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Statistical Mechanics
Lecture 26 Grand Canonical Ensemble 



Ensembles
Lecture Plan 

Generalisation of the Ensemble Idea (An alternative derivation) 
Open systems: Grand Canonical Ensemble



Ensembles
Canonical Ensemble

Distinguishable and indistinguishable particles

Distinguishable

Z(N,V, T ) = z(V, T )N
<latexit sha1_base64="8Mg0LlXjptf/CIWSHZOAONMk7wg=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiVCglEUE3QtGNq1KhN2xjmUwn7dDJJMxMhBjqq7hxoYhbH8Sdb+OkzUJbfxj4+M85nDO/GzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyyASmLRwwALRdZEkjHLSUlQx0g0FQb7LSMedXKf1zgMRkga8qeKQOD4acepRjJS2BmbxrlyvtCvNE3gJH8sp3NcHZsmqWjPBZbAzKIFMjYH51R8GOPIJV5ghKXu2FSonQUJRzMi00I8kCRGeoBHpaeTIJ9JJZsdP4bF2htALhH5cwZn7eyJBvpSx7+pOH6mxXKyl5n+1XqS8CyehPIwU4Xi+yIsYVAFMk4BDKghWLNaAsKD6VojHSCCsdF4FHYK9+OVlaJ9Wbatq356ValdZHHlwCI5AGdjgHNTADWiAFsAgBs/gFbwZT8aL8W58zFtzRjZTBH9kfP4ApraSLg==</latexit><latexit sha1_base64="8Mg0LlXjptf/CIWSHZOAONMk7wg=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiVCglEUE3QtGNq1KhN2xjmUwn7dDJJMxMhBjqq7hxoYhbH8Sdb+OkzUJbfxj4+M85nDO/GzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyyASmLRwwALRdZEkjHLSUlQx0g0FQb7LSMedXKf1zgMRkga8qeKQOD4acepRjJS2BmbxrlyvtCvNE3gJH8sp3NcHZsmqWjPBZbAzKIFMjYH51R8GOPIJV5ghKXu2FSonQUJRzMi00I8kCRGeoBHpaeTIJ9JJZsdP4bF2htALhH5cwZn7eyJBvpSx7+pOH6mxXKyl5n+1XqS8CyehPIwU4Xi+yIsYVAFMk4BDKghWLNaAsKD6VojHSCCsdF4FHYK9+OVlaJ9Wbatq356ValdZHHlwCI5AGdjgHNTADWiAFsAgBs/gFbwZT8aL8W58zFtzRjZTBH9kfP4ApraSLg==</latexit><latexit sha1_base64="8Mg0LlXjptf/CIWSHZOAONMk7wg=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiVCglEUE3QtGNq1KhN2xjmUwn7dDJJMxMhBjqq7hxoYhbH8Sdb+OkzUJbfxj4+M85nDO/GzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyyASmLRwwALRdZEkjHLSUlQx0g0FQb7LSMedXKf1zgMRkga8qeKQOD4acepRjJS2BmbxrlyvtCvNE3gJH8sp3NcHZsmqWjPBZbAzKIFMjYH51R8GOPIJV5ghKXu2FSonQUJRzMi00I8kCRGeoBHpaeTIJ9JJZsdP4bF2htALhH5cwZn7eyJBvpSx7+pOH6mxXKyl5n+1XqS8CyehPIwU4Xi+yIsYVAFMk4BDKghWLNaAsKD6VojHSCCsdF4FHYK9+OVlaJ9Wbatq356ValdZHHlwCI5AGdjgHNTADWiAFsAgBs/gFbwZT8aL8W58zFtzRjZTBH9kfP4ApraSLg==</latexit><latexit sha1_base64="8Mg0LlXjptf/CIWSHZOAONMk7wg=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiVCglEUE3QtGNq1KhN2xjmUwn7dDJJMxMhBjqq7hxoYhbH8Sdb+OkzUJbfxj4+M85nDO/GzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyyASmLRwwALRdZEkjHLSUlQx0g0FQb7LSMedXKf1zgMRkga8qeKQOD4acepRjJS2BmbxrlyvtCvNE3gJH8sp3NcHZsmqWjPBZbAzKIFMjYH51R8GOPIJV5ghKXu2FSonQUJRzMi00I8kCRGeoBHpaeTIJ9JJZsdP4bF2htALhH5cwZn7eyJBvpSx7+pOH6mxXKyl5n+1XqS8CyehPIwU4Xi+yIsYVAFMk4BDKghWLNaAsKD6VojHSCCsdF4FHYK9+OVlaJ9Wbatq356ValdZHHlwCI5AGdjgHNTADWiAFsAgBs/gFbwZT8aL8W58zFtzRjZTBH9kfP4ApraSLg==</latexit>

Boltzmann statistics

Indistinguishable

Approximate and valid for 

non-degenerate systems



Ensembles
A General Ensemble

Alternative derivation (see D. Chandler or D. Callen)

Reservoir (EB, XB) 

System

(Ev, Xv)

