLHcHAUg3ibAPRT70Lwu/Vrcb9hT0L3FKUiclmn7t0+0lLIsw1kyAUl3HTrWXg9ScCSyqbqYwBTaEPnYNjSFC5eXTpwp6aJQeDRNpKtZ0qv6cyCFSahyZqw8j0AM1703E/7xupsNzL+dxmmmM2WxRmAmqEzpJiPa4RKbF2BBgkptbKRuASUSbHKsmBGf+5b/k9qTh2A3n5rR+cVnGUSH75IAcEYeckQtyTZqkTRh5IE/khbxaj9az9Wa9z1oXrHJmj/yC9fEN6emfWw==</latexit>

In general classical result applies when T >> ⇥vib
<latexit sha1_base64="Uy3LjTAjpKnETDYsJ9xufz06qmE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUlE0FUpunFZoS9oQ5hMb9qhk0mYmRRL6K+4caGIW3/EnX/jtM1CWw9cOJxzL3PmBAlnSjvOt1XY2t7Z3Svulw4Oj45P7NNyR8WppNCmMY9lLyAKOBPQ1kxz6CUSSBRw6AaT+4XfnYJULBYtPUvAi8hIsJBRoo3k2+UWrtfxoDUGTfxsyoI59u2KU3OWwJvEzUkF5Wj69tdgGNM0AqEpJ0r1XSfRXkakZpTDvDRIFSSETsgI+oYKEoHysmX2Oa4aZYjDWJoRGi/V3xcZiZSaRSZXNSJ6rNa9hfif1091eOtlTCSpBkFXD4UpxzrGiyLwkEmgms8MIVQykxXTMZGEalNXyZTgrn95k3Suaq5Tcx+vK427vI4iOkcX6BK56AY10ANqojai6Ak9o1f0Zs2tF+vd+litFqz85gz9gfX5A4u6k3k=</latexit><latexit sha1_base64="Uy3LjTAjpKnETDYsJ9xufz06qmE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUlE0FUpunFZoS9oQ5hMb9qhk0mYmRRL6K+4caGIW3/EnX/jtM1CWw9cOJxzL3PmBAlnSjvOt1XY2t7Z3Svulw4Oj45P7NNyR8WppNCmMY9lLyAKOBPQ1kxz6CUSSBRw6AaT+4XfnYJULBYtPUvAi8hIsJBRoo3k2+UWrtfxoDUGTfxsyoI59u2KU3OWwJvEzUkF5Wj69tdgGNM0AqEpJ0r1XSfRXkakZpTDvDRIFSSETsgI+oYKEoHysmX2Oa4aZYjDWJoRGi/V3xcZiZSaRSZXNSJ6rNa9hfif1091eOtlTCSpBkFXD4UpxzrGiyLwkEmgms8MIVQykxXTMZGEalNXyZTgrn95k3Suaq5Tcx+vK427vI4iOkcX6BK56AY10ANqojai6Ak9o1f0Zs2tF+vd+litFqz85gz9gfX5A4u6k3k=</latexit><latexit sha1_base64="Uy3LjTAjpKnETDYsJ9xufz06qmE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUlE0FUpunFZoS9oQ5hMb9qhk0mYmRRL6K+4caGIW3/EnX/jtM1CWw9cOJxzL3PmBAlnSjvOt1XY2t7Z3Svulw4Oj45P7NNyR8WppNCmMY9lLyAKOBPQ1kxz6CUSSBRw6AaT+4XfnYJULBYtPUvAi8hIsJBRoo3k2+UWrtfxoDUGTfxsyoI59u2KU3OWwJvEzUkF5Wj69tdgGNM0AqEpJ0r1XSfRXkakZpTDvDRIFSSETsgI+oYKEoHysmX2Oa4aZYjDWJoRGi/V3xcZiZSaRSZXNSJ6rNa9hfif1091eOtlTCSpBkFXD4UpxzrGiyLwkEmgms8MIVQykxXTMZGEalNXyZTgrn95k3Suaq5Tcx+vK427vI4iOkcX6BK56AY10ANqojai6Ak9o1f0Zs2tF+vd+litFqz85gz9gfX5A4u6k3k=</latexit><latexit sha1_base64="Uy3LjTAjpKnETDYsJ9xufz06qmE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUlE0FUpunFZoS9oQ5hMb9qhk0mYmRRL6K+4caGIW3/EnX/jtM1CWw9cOJxzL3PmBAlnSjvOt1XY2t7Z3Svulw4Oj45P7NNyR8WppNCmMY9lLyAKOBPQ1kxz6CUSSBRw6AaT+4XfnYJULBYtPUvAi8hIsJBRoo3k2+UWrtfxoDUGTfxsyoI59u2KU3OWwJvEzUkF5Wj69tdgGNM0AqEpJ0r1XSfRXkakZpTDvDRIFSSETsgI+oYKEoHysmX2Oa4aZYjDWJoRGi/V3xcZiZSaRSZXNSJ6rNa9hfif1091eOtlTCSpBkFXD4UpxzrGiyLwkEmgms8MIVQykxXTMZGEalNXyZTgrn95k3Suaq5Tcx+vK427vI4iOkcX6BK56AY10ANqojai6Ak9o1f0Zs2tF+vd+litFqz85gz9gfX5A4u6k3k=</latexit> ✏� ✏0 ⇡ kB⇥vib e⇥vib/T

<latexit sha1_base64="3RRCeupBhe5W5qMdl9zCdGDUYmo="></latexit><latexit sha1_base64="3RRCeupBhe5W5qMdl9zCdGDUYmo="></latexit><latexit sha1_base64="3RRCeupBhe5W5qMdl9zCdGDUYmo="></latexit><latexit sha1_base64="3RRCeupBhe5W5qMdl9zCdGDUYmo="></latexit>

Similarly as T -> 0

✏ = E/N = �@ ln z

@�

=
~!
2

+
~!

e
~!

kBT � 1
<latexit sha1_base64="hP2bEqclQfK+prgjHOvoH2c2FsA="></latexit><latexit sha1_base64="hP2bEqclQfK+prgjHOvoH2c2FsA="></latexit><latexit sha1_base64="hP2bEqclQfK+prgjHOvoH2c2FsA="></latexit><latexit sha1_base64="hP2bEqclQfK+prgjHOvoH2c2FsA="></latexit>



Non-degenerate Systems
Quantum Harmonic Oscillator

Fraction of excited molecules

fn =
e��(n+ 1

2 )~!

