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Lecture 26 Grand Canonical Ensemble
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Lecture Plan

Generalisation of the Ensemble Idea (An alternative derivation)
Open systems: Grand Canonical Ensemble




Ensembles

Canonical Ensemble

Distinguishable and indistinguishable particles

Distinguishable

Boltzmann statistics

Indistinguishable

Approximate and valid for
non-degenerate systems




Ensembles

A General Ensemble

0S5
Alternative derivation (see D. Chandler or D. Callen) kg€ = 5%
k5'dS = BdE + ¢dX
Eiot = Ep + E, Reservoir (E
Xtot — XB + Xv 5,5

For a fixed system micro state v, the number
of micro states possible for the
system-+reservoir is

Q(Etota Xtot; EBaXB) — Q(E’tot - Eva Xtot - Xv)

Given Es>> FE,,Xp >> X, we can write



Ensembles

A General Ensemble

Alternative derivation (see D. Chandler or D. Callen)

1IlQ(Etot — Ly, Xior — Xv)
Oln(? Oln(?
— X,
OF oxX
— IHQ(Etota Xtot) — BE’U — SX'U

~ an(Etota Xtot) T Ev

Assuming that all micro states with the same E and X are equally likely, we have

Pv X €XP (Q(Etot _ Eva Xtot I Xv))
— €Xp (Q(Etota Xtot)) X €Xp (_5E’U — :LLXU)
Normalising the probability we get

P, =exp(—BE, — £X,) /2
where =(8,X) = ZGXP (—=BE, — £Xy)




Ensembles

Gibbs Entropy Formula

For the generalised ensemble consider the expression
S =—kpg Z P,InP,
Using the general distribution we derqijved, we can write this as
S=kpy P,(InZ+BE,+£X,)
v

= kp (InZ + B(F) + £ (X))

This is just a Legendre transform of the partition function into function of U and X.
dS = kpfBdU + £&dX  This is just the entropy!!

Therefore, S =—kpg Z PyInP,
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Open systems

Grand canonical probability distribution

Consider a system at constant temperature with volume V and with particle permeable
walls. System is in contact with a thermal (T) and particle (chemical potential) reservaoilr.

Here, kpé = —Bu

Therefore, the distribution we get is

va — €XP (_5Efv + /BMN’U) /ZG’

©.@)

Za(B, i, V) =Y Y exp(—BE, + BuN,)

N=0 k

This is called the Grand Canonical Ensemble (or distribution).
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Open systems

Average number of particles in the system

N = i > P(Ep,N) N

N=0 k

=Z;' Y Y exp(—B(E, — uN))N

N=0 &k
1 (8ang>
B o B,V

Similarly, we can show that

_<8ang> TN
0B ).y -
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Open systems
ZQ — Zg(/87/’l/7 V)

Oln Z Oln Z Oln Z
d(an):< 9) d5+< 9) du+< g) dV
g 0B ),y o ) gy o Js,

— (E— N+ fNdu + (2% gy
oV 8.4

d(InZ, + BE — BuN) = BdE — BudN + IlnZ, dVv
oV )5,

- ~ - — OlnZ Using
kBTd(ang+6E—/3uN):dE—,udN—l—kBT< 8‘/9) dV B=1/kgT
B

Comparing with
TdS = dU — (u —Ts+ Pv)dN + PdV

we get ...
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Open systems

_ _ Gibbs free energy per particle
=G/N=u—-Ts+ P
=G/ v U or the chemical potential
— (9 InZ, OlnZ
U=FE= kgT g
25 L+ pkp oL
S=kg(nZ, + BE — BuN)
P =

kT ((9 In Zg>
oV T4
Using these we can show that

PV =kgThhZz, = Z,=¢""

So the grand canonical distribution can also be written as

P(E,N) = e B(E-—pN+PV)



An Alternative Derivation

Open systems

Grand canonical probability distribution

Consider a system at constant temperature with volume V and with permeable walls.

All microstates with the same energy E and

the same number of particles N are assumed Reservoir T articles
to be equally probable.

Piaip(Ea+ Ep,Ngs+ Np) = Ps(Ea,Na) X Pg(Ep,Np) “ A “ “

OPp(Ep,Np) OPs(Ea,Ny)
OFEg N OF 4
OPp(Ep,Ng) 0OPa(Ea,Ny)
ONg - ON 4

PA(EA7NA) PB<EB7NB)

PA(EAaNA) PB(EBaNB)




An Alternative Derivation

Open systems

Grand canonical probability distribution

Oln Py _ Oln Pp — InP(EA,Na) = —08EAs+ Ca(Ny)

OF 5 OF 5
OlnP, O0lnPpg

— In P(E4, N4) = BuN4 + Ca(N
IN . IN —> InP(FEa,Na) = BuNa A(Nga)

By substituting second eqgn. into the first we get
Ca(Na) = BuNa+ Da

o0
Zg—l — S: Je—ﬁEk—FﬁﬂN
PA(EA;NA) — oPa o=BEaA+BuNa N=0 k

— 7 1lo=BEa+BuNa Grand canonical partition function
— “g