<latexit sha1_base64="p7ZVpPI9kYoP7kyij3lJD+t2cks=">AAACCXicbVDLSgNBEJyNrxhfUY9eGoMgiGFXRL0IISJ4jGgekF3D7OwkGTI7u8zMimHJ1Yu/4sWDIl79A2/+jZPHQRMLGoqqbrq7/JgzpW3728rMzS8sLmWXcyura+sb+c2tmooSSWiVRDySDR8rypmgVc00p41YUhz6nNb93sXQr99TqVgkbnU/pl6IO4K1GcHaSK089FpluEsPnQEEN3AOrk81huASDsB9YBA0WvmCXbRHgFniTEgBTVBp5b/cICJJSIUmHCvVdOxYeymWmhFOBzk3UTTGpIc7tGmowCFVXjr6ZAB7RgmgHUlTQsNI/T2R4lCpfuibzhDrrpr2huJ/XjPR7TMvZSJONBVkvKidcNARDGOBgElKNO8bgolk5lYgXSwx0Sa8nAnBmX55ltSOis5J0bk+LpTKkziyaAfton3koFNUQleogqqIoEf0jF7Rm/VkvVjv1se4NWNNZrbRH1ifPxdvl2o=</latexit>

k�1
B dS = �dE + ⇠dX

<latexit sha1_base64="dxZgxUuWcAvkv7si1qB5bkXRwi8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgCCURUTdCqRRcVrAPaEOYTCft0MmDmZtCCPVX3LhQxK0f4s6/cdpmoa0H7uVwzr3MnePFgiuwrG+jsLa+sblV3C7t7O7tH5iHR20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPHdzO9MmFQ8Ch8hjZkTkGHIfU4JaMk1yw03gwim+BY33Do+133imhWras2BV4mdkwrK0XTNr/4goknAQqCCKNWzrRicjEjgVLBpqZ8oFhM6JkPW0zQkAVNONj9+ik+1MsB+JHWFgOfq742MBEqlgacnAwIjtezNxP+8XgL+jZPxME6AhXTxkJ8IDBGeJYEHXDIKItWEUMn1rZiOiCQUdF4lHYK9/OVV0r6o2ldV++GyUqvncRTRMTpBZ8hG16iG7lETtRBFKXpGr+jNeDJejHfjYzFaMPKdMvoD4/MHXZeTSg==</latexit>

Etot = EB + Ev
<latexit sha1_base64="L14EDNA8lVtTB0XWhzy/HNYRT1Y=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgCCURUTdCqRuXFWwbaEOYTCft0MmDmZtCCPVX3LhQxK0f4s6/cdpmoa0H7uVwzr3MneMngiuwrG+jtLa+sblV3q7s7O7tH5iHRx0Vp5KyNo1FLB2fKCZ4xNrAQTAnkYyEvmBdf3w387sTJhWPo0fIEuaGZBjxgFMCWvLMquPlEMMU32LHa+Jz3SeeWbPq1hx4ldgFqaECLc/86g9imoYsAiqIUj3bSsDNiQROBZtW+qliCaFjMmQ9TSMSMuXm8+On+FQrAxzEUlcEeK7+3shJqFQW+noyJDBSy95M/M/rpRDcuDmPkhRYRBcPBanAEONZEnjAJaMgMk0IlVzfiumISEJB51XRIdjLX14lnYu6fVW3Hy5rjWYRRxkdoxN0hmx0jRroHrVQG1GUoWf0it6MJ+PFeDc+FqMlo9ipoj8wPn8Atg+Tgw==</latexit>

Xtot = XB +Xv

For a fixed system micro state v, the number 
o f m i c r o s t a t e s p o s s i b l e f o r t h e 
system+reservoir is

<latexit sha1_base64="4YfldADyxkalWI6Rm/XhSsQCXOk=">AAACLHicbVBbSwJBGJ21m9nN6rGXIQkUUnYjKohAFKG3DPICKsvsOOrg7IWZbwVZ/EG99FeC6CGJXvsdjZcgtQPDHM45HzPfcQLBFZjm2IitrW9sbsW3Ezu7e/sHycOjqvJDSVmF+sKXdYcoJrjHKsBBsHogGXEdwWpOvzjxawMmFfe9JxgGrOWSrsc7nBLQkp0sNh9c1iXpkh2BD6Pz+uy+LdkFzQsZfIcXEziLS/bgN5et24OMnUyZOXMKvEqsOUmhOcp28q3Z9mnoMg+oIEo1LDOAVkQkcCrYKNEMFQsI7ZMua2jqEZepVjRddoTPtNLGHV/q4wGeqn8nIuIqNXQdnXQJ9NSyNxH/8xohdG5aEfeCEJhHZw91QoHBx5PmcJtLRkEMNSFUcv1XTHtEEgq634QuwVpeeZVUL3LWVc56vEzlC/M64ugEnaI0stA1yqN7VEYVRNEzekUfaGy8GO/Gp/E1i8aM+cwxWoDx/QNNhaZp</latexit>

⌦(Etot, Xtot;EB , XB) = ⌦(Etot � Ev, Xtot �Xv)