z(T )
<latexit sha1_base64="/43+MjOn9IE+r2Nkw4rGykWJEXw=">AAACIHicbVBNS8NAEN3U7/pV9ehlsQgVsSQi6EUQvXhUsFpoaplsJ+3SzSbsboQa8lO8+Fe8eFBEb/pr3H4c1Ppg4PHeDDPzgkRwbVz30ylMTc/Mzs0vFBeXlldWS2vr1zpOFcMai0Ws6gFoFFxizXAjsJ4ohCgQeBP0zgb+zR0qzWN5ZfoJNiPoSB5yBsZKrdJh2JL0mPqhApbhbbbnB2igIndHipdn+/mO3w1A+XGEHcjz7L5ytZO3SmW36g5BJ4k3JmUyxkWr9OG3Y5ZGKA0ToHXDcxPTzEAZzgTmRT/VmADrQQcblkqIUDez4YM53bZKm4axsiUNHao/JzKItO5Hge2MwHT1X28g/uc1UhMeNTMuk9SgZKNFYSqoiekgLdrmCpkRfUuAKW5vpawLNhljMy3aELy/L0+S6/2q51a9y4Pyyek4jnmySbZIhXjkkJyQc3JBaoSRB/JEXsir8+g8O2/O+6i14IxnNsgvOF/fJNyi+w==</latexit><latexit sha1_base64="/43+MjOn9IE+r2Nkw4rGykWJEXw=">AAACIHicbVBNS8NAEN3U7/pV9ehlsQgVsSQi6EUQvXhUsFpoaplsJ+3SzSbsboQa8lO8+Fe8eFBEb/pr3H4c1Ppg4PHeDDPzgkRwbVz30ylMTc/Mzs0vFBeXlldWS2vr1zpOFcMai0Ws6gFoFFxizXAjsJ4ohCgQeBP0zgb+zR0qzWN5ZfoJNiPoSB5yBsZKrdJh2JL0mPqhApbhbbbnB2igIndHipdn+/mO3w1A+XGEHcjz7L5ytZO3SmW36g5BJ4k3JmUyxkWr9OG3Y5ZGKA0ToHXDcxPTzEAZzgTmRT/VmADrQQcblkqIUDez4YM53bZKm4axsiUNHao/JzKItO5Hge2MwHT1X28g/uc1UhMeNTMuk9SgZKNFYSqoiekgLdrmCpkRfUuAKW5vpawLNhljMy3aELy/L0+S6/2q51a9y4Pyyek4jnmySbZIhXjkkJyQc3JBaoSRB/JEXsir8+g8O2/O+6i14IxnNsgvOF/fJNyi+w==</latexit><latexit sha1_base64="/43+MjOn9IE+r2Nkw4rGykWJEXw=">AAACIHicbVBNS8NAEN3U7/pV9ehlsQgVsSQi6EUQvXhUsFpoaplsJ+3SzSbsboQa8lO8+Fe8eFBEb/pr3H4c1Ppg4PHeDDPzgkRwbVz30ylMTc/Mzs0vFBeXlldWS2vr1zpOFcMai0Ws6gFoFFxizXAjsJ4ohCgQeBP0zgb+zR0qzWN5ZfoJNiPoSB5yBsZKrdJh2JL0mPqhApbhbbbnB2igIndHipdn+/mO3w1A+XGEHcjz7L5ytZO3SmW36g5BJ4k3JmUyxkWr9OG3Y5ZGKA0ToHXDcxPTzEAZzgTmRT/VmADrQQcblkqIUDez4YM53bZKm4axsiUNHao/JzKItO5Hge2MwHT1X28g/uc1UhMeNTMuk9SgZKNFYSqoiekgLdrmCpkRfUuAKW5vpawLNhljMy3aELy/L0+S6/2q51a9y4Pyyek4jnmySbZIhXjkkJyQc3JBaoSRB/JEXsir8+g8O2/O+6i14IxnNsgvOF/fJNyi+w==</latexit><latexit sha1_base64="/43+MjOn9IE+r2Nkw4rGykWJEXw=">AAACIHicbVBNS8NAEN3U7/pV9ehlsQgVsSQi6EUQvXhUsFpoaplsJ+3SzSbsboQa8lO8+Fe8eFBEb/pr3H4c1Ppg4PHeDDPzgkRwbVz30ylMTc/Mzs0vFBeXlldWS2vr1zpOFcMai0Ws6gFoFFxizXAjsJ4ohCgQeBP0zgb+zR0qzWN5ZfoJNiPoSB5yBsZKrdJh2JL0mPqhApbhbbbnB2igIndHipdn+/mO3w1A+XGEHcjz7L5ytZO3SmW36g5BJ4k3JmUyxkWr9OG3Y5ZGKA0ToHXDcxPTzEAZzgTmRT/VmADrQQcblkqIUDez4YM53bZKm4axsiUNHao/JzKItO5Hge2MwHT1X28g/uc1UhMeNTMuk9SgZKNFYSqoiekgLdrmCpkRfUuAKW5vpawLNhljMy3aELy/L0+S6/2q51a9y4Pyyek4jnmySbZIhXjkkJyQc3JBaoSRB/JEXsir8+g8O2/O+6i14IxnNsgvOF/fJNyi+w==</latexit>

fn>0 = 1� f0 = 1� e�
�
2 ~!

z(T )

= e�
⇥vib

T
<latexit sha1_base64="E8BiGl6nRtu7AFjh14XQ5w9I+BY="></latexit><latexit sha1_base64="E8BiGl6nRtu7AFjh14XQ5w9I+BY="></latexit><latexit sha1_base64="E8BiGl6nRtu7AFjh14XQ5w9I+BY="></latexit><latexit sha1_base64="E8BiGl6nRtu7AFjh14XQ5w9I+BY="></latexit>

⇥vib(K)
<latexit sha1_base64="cVeQzQ0BSgXBUwIXeP2ZBYUH+o8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VISEfRY9CJ4qdAvaEPYbDft0s0m7G4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDsn103FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6b+50JlYrFoqmnCfUiPBQsZARrI/l2ud8cUY39bMKCWfXhwrcrTs1ZAK0TNycVyNHw7a/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+AydG2WAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHd54GRNJqqkgy0VhypGO0TwFNGCSEs2nhmAimbkVkRGWmGiTVcmE4K6+vE7alzXXqbmPV5X6bR5HEU7hDKrgwjXU4R4a0AICKTzDK7xZT9aL9W59LFsLVj5zAn9gff4ANi2Sxw==</latexit><latexit sha1_base64="cVeQzQ0BSgXBUwIXeP2ZBYUH+o8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VISEfRY9CJ4qdAvaEPYbDft0s0m7G4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDsn103FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6b+50JlYrFoqmnCfUiPBQsZARrI/l2ud8cUY39bMKCWfXhwrcrTs1ZAK0TNycVyNHw7a/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+AydG2WAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHd54GRNJqqkgy0VhypGO0TwFNGCSEs2nhmAimbkVkRGWmGiTVcmE4K6+vE7alzXXqbmPV5X6bR5HEU7hDKrgwjXU4R4a0AICKTzDK7xZT9aL9W59LFsLVj5zAn9gff4ANi2Sxw==</latexit><latexit sha1_base64="cVeQzQ0BSgXBUwIXeP2ZBYUH+o8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VISEfRY9CJ4qdAvaEPYbDft0s0m7G4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDsn103FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6b+50JlYrFoqmnCfUiPBQsZARrI/l2ud8cUY39bMKCWfXhwrcrTs1ZAK0TNycVyNHw7a/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+AydG2WAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHd54GRNJqqkgy0VhypGO0TwFNGCSEs2nhmAimbkVkRGWmGiTVcmE4K6+vE7alzXXqbmPV5X6bR5HEU7hDKrgwjXU4R4a0AICKTzDK7xZT9aL9W59LFsLVj5zAn9gff4ANi2Sxw==</latexit><latexit sha1_base64="cVeQzQ0BSgXBUwIXeP2ZBYUH+o8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VISEfRY9CJ4qdAvaEPYbDft0s0m7G4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDsn103FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6b+50JlYrFoqmnCfUiPBQsZARrI/l2ud8cUY39bMKCWfXhwrcrTs1ZAK0TNycVyNHw7a/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+AydG2WAwliaEhot1N8TGY6UmkaB6YywHqlVby7+5/VSHd54GRNJqqkgy0VhypGO0TwFNGCSEs2nhmAimbkVkRGWmGiTVcmE4K6+vE7alzXXqbmPV5X6bR5HEU7hDKrgwjXU4R4a0AICKTzDK7xZT9aL9W59LFsLVj5zAn9gff4ANi2Sxw==</latexit>

H2 6215

HCl 4227

Cl2 810

I2 310Weaker the bond more thermally excited the molecule.



Non-degenerate Systems
Quantum Rigid Rotor

Ĥrot =
~2
2I

L̂2

<latexit sha1_base64="HaE/6YuEESRrX9il+60bSsCaASU=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1QdFPBRQX7gM44ZNJMG5p5kNwRyjCf4cZfceNCEbfd+Tem0y609UDg5JxzSe7xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wdtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzRzdTvPDGpeBQ+wDhmTkAGIfc5JaAlt3xmDwmkjcxNZQQZvsK2LwlN7aFH5GMtS2v4NsN55k5fMXbLFbNq5sDLxJqTCpqj6ZYndj+iScBCoIIo1bPMGJyUSOBUsKxkJ4rFhI7IgPU0DUnAlJPmi2X4RCt97EdSnxBwrv6eSEmg1DjwdDIgMFSL3lT8z+sl4F86KQ/jBFhIZw/5icAQ4WlLuM8loyDGmhAquf4rpkOimwHdZUmXYC2uvEzataplVq3780r9el5HER2hY3SKLHSB6qiBmqiFKHpGr+gdfRgvxpvxaXzNogVjPnOI/sCY/AB7cp9c</latexit><latexit sha1_base64="HaE/6YuEESRrX9il+60bSsCaASU=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1QdFPBRQX7gM44ZNJMG5p5kNwRyjCf4cZfceNCEbfd+Tem0y609UDg5JxzSe7xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wdtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzRzdTvPDGpeBQ+wDhmTkAGIfc5JaAlt3xmDwmkjcxNZQQZvsK2LwlN7aFH5GMtS2v4NsN55k5fMXbLFbNq5sDLxJqTCpqj6ZYndj+iScBCoIIo1bPMGJyUSOBUsKxkJ4rFhI7IgPU0DUnAlJPmi2X4RCt97EdSnxBwrv6eSEmg1DjwdDIgMFSL3lT8z+sl4F86KQ/jBFhIZw/5icAQ4WlLuM8loyDGmhAquf4rpkOimwHdZUmXYC2uvEzataplVq3780r9el5HER2hY3SKLHSB6qiBmqiFKHpGr+gdfRgvxpvxaXzNogVjPnOI/sCY/AB7cp9c</latexit><latexit sha1_base64="HaE/6YuEESRrX9il+60bSsCaASU=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1QdFPBRQX7gM44ZNJMG5p5kNwRyjCf4cZfceNCEbfd+Tem0y609UDg5JxzSe7xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wdtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzRzdTvPDGpeBQ+wDhmTkAGIfc5JaAlt3xmDwmkjcxNZQQZvsK2LwlN7aFH5GMtS2v4NsN55k5fMXbLFbNq5sDLxJqTCpqj6ZYndj+iScBCoIIo1bPMGJyUSOBUsKxkJ4rFhI7IgPU0DUnAlJPmi2X4RCt97EdSnxBwrv6eSEmg1DjwdDIgMFSL3lT8z+sl4F86KQ/jBFhIZw/5icAQ4WlLuM8loyDGmhAquf4rpkOimwHdZUmXYC2uvEzataplVq3780r9el5HER2hY3SKLHSB6qiBmqiFKHpGr+gdfRgvxpvxaXzNogVjPnOI/sCY/AB7cp9c</latexit><latexit sha1_base64="HaE/6YuEESRrX9il+60bSsCaASU=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1QdFPBRQX7gM44ZNJMG5p5kNwRyjCf4cZfceNCEbfd+Tem0y609UDg5JxzSe7xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wdtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzRzdTvPDGpeBQ+wDhmTkAGIfc5JaAlt3xmDwmkjcxNZQQZvsK2LwlN7aFH5GMtS2v4NsN55k5fMXbLFbNq5sDLxJqTCpqj6ZYndj+iScBCoIIo1bPMGJyUSOBUsKxkJ4rFhI7IgPU0DUnAlJPmi2X4RCt97EdSnxBwrv6eSEmg1DjwdDIgMFSL3lT8z+sl4F86KQ/jBFhIZw/5icAQ4WlLuM8loyDGmhAquf4rpkOimwHdZUmXYC2uvEzataplVq3780r9el5HER2hY3SKLHSB6qiBmqiFKHpGr+gdfRgvxpvxaXzNogVjPnOI/sCY/AB7cp9c</latexit>

Eigenvalues
EJ = J(J + 1)

~2
2I

<latexit sha1_base64="Gf2V1fN7zasjZqbjMkTaqlKooFc=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSRF0I1QFEG7qmAf0MQwmU7aoZNJmJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69x48Zlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH16O/fYDEZJG/E6NYuKGqM9pQDFSWvJMeOXV4Tmsl+vH9hF0AoFw6gx8JO6rWVqFN5lnlqyKNQGcJ3ZOSiBHwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjGRFJ5EkRniI+qSrKUchkW46+SSDh1rpwSASuriCE/X3RIpCKUehrztDpAZy1huL/3ndRAVnbkp5nCjC8XRRkDCoIjiOBfaoIFixkSYIC6pvhXiAdBpKh1fUIdizL8+TVrViWxX79qRUu8jjKIB9cADKwAanoAauQQM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8AnGWXww==</latexit><latexit sha1_base64="Gf2V1fN7zasjZqbjMkTaqlKooFc=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSRF0I1QFEG7qmAf0MQwmU7aoZNJmJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69x48Zlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH16O/fYDEZJG/E6NYuKGqM9pQDFSWvJMeOXV4Tmsl+vH9hF0AoFw6gx8JO6rWVqFN5lnlqyKNQGcJ3ZOSiBHwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjGRFJ5EkRniI+qSrKUchkW46+SSDh1rpwSASuriCE/X3RIpCKUehrztDpAZy1huL/3ndRAVnbkp5nCjC8XRRkDCoIjiOBfaoIFixkSYIC6pvhXiAdBpKh1fUIdizL8+TVrViWxX79qRUu8jjKIB9cADKwAanoAauQQM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8AnGWXww==</latexit><latexit sha1_base64="Gf2V1fN7zasjZqbjMkTaqlKooFc=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSRF0I1QFEG7qmAf0MQwmU7aoZNJmJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69x48Zlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH16O/fYDEZJG/E6NYuKGqM9pQDFSWvJMeOXV4Tmsl+vH9hF0AoFw6gx8JO6rWVqFN5lnlqyKNQGcJ3ZOSiBHwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjGRFJ5EkRniI+qSrKUchkW46+SSDh1rpwSASuriCE/X3RIpCKUehrztDpAZy1huL/3ndRAVnbkp5nCjC8XRRkDCoIjiOBfaoIFixkSYIC6pvhXiAdBpKh1fUIdizL8+TVrViWxX79qRUu8jjKIB9cADKwAanoAauQQM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8AnGWXww==</latexit><latexit sha1_base64="Gf2V1fN7zasjZqbjMkTaqlKooFc=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSRF0I1QFEG7qmAf0MQwmU7aoZNJmJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69x48Zlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH16O/fYDEZJG/E6NYuKGqM9pQDFSWvJMeOXV4Tmsl+vH9hF0AoFw6gx8JO6rWVqFN5lnlqyKNQGcJ3ZOSiBHwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjGRFJ5EkRniI+qSrKUchkW46+SSDh1rpwSASuriCE/X3RIpCKUehrztDpAZy1huL/3ndRAVnbkp5nCjC8XRRkDCoIjiOBfaoIFixkSYIC6pvhXiAdBpKh1fUIdizL8+TVrViWxX79qRUu8jjKIB9cADKwAanoAauQQM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8AnGWXww==</latexit>