<latexit sha1_base64="tFu8ufAE7MLaO/ICyZdP+afT5/U=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCLqqpRKwWUF2wbaECbTSTt0cmFmUiihG1/FjQtF3PoY7nwbp20W2vrDwMd/zuHM+f2EM6ks69tYWV1b39gsbBW3d3b39s2Dw5aMU0Fok8Q8Fo6PJeUsok3FFKdOIigOfU7b/vBuWm+PqJAsjh7VOKFuiPsRCxjBSlueeVz3aqhSQXVvdIGcOTveCHlmySpbM6FlsHMoQa6GZ351ezFJQxopwrGUHdtKlJthoRjhdFLsppImmAxxn3Y0Rjik0s1mB0zQmXZ6KIiFfpFCM/f3RIZDKcehrztDrAZysTY1/6t1UhXcuhmLklTRiMwXBSlHKkbTNFCPCUoUH2vARDD9V0QGWGCidGZFHYK9ePIytC7L9nXZfrgqVWt5HAU4gVM4BxtuoAr30IAmEJjAM7zCm/FkvBjvxse8dcXIZ47gj4zPH0HSk6E=</latexit>

EB >> Ev, XB >> XvGiven we can write

<latexit sha1_base64="zF8BB5VjBJm3CikO0FLMDUZPj+8=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4kJKIqMeiF48V7Ac2oWy2k3bpZhN2J2Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19cJGcXNre2e3tLffMEmmOdR5IhPdCpkBKRTUUaCEVqqBxaGEZji4mfjNR9BGJOoehykEMespEQnO0EoPfgjITqn/JDqlsltxp6CLxMtJmeSodUpffjfhWQwKuWTGtD03xWDENAouYVz0MwMp4wPWg7alisVggtH04jE9tkqXRom2pZBO1d8TIxYbM4xD2xkz7Jt5byL+57UzjK6CkVBphqD4bFGUSYoJnbxPu0IDRzm0hHEt7K2U95lmHG1IRRuCN//yImmcVbyLind3Xq5e53EUyCE5IifEI5ekSm5JjdQJJ4o8k1fy5hjnxXl3PmatS04+c0D+wPn8Ad5nkGU=</latexit>

�, ⇠

<latexit sha1_base64="ckdAEPy3AARcC1FeZynBMizv3NE=">AAACEXicbZBNS8MwGMfT+TbnW9Wjl+AQdhqtiHoRxrx4nOheYC0lzdItLE1Lkoqj9Ct48at48aCIV2/e/DamW0Hd/EPgx/95niTP348ZlcqyvozS0vLK6lp5vbKxubW9Y+7udWSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trjy/zeveOCEkjfqsmMXFDNOQ0oBgpbXlmbew1oXNP4QV0AoFw6sRIKIoYvMl+uJdBz6xadWsquAh2AVVQqOWZn84gwklIuMIMSdm3rVi5aX4jZiSrOIkkMcJjNCR9jRyFRLrpdKMMHmlnAINI6MMVnLq/J1IUSjkJfd0ZIjWS87Xc/K/WT1Rw7qaUx4kiHM8eChIGVQTzeOCACoIVm2hAWFD9V4hHSAejdIgVHYI9v/IidI7r9mndvj6pNppFHGVwAA5BDdjgDDTAFWiBNsDgATyBF/BqPBrPxpvxPmstGcXMPvgj4+MbQEKcrA==</latexit>

kB⇠ =
@S

@X



Ensembles
A General Ensemble

Alternative derivation (see D. Chandler or D. Callen)

<latexit sha1_base64="6e43C2UggqUJxIaG6wtGruY7OIk="></latexit>

ln⌦(Etot � Ev, Xtot �Xv)

⇡ ln⌦(Etot, Xtot)� Ev
@ln⌦

@E
�Xv

@ln⌦

@X
+ . . .

= ln⌦(Etot, Xtot)� �Ev � ⇠Xv

Assuming that all micro states with the same E and X are equally likely, we have
<latexit sha1_base64="enitjJa1XxsK+AJYVCXJI2X5jU4="></latexit>

Pv / exp (⌦(Etot � Ev, Xtot �Xv))

= exp (⌦(Etot, Xtot))⇥ exp (��Ev � µXv)

Normalising the probability we get

where
<latexit sha1_base64="FgZSpfZbBz5X38PeNrvcTBAlskQ="></latexit>

⌅(�, X) ⌘
X

v

exp (��Ev � ⇠Xv)

<latexit sha1_base64="fw2cNBZteeOBpPtRIe2rYD+SBDc="></latexit>

Pv = exp (��Ev � ⇠Xv) /⌅



Ensembles
Gibbs Entropy Formula

For the generalised ensemble consider the expression
<latexit sha1_base64="6gkjhI8Kjjy6Y6SxWj/uhpiLrAA=">AAACH3icbVDLSgMxFM3UV62vUZdugkVwY5kRqS5L3bisaB/QGYZMmrahSWZMMoUy9E/c+CtuXCgi7vo3ZtpZaOuBCyfn3MvNPWHMqNKOM7MKa+sbm1vF7dLO7t7+gX141FJRIjFp4ohFshMiRRgVpKmpZqQTS4J4yEg7HN1mfntMpKKReNSTmPgcDQTtU4y0kQK76nGkhxix9GEKPfKU0DG8GAV16KmEe4xyqlUwhg1TqSc5ZGKaPQK77FScOeAqcXNSBjkagf3t9SKccCI0ZkipruvE2k+R1BQzMi15iSIxwiM0IF1DBeJE+en8vik8M0oP9iNpSmg4V39PpIgrNeGh6cyuUcteJv7ndRPdv/FTKuJEE4EXi/oJgzqCWViwRyXBmk0MQVhS81eIh0girE2kJROCu3zyKmldVtxqxb2/KtfqeRxFcAJOwTlwwTWogTvQAE2AwTN4Be/gw3qx3qxP62vRWrDymWPwB9bsB6Zworg=</latexit>