J = 0, 1, 2, . . .
<latexit sha1_base64="9IpRmKgjgrq9xdetBCjExblrIfk=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCh1J2i6AXoehFPFWwttAuJZtN29BssiTZQln6T7x4UMSr/8Sb/8a03YO2Phh4vDfDzLww4Uwbz/t2CmvrG5tbxe3Szu7e/oF7ePSkZaoIbRLJpWqHWFPOBG0aZjhtJ4riOOS0FY5uZ35rTJVmUjyaSUKDGA8E6zOCjZV6rnuPrpFX8Su1SpdH0uieW/aq3hxolfg5KUOORs/96kaSpDEVhnCsdcf3EhNkWBlGOJ2WuqmmCSYjPKAdSwWOqQ6y+eVTdGaVCPWlsiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpKZ/FWRMJKmhgiwW9VOOjESzGFDEFCWGTyzBRDF7KyJDrDAxNqySDcFffnmVPNWqvlf1Hy7K9Zs8jiKcwCmcgw+XUIc7aEATCIzhGV7hzcmcF+fd+Vi0Fpx85hj+wPn8AY5Skas=</latexit><latexit sha1_base64="9IpRmKgjgrq9xdetBCjExblrIfk=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCh1J2i6AXoehFPFWwttAuJZtN29BssiTZQln6T7x4UMSr/8Sb/8a03YO2Phh4vDfDzLww4Uwbz/t2CmvrG5tbxe3Szu7e/oF7ePSkZaoIbRLJpWqHWFPOBG0aZjhtJ4riOOS0FY5uZ35rTJVmUjyaSUKDGA8E6zOCjZV6rnuPrpFX8Su1SpdH0uieW/aq3hxolfg5KUOORs/96kaSpDEVhnCsdcf3EhNkWBlGOJ2WuqmmCSYjPKAdSwWOqQ6y+eVTdGaVCPWlsiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpKZ/FWRMJKmhgiwW9VOOjESzGFDEFCWGTyzBRDF7KyJDrDAxNqySDcFffnmVPNWqvlf1Hy7K9Zs8jiKcwCmcgw+XUIc7aEATCIzhGV7hzcmcF+fd+Vi0Fpx85hj+wPn8AY5Skas=</latexit><latexit sha1_base64="9IpRmKgjgrq9xdetBCjExblrIfk=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCh1J2i6AXoehFPFWwttAuJZtN29BssiTZQln6T7x4UMSr/8Sb/8a03YO2Phh4vDfDzLww4Uwbz/t2CmvrG5tbxe3Szu7e/oF7ePSkZaoIbRLJpWqHWFPOBG0aZjhtJ4riOOS0FY5uZ35rTJVmUjyaSUKDGA8E6zOCjZV6rnuPrpFX8Su1SpdH0uieW/aq3hxolfg5KUOORs/96kaSpDEVhnCsdcf3EhNkWBlGOJ2WuqmmCSYjPKAdSwWOqQ6y+eVTdGaVCPWlsiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpKZ/FWRMJKmhgiwW9VOOjESzGFDEFCWGTyzBRDF7KyJDrDAxNqySDcFffnmVPNWqvlf1Hy7K9Zs8jiKcwCmcgw+XUIc7aEATCIzhGV7hzcmcF+fd+Vi0Fpx85hj+wPn8AY5Skas=</latexit><latexit sha1_base64="9IpRmKgjgrq9xdetBCjExblrIfk=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCh1J2i6AXoehFPFWwttAuJZtN29BssiTZQln6T7x4UMSr/8Sb/8a03YO2Phh4vDfDzLww4Uwbz/t2CmvrG5tbxe3Szu7e/oF7ePSkZaoIbRLJpWqHWFPOBG0aZjhtJ4riOOS0FY5uZ35rTJVmUjyaSUKDGA8E6zOCjZV6rnuPrpFX8Su1SpdH0uieW/aq3hxolfg5KUOORs/96kaSpDEVhnCsdcf3EhNkWBlGOJ2WuqmmCSYjPKAdSwWOqQ6y+eVTdGaVCPWlsiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpKZ/FWRMJKmhgiwW9VOOjESzGFDEFCWGTyzBRDF7KyJDrDAxNqySDcFffnmVPNWqvlf1Hy7K9Zs8jiKcwCmcgw+XUIc7aEATCIzhGV7hzcmcF+fd+Vi0Fpx85hj+wPn8AY5Skas=</latexit>

These states are 2J+1 degenerate 

(since MJ = -J,-J+1,…,J and energy doesn’t depend on MJ)