S ⌘ �kB
X

v

PvlnPv

Using the general distribution we derived, we can write this as
<latexit sha1_base64="RtkMHAGd2bWxIuUxbEcx1WhpHYs="></latexit>

S = kB
X

v

Pv (ln⌅+ �Ev + ⇠Xv)

= kB (ln⌅+ � hEi+ ⇠ hXi)

This is just a Legendre transform of the partition function into function of U and X.
<latexit sha1_base64="WReGjE6bFH+XdUBLGaB7nyIa+Iw=">AAACEHicbZDNSsNAFIUn9a/Wv6hLN4NFFISSiKgbodSNy4qmLTQhTCaTduhkEmYmYgl9BDe+ihsXirh16c63cdJ2oa0HBj7OvZe59wQpo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnZZMMoGJgxOWiE6AJGGUE0dRxUgnFQTFASPtYHBV1Nv3REia8Ds1TIkXox6nEcVIacs3D0M3RqqPEctvR/ASDvwGdAOiEAyhA4+h+0A1daBvVq2aNRacB3sKVTBV0ze/3DDBWUy4wgxJ2bWtVHk5EopiRkYVN5MkRXiAeqSrkaOYSC8fHzSCB9oJYZQI/biCY/f3RI5iKYdxoDuL7eVsrTD/q3UzFV14OeVppgjHk4+ijEGVwCIdGFJBsGJDDQgLqneFuI8EwkpnWNEh2LMnz0PrpGaf1eyb02q9MY2jDPbAPjgCNjgHdXANmsABGDyCZ/AK3own48V4Nz4mrSVjOrML/sj4/AHCcJp6</latexit>

dS = kB�dU + ⇠dX This is just the entropy!!

Therefore, <latexit sha1_base64="D9fLq3txR3y5vratvwWdqAEQEVQ=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKwUCUIAQtSVRbGIuhDaqLIcd3Wqu1EtlOpivoJLPwKCwMIsTKy8Tc4bQZoOdKVjs+5V9f3hDGjSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSiUkDRyyS7RApwqggDU01I+1YEsRDRlrh8CbzWyMiFY3Egx7HxOeoL2iPYqSNFNjH9/Aang6DGvRUwj1GOdUqGMG6qdSTHDIxyR6BXXYqzhRwkbg5KYMc9cD+8roRTjgRGjOkVMd1Yu2nSGqKGZmUvESRGOEh6pOOoQJxovx0etAEHhmlC3uRNCU0nKq/J1LElRrz0HRypAdq3svE/7xOontXfkpFnGgi8GxRL2FQRzBLB3apJFizsSEIS2r+CvEASYS1ybBkQnDnT14kzbOKe1Fx787L1VoeRxEcgENwAlxwCargFtRBA2DwCJ7BK3iznqwX6936mLUWrHxmH/yB9fkDhIqbqw==</latexit>

S = �kB
X

v

PvlnPv



Ensembles
Open systems

Grand canonical probability distribution
Consider a system at constant temperature with volume V and with particle permeable 
walls. System is in contact with a thermal (T) and particle (chemical potential) reservoir.

Here, 
<latexit sha1_base64="SqQ+YQ+SWMgC+Bb22wv0nJkeuG8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwY0lE1I1Q6sZlBfuAJoTJdNoOnUzCzI1YQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkTwTU4zre1sLi0vLJaWCuub2xubds7uw0dp4qyOo1FrFoh0UxwyerAQbBWohiJQsGa4eB67DfvmdI8lncwTJgfkZ7kXU4JGCmw9wdBFXsPHF/hEy9kQLAXpYFdcsrOBHieuDkpoRy1wP7yOjFNIyaBCqJ123US8DOigFPBRkUv1SwhdEB6rG2oJBHTfja5foSPjNLB3ViZkoAn6u+JjERaD6PQdEYE+nrWG4v/ee0Uupd+xmWSApN0uqibCgwxHkeBO1wxCmJoCKGKm1sx7RNFKJjAiiYEd/bledI4LbvnZff2rFSp5nEU0AE6RMfIRReogm5QDdURRY/oGb2iN+vJerHerY9p64KVz+yhP7A+fwBbQZPi</latexit>

kB⇠ = ��µ

Therefore, the distribution we get is  
<latexit sha1_base64="TUdM6NB+n3MqmFH0FycUsnknDf8="></latexit>

Pv = exp (��Ev + �µNv) /ZG

ZG(�, µ, V ) =
1X

N=0

X

k

exp (��Ev + �µNv)

This is called the Grand Canonical Ensemble (or distribution).



Ensembles
Open systems

Average number of particles in the system

N =
1X

N=0

X

k

P (Ek, N) N

= Z�1
g

1X

N=0

X

k

exp(��(Ek � µN))N

=
1

�

✓
@ lnZg

@µ

◆

�,V
<latexit sha1_base64="Rs+CXlyfvVnj7tt/fcceo66XA9Y="></latexit><latexit sha1_base64="Rs+CXlyfvVnj7tt/fcceo66XA9Y="></latexit><latexit sha1_base64="Rs+CXlyfvVnj7tt/fcceo66XA9Y="></latexit><latexit sha1_base64="Rs+CXlyfvVnj7tt/fcceo66XA9Y="></latexit>

Similarly, we can show that

�
✓
@ lnZg

@�

◆

µ,V

= E � µN
<latexit sha1_base64="sdIRWhzB5mCSCIwRqpwu74QA0kI="></latexit><latexit sha1_base64="sdIRWhzB5mCSCIwRqpwu74QA0kI="></latexit><latexit sha1_base64="sdIRWhzB5mCSCIwRqpwu74QA0kI="></latexit><latexit sha1_base64="sdIRWhzB5mCSCIwRqpwu74QA0kI="></latexit>



Ensembles
Open systems

Zg ⌘ Zg(�, µ, V )
<latexit sha1_base64="gdAJXC4nPyxrkKHcDBHoGsNDnNA=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iECqUkIuiy6MZlBXvBJoTJ9KQdOrk4MymU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/YQzqSzr21hZXVvf2CxsFbd3dvf2zYPDloxTQaFJYx6Ljk8kcBZBUzHFoZMIIKHPoe0Pr6f19giEZHF0p8YJuCHpRyxglChteWbp3utjBx5SNsIaK44PilSdMK22Tj2zbNWsmfAy2DmUUa6GZ345vZimIUSKciJl17YS5WZEKEY5TIpOKiEhdEj60NUYkRCkm82OmOAT7fRwEAv9IoVn7u+JjIRSjkNfd4ZEDeRibWr+V+umKrh0MxYlqYKIzhcFKccqxtNEcI8JoIqPNRAqmP4rpgMiCFU6t6IOwV48eRlaZzXbqtm35+X6VR5HAZXQMaogG12gOrpBDdREFD2iZ/SK3own48V4Nz7mrStGPnOE/sj4/AHlUZb0</latexit><latexit sha1_base64="gdAJXC4nPyxrkKHcDBHoGsNDnNA=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iECqUkIuiy6MZlBXvBJoTJ9KQdOrk4MymU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/YQzqSzr21hZXVvf2CxsFbd3dvf2zYPDloxTQaFJYx6Ljk8kcBZBUzHFoZMIIKHPoe0Pr6f19giEZHF0p8YJuCHpRyxglChteWbp3utjBx5SNsIaK44PilSdMK22Tj2zbNWsmfAy2DmUUa6GZ345vZimIUSKciJl17YS5WZEKEY5TIpOKiEhdEj60NUYkRCkm82OmOAT7fRwEAv9IoVn7u+JjIRSjkNfd4ZEDeRibWr+V+umKrh0MxYlqYKIzhcFKccqxtNEcI8JoIqPNRAqmP4rpgMiCFU6t6IOwV48eRlaZzXbqtm35+X6VR5HAZXQMaogG12gOrpBDdREFD2iZ/SK3own48V4Nz7mrStGPnOE/sj4/AHlUZb0</latexit><latexit sha1_base64="gdAJXC4nPyxrkKHcDBHoGsNDnNA=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iECqUkIuiy6MZlBXvBJoTJ9KQdOrk4MymU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/YQzqSzr21hZXVvf2CxsFbd3dvf2zYPDloxTQaFJYx6Ljk8kcBZBUzHFoZMIIKHPoe0Pr6f19giEZHF0p8YJuCHpRyxglChteWbp3utjBx5SNsIaK44PilSdMK22Tj2zbNWsmfAy2DmUUa6GZ345vZimIUSKciJl17YS5WZEKEY5TIpOKiEhdEj60NUYkRCkm82OmOAT7fRwEAv9IoVn7u+JjIRSjkNfd4ZEDeRibWr+V+umKrh0MxYlqYKIzhcFKccqxtNEcI8JoIqPNRAqmP4rpgMiCFU6t6IOwV48eRlaZzXbqtm35+X6VR5HAZXQMaogG12gOrpBDdREFD2iZ/SK3own48V4Nz7mrStGPnOE/sj4/AHlUZb0</latexit><latexit sha1_base64="gdAJXC4nPyxrkKHcDBHoGsNDnNA=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iECqUkIuiy6MZlBXvBJoTJ9KQdOrk4MymU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/YQzqSzr21hZXVvf2CxsFbd3dvf2zYPDloxTQaFJYx6Ljk8kcBZBUzHFoZMIIKHPoe0Pr6f19giEZHF0p8YJuCHpRyxglChteWbp3utjBx5SNsIaK44PilSdMK22Tj2zbNWsmfAy2DmUUa6GZ345vZimIUSKciJl17YS5WZEKEY5TIpOKiEhdEj60NUYkRCkm82OmOAT7fRwEAv9IoVn7u+JjIRSjkNfd4ZEDeRibWr+V+umKrh0MxYlqYKIzhcFKccqxtNEcI8JoIqPNRAqmP4rpgMiCFU6t6IOwV48eRlaZzXbqtm35+X6VR5HAZXQMaogG12gOrpBDdREFD2iZ/SK3own48V4Nz7mrStGPnOE/sj4/AHlUZb0</latexit>

d(lnZg) =

✓
@ lnZg

@�

◆

µ,V

d� +

✓
@ lnZg

@µ

◆

�,V

dµ+

✓
@ lnZg

@V

◆

�,µ

dV

= �(E � µN)d� + �Ndµ+

✓
@ lnZg

@V

◆

�,µ

dV
<latexit sha1_base64="vfcy5gOhRQ3zBxcAPI1AxONlbJs="></latexit><latexit sha1_base64="vfcy5gOhRQ3zBxcAPI1AxONlbJs="></latexit><latexit sha1_base64="vfcy5gOhRQ3zBxcAPI1AxONlbJs="></latexit><latexit sha1_base64="vfcy5gOhRQ3zBxcAPI1AxONlbJs="></latexit>