Rotational constant in energy unitsB =
~2
2I

<latexit sha1_base64="48Yp7cQEOMxCy0E3MQ+D4rB+Kyw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFEEvQqkXvVWwH9DUstlu2qWbTdjdCCXk4l/x4kERr/4Mb/4bt20O2vpg4PHeDDPz/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Hrqtx+pVCwS93oS016Ih4IFjGBtpL59VEdXyAskJqk38rF8qGZpFd1mfbvsVJwZ0DJxc1KGHI2+/eUNIpKEVGjCsVJd14l1L8VSM8JpVvISRWNMxnhIu4YKHFLVS2cPZOjUKAMURNKU0Gim/p5IcajUJPRNZ4j1SC16U/E/r5vo4LKXMhEnmgoyXxQkHOkITdNAAyYp0XxiCCaSmVsRGWGThjaZlUwI7uLLy6RVrbhOxb07L9fqeRxFOIYTOAMXLqAGN9CAJhDI4Ble4c16sl6sd+tj3lqw8plD+APr8wf47pVc</latexit><latexit sha1_base64="48Yp7cQEOMxCy0E3MQ+D4rB+Kyw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFEEvQqkXvVWwH9DUstlu2qWbTdjdCCXk4l/x4kERr/4Mb/4bt20O2vpg4PHeDDPz/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Hrqtx+pVCwS93oS016Ih4IFjGBtpL59VEdXyAskJqk38rF8qGZpFd1mfbvsVJwZ0DJxc1KGHI2+/eUNIpKEVGjCsVJd14l1L8VSM8JpVvISRWNMxnhIu4YKHFLVS2cPZOjUKAMURNKU0Gim/p5IcajUJPRNZ4j1SC16U/E/r5vo4LKXMhEnmgoyXxQkHOkITdNAAyYp0XxiCCaSmVsRGWGThjaZlUwI7uLLy6RVrbhOxb07L9fqeRxFOIYTOAMXLqAGN9CAJhDI4Ble4c16sl6sd+tj3lqw8plD+APr8wf47pVc</latexit><latexit sha1_base64="48Yp7cQEOMxCy0E3MQ+D4rB+Kyw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFEEvQqkXvVWwH9DUstlu2qWbTdjdCCXk4l/x4kERr/4Mb/4bt20O2vpg4PHeDDPz/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Hrqtx+pVCwS93oS016Ih4IFjGBtpL59VEdXyAskJqk38rF8qGZpFd1mfbvsVJwZ0DJxc1KGHI2+/eUNIpKEVGjCsVJd14l1L8VSM8JpVvISRWNMxnhIu4YKHFLVS2cPZOjUKAMURNKU0Gim/p5IcajUJPRNZ4j1SC16U/E/r5vo4LKXMhEnmgoyXxQkHOkITdNAAyYp0XxiCCaSmVsRGWGThjaZlUwI7uLLy6RVrbhOxb07L9fqeRxFOIYTOAMXLqAGN9CAJhDI4Ble4c16sl6sd+tj3lqw8plD+APr8wf47pVc</latexit><latexit sha1_base64="48Yp7cQEOMxCy0E3MQ+D4rB+Kyw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFEEvQqkXvVWwH9DUstlu2qWbTdjdCCXk4l/x4kERr/4Mb/4bt20O2vpg4PHeDDPz/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Hrqtx+pVCwS93oS016Ih4IFjGBtpL59VEdXyAskJqk38rF8qGZpFd1mfbvsVJwZ0DJxc1KGHI2+/eUNIpKEVGjCsVJd14l1L8VSM8JpVvISRWNMxnhIu4YKHFLVS2cPZOjUKAMURNKU0Gim/p5IcajUJPRNZ4j1SC16U/E/r5vo4LKXMhEnmgoyXxQkHOkITdNAAyYp0XxiCCaSmVsRGWGThjaZlUwI7uLLy6RVrbhOxb07L9fqeRxFOIYTOAMXLqAGN9CAJhDI4Ble4c16sl6sd+tj3lqw8plD+APr8wf47pVc</latexit>

Typical values I X 1047 (kg-m3) B/kB (K)

H2 0.461 87.6
HF 1.34 30.1
HCl 2.65 15.2
I2 745.0 0.054

For each rotor



Non-degenerate Systems
Quantum Rigid Rotor

Partition function (non-degenerate case)
For small J

⇥r ⌘ B/kB
<latexit sha1_base64="WNSII4KKpSik5cSTHwdJwtKvf7w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomIuiy1I3LCn1BE8JketMOnTycmRRKyMZfceNCEbd+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6N0tr6xuZWebuys7u3f2AeHnVknAoKbRrzWPR8IoGzCNqKKQ69RAAJfQ5df3w387sTEJLFUUtNE3BDMoxYwChRWvLME6c1AkW8TOTYgceUTXDjcuw1PLNq1aw58CqxC1JFBZqe+eUMYpqGECnKiZR920qUmxGhGOWQV5xUQkLomAyhr2lEQpBuNn8gx+daGeAgFroihefq74mMhFJOQ193hkSN5LI3E//z+qkKbt2MRUmqIKKLRUHKsYrxLA08YAKo4lNNCBVM34rpiAhClc6sokOwl19eJZ2rmm3V7Ifrar1RxFFGp+gMXSAb3aA6ukdN1EYU5egZvaI348l4Md6Nj0VryShmjtEfGJ8/5qaV7w==</latexit><latexit sha1_base64="WNSII4KKpSik5cSTHwdJwtKvf7w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomIuiy1I3LCn1BE8JketMOnTycmRRKyMZfceNCEbd+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6N0tr6xuZWebuys7u3f2AeHnVknAoKbRrzWPR8IoGzCNqKKQ69RAAJfQ5df3w387sTEJLFUUtNE3BDMoxYwChRWvLME6c1AkW8TOTYgceUTXDjcuw1PLNq1aw58CqxC1JFBZqe+eUMYpqGECnKiZR920qUmxGhGOWQV5xUQkLomAyhr2lEQpBuNn8gx+daGeAgFroihefq74mMhFJOQ193hkSN5LI3E//z+qkKbt2MRUmqIKKLRUHKsYrxLA08YAKo4lNNCBVM34rpiAhClc6sokOwl19eJZ2rmm3V7Ifrar1RxFFGp+gMXSAb3aA6ukdN1EYU5egZvaI348l4Md6Nj0VryShmjtEfGJ8/5qaV7w==</latexit><latexit sha1_base64="WNSII4KKpSik5cSTHwdJwtKvf7w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomIuiy1I3LCn1BE8JketMOnTycmRRKyMZfceNCEbd+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6N0tr6xuZWebuys7u3f2AeHnVknAoKbRrzWPR8IoGzCNqKKQ69RAAJfQ5df3w387sTEJLFUUtNE3BDMoxYwChRWvLME6c1AkW8TOTYgceUTXDjcuw1PLNq1aw58CqxC1JFBZqe+eUMYpqGECnKiZR920qUmxGhGOWQV5xUQkLomAyhr2lEQpBuNn8gx+daGeAgFroihefq74mMhFJOQ193hkSN5LI3E//z+qkKbt2MRUmqIKKLRUHKsYrxLA08YAKo4lNNCBVM34rpiAhClc6sokOwl19eJZ2rmm3V7Ifrar1RxFFGp+gMXSAb3aA6ukdN1EYU5egZvaI348l4Md6Nj0VryShmjtEfGJ8/5qaV7w==</latexit><latexit sha1_base64="WNSII4KKpSik5cSTHwdJwtKvf7w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomIuiy1I3LCn1BE8JketMOnTycmRRKyMZfceNCEbd+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6N0tr6xuZWebuys7u3f2AeHnVknAoKbRrzWPR8IoGzCNqKKQ69RAAJfQ5df3w387sTEJLFUUtNE3BDMoxYwChRWvLME6c1AkW8TOTYgceUTXDjcuw1PLNq1aw58CqxC1JFBZqe+eUMYpqGECnKiZR920qUmxGhGOWQV5xUQkLomAyhr2lEQpBuNn8gx+daGeAgFroihefq74mMhFJOQ193hkSN5LI3E//z+qkKbt2MRUmqIKKLRUHKsYrxLA08YAKo4lNNCBVM34rpiAhClc6sokOwl19eJZ2rmm3V7Ifrar1RxFFGp+gMXSAb3aA6ukdN1EYU5egZvaI348l4Md6Nj0VryShmjtEfGJ8/5qaV7w==</latexit>