d(lnZg + �E � �µN) = �dE � �µdN +

✓
@ lnZg

@V

◆

�,µ

dV
<latexit sha1_base64="kVze1CBy4Sv43oKpXSFdMMSePzY="></latexit><latexit sha1_base64="kVze1CBy4Sv43oKpXSFdMMSePzY="></latexit><latexit sha1_base64="kVze1CBy4Sv43oKpXSFdMMSePzY="></latexit><latexit sha1_base64="kVze1CBy4Sv43oKpXSFdMMSePzY="></latexit>

kBTd(lnZg + �E � �µN) = dE � µdN + kBT

✓
@ lnZg

@V

◆

�,µ

dV
<latexit sha1_base64="8l/3qMMdCyoC52LeHPhc6+Vcjtw="></latexit><latexit sha1_base64="8l/3qMMdCyoC52LeHPhc6+Vcjtw="></latexit><latexit sha1_base64="8l/3qMMdCyoC52LeHPhc6+Vcjtw="></latexit><latexit sha1_base64="8l/3qMMdCyoC52LeHPhc6+Vcjtw="></latexit>

� = 1/kBT
<latexit sha1_base64="w/+OOXqfcGCzETFzgSKehyYWmmE=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9wVQS9CiBePEfKCZFlmJ51kyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8W2vrG5tb24Wd4u7e/kHJPjxq6ThVHJo8lrHqBEyDFBE0UaCETqKAhYGEdjC+m/ntR1BaxFEDJwl4IRtGYiA4QyP5dqkXADJ6S92LsV+jDd8uOxVnDrpK3JyUSY66b3/1+jFPQ4iQS6Z113US9DKmUHAJ02Iv1ZAwPmZD6BoasRC0l80Pn9Izo/TpIFamIqRz9fdExkKtJ2FgOkOGI73szcT/vG6KgxsvE1GSIkR8sWiQSooxnaVA+0IBRzkxhHElzK2Uj5hiHE1WRROCu/zyKmldVlyn4j5clau1PI4COSGn5Jy45JpUyT2pkybhJCXP5JW8WU/Wi/VufSxa16x85pj8gfX5A1+BkZY=</latexit><latexit sha1_base64="w/+OOXqfcGCzETFzgSKehyYWmmE=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9wVQS9CiBePEfKCZFlmJ51kyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8W2vrG5tb24Wd4u7e/kHJPjxq6ThVHJo8lrHqBEyDFBE0UaCETqKAhYGEdjC+m/ntR1BaxFEDJwl4IRtGYiA4QyP5dqkXADJ6S92LsV+jDd8uOxVnDrpK3JyUSY66b3/1+jFPQ4iQS6Z113US9DKmUHAJ02Iv1ZAwPmZD6BoasRC0l80Pn9Izo/TpIFamIqRz9fdExkKtJ2FgOkOGI73szcT/vG6KgxsvE1GSIkR8sWiQSooxnaVA+0IBRzkxhHElzK2Uj5hiHE1WRROCu/zyKmldVlyn4j5clau1PI4COSGn5Jy45JpUyT2pkybhJCXP5JW8WU/Wi/VufSxa16x85pj8gfX5A1+BkZY=</latexit><latexit sha1_base64="w/+OOXqfcGCzETFzgSKehyYWmmE=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9wVQS9CiBePEfKCZFlmJ51kyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8W2vrG5tb24Wd4u7e/kHJPjxq6ThVHJo8lrHqBEyDFBE0UaCETqKAhYGEdjC+m/ntR1BaxFEDJwl4IRtGYiA4QyP5dqkXADJ6S92LsV+jDd8uOxVnDrpK3JyUSY66b3/1+jFPQ4iQS6Z113US9DKmUHAJ02Iv1ZAwPmZD6BoasRC0l80Pn9Izo/TpIFamIqRz9fdExkKtJ2FgOkOGI73szcT/vG6KgxsvE1GSIkR8sWiQSooxnaVA+0IBRzkxhHElzK2Uj5hiHE1WRROCu/zyKmldVlyn4j5clau1PI4COSGn5Jy45JpUyT2pkybhJCXP5JW8WU/Wi/VufSxa16x85pj8gfX5A1+BkZY=</latexit><latexit sha1_base64="w/+OOXqfcGCzETFzgSKehyYWmmE=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9wVQS9CiBePEfKCZFlmJ51kyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8W2vrG5tb24Wd4u7e/kHJPjxq6ThVHJo8lrHqBEyDFBE0UaCETqKAhYGEdjC+m/ntR1BaxFEDJwl4IRtGYiA4QyP5dqkXADJ6S92LsV+jDd8uOxVnDrpK3JyUSY66b3/1+jFPQ4iQS6Z113US9DKmUHAJ02Iv1ZAwPmZD6BoasRC0l80Pn9Izo/TpIFamIqRz9fdExkKtJ2FgOkOGI73szcT/vG6KgxsvE1GSIkR8sWiQSooxnaVA+0IBRzkxhHElzK2Uj5hiHE1WRROCu/zyKmldVlyn4j5clau1PI4COSGn5Jy45JpUyT2pkybhJCXP5JW8WU/Wi/VufSxa16x85pj8gfX5A1+BkZY=</latexit>

Using

Comparing with
TdS = dU � (u� Ts+ Pv)dN + PdV

<latexit sha1_base64="EM5zN5qgEIePWUWjTNSJmMkLhTA=">AAACDnicbZDLSgMxFIYz9VbrrerSzcFSqIhlRgTdCEU3rqRib9AOJZPJtKGZzJBkCmXoE7jxVdy4UMSta3e+jellodUDCR//fw7J+b2YM6Vt+8vKLC2vrK5l13Mbm1vbO/ndvYaKEklonUQ8ki0PK8qZoHXNNKetWFIcepw2vcH1xG8OqVQsEjU9iqkb4p5gASNYG6mbL9bAh3u4BL8OJ1BKzFUDBcdQheER+LcT8hvdfMEu29OCv+DMoYDmVe3mPzt+RJKQCk04Vqrt2LF2Uyw1I5yOc51E0RiTAe7RtkGBQ6rcdLrOGIpG8SGIpDlCw1T9OZHiUKlR6JnOEOu+WvQm4n9eO9HBhZsyESeaCjJ7KEg46Agm2YDPJCWajwxgIpn5K5A+lphok2DOhOAsrvwXGqdlxy47d2eFytU8jiw6QIeohBx0jiroBlVRHRH0gJ7QC3q1Hq1n6816n7VmrPnMPvpV1sc3iySWvQ==</latexit><latexit sha1_base64="EM5zN5qgEIePWUWjTNSJmMkLhTA=">AAACDnicbZDLSgMxFIYz9VbrrerSzcFSqIhlRgTdCEU3rqRib9AOJZPJtKGZzJBkCmXoE7jxVdy4UMSta3e+jellodUDCR//fw7J+b2YM6Vt+8vKLC2vrK5l13Mbm1vbO/ndvYaKEklonUQ8ki0PK8qZoHXNNKetWFIcepw2vcH1xG8OqVQsEjU9iqkb4p5gASNYG6mbL9bAh3u4BL8OJ1BKzFUDBcdQheER+LcT8hvdfMEu29OCv+DMoYDmVe3mPzt+RJKQCk04Vqrt2LF2Uyw1I5yOc51E0RiTAe7RtkGBQ6rcdLrOGIpG8SGIpDlCw1T9OZHiUKlR6JnOEOu+WvQm4n9eO9HBhZsyESeaCjJ7KEg46Agm2YDPJCWajwxgIpn5K5A+lphok2DOhOAsrvwXGqdlxy47d2eFytU8jiw6QIeohBx0jiroBlVRHRH0gJ7QC3q1Hq1n6816n7VmrPnMPvpV1sc3iySWvQ==</latexit><latexit sha1_base64="EM5zN5qgEIePWUWjTNSJmMkLhTA=">AAACDnicbZDLSgMxFIYz9VbrrerSzcFSqIhlRgTdCEU3rqRib9AOJZPJtKGZzJBkCmXoE7jxVdy4UMSta3e+jellodUDCR//fw7J+b2YM6Vt+8vKLC2vrK5l13Mbm1vbO/ndvYaKEklonUQ8ki0PK8qZoHXNNKetWFIcepw2vcH1xG8OqVQsEjU9iqkb4p5gASNYG6mbL9bAh3u4BL8OJ1BKzFUDBcdQheER+LcT8hvdfMEu29OCv+DMoYDmVe3mPzt+RJKQCk04Vqrt2LF2Uyw1I5yOc51E0RiTAe7RtkGBQ6rcdLrOGIpG8SGIpDlCw1T9OZHiUKlR6JnOEOu+WvQm4n9eO9HBhZsyESeaCjJ7KEg46Agm2YDPJCWajwxgIpn5K5A+lphok2DOhOAsrvwXGqdlxy47d2eFytU8jiw6QIeohBx0jiroBlVRHRH0gJ7QC3q1Hq1n6816n7VmrPnMPvpV1sc3iySWvQ==</latexit><latexit sha1_base64="EM5zN5qgEIePWUWjTNSJmMkLhTA=">AAACDnicbZDLSgMxFIYz9VbrrerSzcFSqIhlRgTdCEU3rqRib9AOJZPJtKGZzJBkCmXoE7jxVdy4UMSta3e+jellodUDCR//fw7J+b2YM6Vt+8vKLC2vrK5l13Mbm1vbO/ndvYaKEklonUQ8ki0PK8qZoHXNNKetWFIcepw2vcH1xG8OqVQsEjU9iqkb4p5gASNYG6mbL9bAh3u4BL8OJ1BKzFUDBcdQheER+LcT8hvdfMEu29OCv+DMoYDmVe3mPzt+RJKQCk04Vqrt2LF2Uyw1I5yOc51E0RiTAe7RtkGBQ6rcdLrOGIpG8SGIpDlCw1T9OZHiUKlR6JnOEOu+WvQm4n9eO9HBhZsyESeaCjJ7KEg46Agm2YDPJCWajwxgIpn5K5A+lphok2DOhOAsrvwXGqdlxy47d2eFytU8jiw6QIeohBx0jiroBlVRHRH0gJ7QC3q1Hq1n6816n7VmrPnMPvpV1sc3iySWvQ==</latexit>