Characteristic rotation

 temperatureFor most diatomic gases 


at room temperature

�E = 2(J + 1)B ⇠ B
<latexit sha1_base64="ZvY21mSOMtEVLbjHrYc/LG4mYOs=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahIpSZIuhGKFVBXFWwD+gMJZNm2tAkMyQZoQwFN/6KGxeKuPUn3Pk3pu0stHrgwuGce7n3niBmVGnH+bJyC4tLyyv51cLa+sbmlr2901RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5M/NY9kYpG4k6PYuJz1Bc0pBhpI3XtPe+SMI3gFTyHldLNsXsEa9BTlMNa1y46ZWcK+Je4GSmCDPWu/en1IpxwIjRmSKmO68TaT5HUFDMyLniJIjHCQ9QnHUMF4kT56fSHMTw0Sg+GkTQlNJyqPydSxJUa8cB0cqQHat6biP95nUSHZ35KRZxoIvBsUZgwqCM4CQT2qCRYs5EhCEtqboV4gCTC2sRWMCG48y//Jc1K2XXK7u1JsVrL4siDfXAASsAFp6AKrkEdNAAGD+AJvIBX69F6tt6s91lrzspmdsEvWB/fAeyUiQ==</latexit><latexit sha1_base64="ZvY21mSOMtEVLbjHrYc/LG4mYOs=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahIpSZIuhGKFVBXFWwD+gMJZNm2tAkMyQZoQwFN/6KGxeKuPUn3Pk3pu0stHrgwuGce7n3niBmVGnH+bJyC4tLyyv51cLa+sbmlr2901RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5M/NY9kYpG4k6PYuJz1Bc0pBhpI3XtPe+SMI3gFTyHldLNsXsEa9BTlMNa1y46ZWcK+Je4GSmCDPWu/en1IpxwIjRmSKmO68TaT5HUFDMyLniJIjHCQ9QnHUMF4kT56fSHMTw0Sg+GkTQlNJyqPydSxJUa8cB0cqQHat6biP95nUSHZ35KRZxoIvBsUZgwqCM4CQT2qCRYs5EhCEtqboV4gCTC2sRWMCG48y//Jc1K2XXK7u1JsVrL4siDfXAASsAFp6AKrkEdNAAGD+AJvIBX69F6tt6s91lrzspmdsEvWB/fAeyUiQ==</latexit><latexit sha1_base64="ZvY21mSOMtEVLbjHrYc/LG4mYOs=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahIpSZIuhGKFVBXFWwD+gMJZNm2tAkMyQZoQwFN/6KGxeKuPUn3Pk3pu0stHrgwuGce7n3niBmVGnH+bJyC4tLyyv51cLa+sbmlr2901RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5M/NY9kYpG4k6PYuJz1Bc0pBhpI3XtPe+SMI3gFTyHldLNsXsEa9BTlMNa1y46ZWcK+Je4GSmCDPWu/en1IpxwIjRmSKmO68TaT5HUFDMyLniJIjHCQ9QnHUMF4kT56fSHMTw0Sg+GkTQlNJyqPydSxJUa8cB0cqQHat6biP95nUSHZ35KRZxoIvBsUZgwqCM4CQT2qCRYs5EhCEtqboV4gCTC2sRWMCG48y//Jc1K2XXK7u1JsVrL4siDfXAASsAFp6AKrkEdNAAGD+AJvIBX69F6tt6s91lrzspmdsEvWB/fAeyUiQ==</latexit><latexit sha1_base64="ZvY21mSOMtEVLbjHrYc/LG4mYOs=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahIpSZIuhGKFVBXFWwD+gMJZNm2tAkMyQZoQwFN/6KGxeKuPUn3Pk3pu0stHrgwuGce7n3niBmVGnH+bJyC4tLyyv51cLa+sbmlr2901RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5M/NY9kYpG4k6PYuJz1Bc0pBhpI3XtPe+SMI3gFTyHldLNsXsEa9BTlMNa1y46ZWcK+Je4GSmCDPWu/en1IpxwIjRmSKmO68TaT5HUFDMyLniJIjHCQ9QnHUMF4kT56fSHMTw0Sg+GkTQlNJyqPydSxJUa8cB0cqQHat6biP95nUSHZ35KRZxoIvBsUZgwqCM4CQT2qCRYs5EhCEtqboV4gCTC2sRWMCG48y//Jc1K2XXK7u1JsVrL4siDfXAASsAFp6AKrkEdNAAGD+AJvIBX69F6tt6s91lrzspmdsEvWB/fAeyUiQ==</latexit>

=) T/⇥r >> 1
<latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit><latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit><latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit><latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit>

zrot =
1X

J=0

(2J + 1) exp(��J(J + 1)B)

=
1X

J=0

(2J + 1) exp

✓
�J(J + 1)

⇥r

T

◆

<latexit sha1_base64="QK/Flec5O8ZeRATz4FZV9/GRnus="></latexit><latexit sha1_base64="QK/Flec5O8ZeRATz4FZV9/GRnus="></latexit><latexit sha1_base64="QK/Flec5O8ZeRATz4FZV9/GRnus="></latexit><latexit sha1_base64="QK/Flec5O8ZeRATz4FZV9/GRnus="></latexit>

⇡
1Z

0

d(J(J + 1))exp

✓
�J(J + 1)

⇥r

T

◆
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T

⇥r
<latexit sha1_base64="WBlZ37nu8Q8iYq2OZXP3BdHkacc="></latexit><latexit sha1_base64="WBlZ37nu8Q8iYq2OZXP3BdHkacc="></latexit><latexit sha1_base64="WBlZ37nu8Q8iYq2OZXP3BdHkacc="></latexit><latexit sha1_base64="WBlZ37nu8Q8iYq2OZXP3BdHkacc="></latexit>



Non-degenerate Systems
Quantum Rigid Rotor

Partition function (non-degenerate case)

Euler-Maclaurin series

bX

n=a

f(n) ⇡
bZ

a

f(n) dn +
1

2
[f(b) + f(a)]

+
1X

k=1

(�1)k
B2k

(2k)!

⇣
f (2k�1)(b)� f (2k�1)(a)

⌘

<latexit sha1_base64="P/lMTu/33rgN8S0lGZf/ywztklk="></latexit><latexit sha1_base64="P/lMTu/33rgN8S0lGZf/ywztklk="></latexit><latexit sha1_base64="P/lMTu/33rgN8S0lGZf/ywztklk="></latexit><latexit sha1_base64="P/lMTu/33rgN8S0lGZf/ywztklk="></latexit>

a = 0 b = 1 n = J
<latexit sha1_base64="fSfzsnncqMpMIOO4LPwhF2ZQk4Q=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoJdC0Yt4qmA/oA1ls920SzebsDsRQ2l+ihcPinj1j3jz37htc9DWBwOP92aYmefHgmtwnG+rsLa+sblV3C7t7O7tH9iH5ZaOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3wz89uPTGkeyQdIY+aFZCh5wCkBI/XtMqk5WebXelwGkGaZrN317YpTdebAq8TNSQXlaPTtr94goknIJFBBtO66TgzehCjgVLBpqZdoFhM6JkPWNVSSkGlvMr99ik+NMsBBpExJwHP198SEhFqnoW86QwIjvezNxP+8bgLBlTfhMk6ASbpYFCQCQ4RnQeABV4yCSA0hVHFzK6YjoggFE1fJhOAuv7xKWudV16m69xeV+nUeRxEdoxN0hlx0ieroFjVQE1H0hJ7RK3qzptaL9W59LFoLVj5zhP7A+vwBwZeUPw==</latexit><latexit sha1_base64="fSfzsnncqMpMIOO4LPwhF2ZQk4Q=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoJdC0Yt4qmA/oA1ls920SzebsDsRQ2l+ihcPinj1j3jz37htc9DWBwOP92aYmefHgmtwnG+rsLa+sblV3C7t7O7tH9iH5ZaOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3wz89uPTGkeyQdIY+aFZCh5wCkBI/XtMqk5WebXelwGkGaZrN317YpTdebAq8TNSQXlaPTtr94goknIJFBBtO66TgzehCjgVLBpqZdoFhM6JkPWNVSSkGlvMr99ik+NMsBBpExJwHP198SEhFqnoW86QwIjvezNxP+8bgLBlTfhMk6ASbpYFCQCQ4RnQeABV4yCSA0hVHFzK6YjoggFE1fJhOAuv7xKWudV16m69xeV+nUeRxEdoxN0hlx0ieroFjVQE1H0hJ7RK3qzptaL9W59LFoLVj5zhP7A+vwBwZeUPw==</latexit><latexit sha1_base64="fSfzsnncqMpMIOO4LPwhF2ZQk4Q=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoJdC0Yt4qmA/oA1ls920SzebsDsRQ2l+ihcPinj1j3jz37htc9DWBwOP92aYmefHgmtwnG+rsLa+sblV3C7t7O7tH9iH5ZaOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3wz89uPTGkeyQdIY+aFZCh5wCkBI/XtMqk5WebXelwGkGaZrN317YpTdebAq8TNSQXlaPTtr94goknIJFBBtO66TgzehCjgVLBpqZdoFhM6JkPWNVSSkGlvMr99ik+NMsBBpExJwHP198SEhFqnoW86QwIjvezNxP+8bgLBlTfhMk6ASbpYFCQCQ4RnQeABV4yCSA0hVHFzK6YjoggFE1fJhOAuv7xKWudV16m69xeV+nUeRxEdoxN0hlx0ieroFjVQE1H0hJ7RK3qzptaL9W59LFoLVj5zhP7A+vwBwZeUPw==</latexit><latexit sha1_base64="fSfzsnncqMpMIOO4LPwhF2ZQk4Q=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoJdC0Yt4qmA/oA1ls920SzebsDsRQ2l+ihcPinj1j3jz37htc9DWBwOP92aYmefHgmtwnG+rsLa+sblV3C7t7O7tH9iH5ZaOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3wz89uPTGkeyQdIY+aFZCh5wCkBI/XtMqk5WebXelwGkGaZrN317YpTdebAq8TNSQXlaPTtr94goknIJFBBtO66TgzehCjgVLBpqZdoFhM6JkPWNVSSkGlvMr99ik+NMsBBpExJwHP198SEhFqnoW86QwIjvezNxP+8bgLBlTfhMk6ASbpYFCQCQ4RnQeABV4yCSA0hVHFzK6YjoggFE1fJhOAuv7xKWudV16m69xeV+nUeRxEdoxN0hlx0ieroFjVQE1H0hJ7RK3qzptaL9W59LFoLVj5zhP7A+vwBwZeUPw==</latexit>

f(1) = f 0(1) = · · · = 0
<latexit sha1_base64="U+0xe/vV8fRF7EQ8KA95MLNAQ9A=">AAACEnicbZDLSsNAFIYn9VbrrerSzWAR2k1JRNCNUHTjsoK9QFPLZDJph04mYeZECKHP4MZXceNCEbeu3Pk2TtsstPWHgY//nMOZ83ux4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2PaCa4ZC3gIFg3VoyEnmAdb3w9rXcemNI8kneQxqwfkqHkAacEjDUo14Kqy2UAaQ1f4uDejRUP2S/LpX4E2oA9KFfsuj0TXgYnhwrK1RyUv1w/oknIJFBBtO45dgz9jCjgVLBJyU00iwkdkyHrGZQkZLqfzU6a4BPj+DiIlHkS8Mz9PZGRUOs09ExnSGCkF2tT879aL4Hgop9xGSfAJJ0vChKBIcLTfLDPFaMgUgOEKm7+iumIKELBpFgyITiLJy9D+7Tu2HXn9qzSuMrjKKIjdIyqyEHnqIFuUBO1EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Znz/siZu2</latexit><latexit sha1_base64="U+0xe/vV8fRF7EQ8KA95MLNAQ9A=">AAACEnicbZDLSsNAFIYn9VbrrerSzWAR2k1JRNCNUHTjsoK9QFPLZDJph04mYeZECKHP4MZXceNCEbeu3Pk2TtsstPWHgY//nMOZ83ux4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2PaCa4ZC3gIFg3VoyEnmAdb3w9rXcemNI8kneQxqwfkqHkAacEjDUo14Kqy2UAaQ1f4uDejRUP2S/LpX4E2oA9KFfsuj0TXgYnhwrK1RyUv1w/oknIJFBBtO45dgz9jCjgVLBJyU00iwkdkyHrGZQkZLqfzU6a4BPj+DiIlHkS8Mz9PZGRUOs09ExnSGCkF2tT879aL4Hgop9xGSfAJJ0vChKBIcLTfLDPFaMgUgOEKm7+iumIKELBpFgyITiLJy9D+7Tu2HXn9qzSuMrjKKIjdIyqyEHnqIFuUBO1EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Znz/siZu2</latexit><latexit sha1_base64="U+0xe/vV8fRF7EQ8KA95MLNAQ9A=">AAACEnicbZDLSsNAFIYn9VbrrerSzWAR2k1JRNCNUHTjsoK9QFPLZDJph04mYeZECKHP4MZXceNCEbeu3Pk2TtsstPWHgY//nMOZ83ux4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2PaCa4ZC3gIFg3VoyEnmAdb3w9rXcemNI8kneQxqwfkqHkAacEjDUo14Kqy2UAaQ1f4uDejRUP2S/LpX4E2oA9KFfsuj0TXgYnhwrK1RyUv1w/oknIJFBBtO45dgz9jCjgVLBJyU00iwkdkyHrGZQkZLqfzU6a4BPj+DiIlHkS8Mz9PZGRUOs09ExnSGCkF2tT879aL4Hgop9xGSfAJJ0vChKBIcLTfLDPFaMgUgOEKm7+iumIKELBpFgyITiLJy9D+7Tu2HXn9qzSuMrjKKIjdIyqyEHnqIFuUBO1EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Znz/siZu2</latexit><latexit sha1_base64="U+0xe/vV8fRF7EQ8KA95MLNAQ9A=">AAACEnicbZDLSsNAFIYn9VbrrerSzWAR2k1JRNCNUHTjsoK9QFPLZDJph04mYeZECKHP4MZXceNCEbeu3Pk2TtsstPWHgY//nMOZ83ux4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2PaCa4ZC3gIFg3VoyEnmAdb3w9rXcemNI8kneQxqwfkqHkAacEjDUo14Kqy2UAaQ1f4uDejRUP2S/LpX4E2oA9KFfsuj0TXgYnhwrK1RyUv1w/oknIJFBBtO45dgz9jCjgVLBJyU00iwkdkyHrGZQkZLqfzU6a4BPj+DiIlHkS8Mz9PZGRUOs09ExnSGCkF2tT879aL4Hgop9xGSfAJJ0vChKBIcLTfLDPFaMgUgOEKm7+iumIKELBpFgyITiLJy9D+7Tu2HXn9qzSuMrjKKIjdIyqyEHnqIFuUBO1EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Znz/siZu2</latexit>

zrot =
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 ✓
⇥r
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<latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Uz6SL5We+Lw2TKmkpkpuJUdqrWc="></latexit><latexit sha1_base64="Uz6SL5We+Lw2TKmkpkpuJUdqrWc="></latexit><latexit sha1_base64="pl0hn/Ou3DfpNgOPf0SgoLXzWHU="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit><latexit sha1_base64="vrLYNpBxjV+dQad0ZmfYfKDF7LA="></latexit>

For the general case we can use the following

⇥r

T
< 1

<latexit sha1_base64="AzwECXK/sbra4+APa/EW8v9VP3U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfTgoejFY4V+QRPKZrtpl242YXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj26nfeaBSsVg09SShfoSHgoWMYG2kvn3khRKTzGuOqMZ9mWfNHF0jt29XnZozA1ombkGqUKDRt7+8QUzSiApNOFaq5zqJ9jMsNSOc5hUvVTTBZIyHtGeowBFVfja7P0enRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh1d+xkSSairIfFGYcqRjNA0DDZikRPOJIZhIZm5FZIRNINpEVjEhuIsvL5P2ec11au79RbV+U8RRhmM4gTNw4RLqcAcNaAGBR3iGV3iznqwX6936mLeWrGLmEP7A+vwBP/iVkw==</latexit><latexit sha1_base64="AzwECXK/sbra4+APa/EW8v9VP3U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfTgoejFY4V+QRPKZrtpl242YXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj26nfeaBSsVg09SShfoSHgoWMYG2kvn3khRKTzGuOqMZ9mWfNHF0jt29XnZozA1ombkGqUKDRt7+8QUzSiApNOFaq5zqJ9jMsNSOc5hUvVTTBZIyHtGeowBFVfja7P0enRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh1d+xkSSairIfFGYcqRjNA0DDZikRPOJIZhIZm5FZIRNINpEVjEhuIsvL5P2ec11au79RbV+U8RRhmM4gTNw4RLqcAcNaAGBR3iGV3iznqwX6936mLeWrGLmEP7A+vwBP/iVkw==</latexit><latexit sha1_base64="AzwECXK/sbra4+APa/EW8v9VP3U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfTgoejFY4V+QRPKZrtpl242YXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj26nfeaBSsVg09SShfoSHgoWMYG2kvn3khRKTzGuOqMZ9mWfNHF0jt29XnZozA1ombkGqUKDRt7+8QUzSiApNOFaq5zqJ9jMsNSOc5hUvVTTBZIyHtGeowBFVfja7P0enRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh1d+xkSSairIfFGYcqRjNA0DDZikRPOJIZhIZm5FZIRNINpEVjEhuIsvL5P2ec11au79RbV+U8RRhmM4gTNw4RLqcAcNaAGBR3iGV3iznqwX6936mLeWrGLmEP7A+vwBP/iVkw==</latexit><latexit sha1_base64="AzwECXK/sbra4+APa/EW8v9VP3U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfTgoejFY4V+QRPKZrtpl242YXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj26nfeaBSsVg09SShfoSHgoWMYG2kvn3khRKTzGuOqMZ9mWfNHF0jt29XnZozA1ombkGqUKDRt7+8QUzSiApNOFaq5zqJ9jMsNSOc5hUvVTTBZIyHtGeowBFVfja7P0enRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh1d+xkSSairIfFGYcqRjNA0DDZikRPOJIZhIZm5FZIRNINpEVjEhuIsvL5P2ec11au79RbV+U8RRhmM4gTNw4RLqcAcNaAGBR3iGV3iznqwX6936mLeWrGLmEP7A+vwBP/iVkw==</latexit>

Provided that
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Energy and specific heat

=) T/⇥r >> 1
<latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit><latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit><latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit><latexit sha1_base64="VXH2CvZDnzMDMxUr8uJkigPHNME=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5qIoKdS9OKxQr+gCWGznbZLd5OwuxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLE86Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFaeSQovGPJbdkCjgLIKWZppDN5FARMihE45vZ37nAaRicdTUkwR8QYYRGzBKtJECu+wxYfaAws1z7DVHoEmQySmu1bAb2BWn6syBV4mbkwrK0QjsL68f01RApCknSvVcJ9F+RqRmlMO05KUKEkLHZAg9QyMiQPnZ/IkpPjVKHw9iaSrSeK7+nsiIUGoiQtMpiB6pZW8m/uf1Uj249jMWJamGiC4WDVKOdYxnieA+k0A1nxhCqGTmVkxHRBKqTW4lE4K7/PIqaV9UXafq3l9W6jd5HEVURifoDLnoCtXRHWqgFqLoET2jV/RmPVkv1rv1sWgtWPnMMfoD6/MHtj2W0w==</latexit>

For we recover the classical result

✏ = kBT cV = kB
<latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit><latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit><latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit><latexit sha1_base64="v2X5WYM/IABtR/QXoYj2lcnMya4=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGBN0IpW5cVugL2mHIpJk2NJMMSUYoQ/0GN/6KGxeKuHXjzr8xM52Fth4IHM65h5t7gphRpR3n2yqtrK6tb5Q3K1vbO7t79v5BR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeY3GR+955IRQVv6WlMvAiNOA0pRtpIvn02EMbO0umAxIoywWfwGk78Bmw95MB+Zy74dtWpOTngMnELUgUFmr79NRgKnESEa8yQUn3XibWXIqkpZmRWGSSKxAhP0Ij0DeUoIspL85tm8MQoQxgKaR7XMFd/J1IUKTWNAjMZIT1Wi14m/uf1Ex1eeSnlcaIJx/NFYcKgFjArCA6pJFizqSEIS2r+CvEYSYS1qbFiSnAXT14mnfOa69Tcu4tqvVHUUQZH4BicAhdcgjq4BU3QBhg8gmfwCt6sJ+vFerc+5qMlq8gcgj+wPn8AnE+d7w==</latexit>

Average energy and specific heat per particle