we get …



Ensembles
Open systems

µ = G/N = u� Ts+ Pv
<latexit sha1_base64="MUpUzg+zEQKT8w5zq6fnLWxJc+c=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBLHOiKAboehCV1KhL2iHkkkzbWiSGfIolKEbf8WNC0Xc+hnu/BvTdhbaeuBeDufcS3JPmDCqtOd9OwuLS8srq7m1/PrG5ta2u7NbU7GRmFRxzGLZCJEijApS1VQz0kgkQTxkpB72b8d+fUCkorGo6GFCAo66gkYUI22ltrvf4gZew7uzB9sNPIUVBU9gedB2C17RmwDOEz8jBZCh3Ha/Wp0YG06Exgwp1fS9RAcpkppiRkb5llEkQbiPuqRpqUCcqCCdHDCCR1bpwCiWtoSGE/X3Roq4UkMe2kmOdE/NemPxP69pdHQVpFQkRhOBpw9FhkEdw3EasEMlwZoNLUFYUvtXiHtIIqxtZnkbgj978jypnRd9r+g/XhRKN1kcOXAADsEx8MElKIF7UAZVgMEIPINX8OY8OS/Ou/MxHV1wsp098AfO5w/xUpNn</latexit><latexit sha1_base64="MUpUzg+zEQKT8w5zq6fnLWxJc+c=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBLHOiKAboehCV1KhL2iHkkkzbWiSGfIolKEbf8WNC0Xc+hnu/BvTdhbaeuBeDufcS3JPmDCqtOd9OwuLS8srq7m1/PrG5ta2u7NbU7GRmFRxzGLZCJEijApS1VQz0kgkQTxkpB72b8d+fUCkorGo6GFCAo66gkYUI22ltrvf4gZew7uzB9sNPIUVBU9gedB2C17RmwDOEz8jBZCh3Ha/Wp0YG06Exgwp1fS9RAcpkppiRkb5llEkQbiPuqRpqUCcqCCdHDCCR1bpwCiWtoSGE/X3Roq4UkMe2kmOdE/NemPxP69pdHQVpFQkRhOBpw9FhkEdw3EasEMlwZoNLUFYUvtXiHtIIqxtZnkbgj978jypnRd9r+g/XhRKN1kcOXAADsEx8MElKIF7UAZVgMEIPINX8OY8OS/Ou/MxHV1wsp098AfO5w/xUpNn</latexit><latexit sha1_base64="MUpUzg+zEQKT8w5zq6fnLWxJc+c=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBLHOiKAboehCV1KhL2iHkkkzbWiSGfIolKEbf8WNC0Xc+hnu/BvTdhbaeuBeDufcS3JPmDCqtOd9OwuLS8srq7m1/PrG5ta2u7NbU7GRmFRxzGLZCJEijApS1VQz0kgkQTxkpB72b8d+fUCkorGo6GFCAo66gkYUI22ltrvf4gZew7uzB9sNPIUVBU9gedB2C17RmwDOEz8jBZCh3Ha/Wp0YG06Exgwp1fS9RAcpkppiRkb5llEkQbiPuqRpqUCcqCCdHDCCR1bpwCiWtoSGE/X3Roq4UkMe2kmOdE/NemPxP69pdHQVpFQkRhOBpw9FhkEdw3EasEMlwZoNLUFYUvtXiHtIIqxtZnkbgj978jypnRd9r+g/XhRKN1kcOXAADsEx8MElKIF7UAZVgMEIPINX8OY8OS/Ou/MxHV1wsp098AfO5w/xUpNn</latexit><latexit sha1_base64="MUpUzg+zEQKT8w5zq6fnLWxJc+c=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBLHOiKAboehCV1KhL2iHkkkzbWiSGfIolKEbf8WNC0Xc+hnu/BvTdhbaeuBeDufcS3JPmDCqtOd9OwuLS8srq7m1/PrG5ta2u7NbU7GRmFRxzGLZCJEijApS1VQz0kgkQTxkpB72b8d+fUCkorGo6GFCAo66gkYUI22ltrvf4gZew7uzB9sNPIUVBU9gedB2C17RmwDOEz8jBZCh3Ha/Wp0YG06Exgwp1fS9RAcpkppiRkb5llEkQbiPuqRpqUCcqCCdHDCCR1bpwCiWtoSGE/X3Roq4UkMe2kmOdE/NemPxP69pdHQVpFQkRhOBpw9FhkEdw3EasEMlwZoNLUFYUvtXiHtIIqxtZnkbgj978jypnRd9r+g/XhRKN1kcOXAADsEx8MElKIF7UAZVgMEIPINX8OY8OS/Ou/MxHV1wsp098AfO5w/xUpNn</latexit>

Gibbs free energy per particle

 or the chemical potential

U = E = �@ lnZg

@�
+ µkBT

@ lnZg

@µ

S = kB(lnZg + �E � �µN)

P = kBT

✓
@ lnZg

@V

◆

T,µ
<latexit sha1_base64="Z/Khc7nWh4eCsW3nX+6/CTUOcs8="></latexit><latexit sha1_base64="Z/Khc7nWh4eCsW3nX+6/CTUOcs8="></latexit><latexit sha1_base64="Z/Khc7nWh4eCsW3nX+6/CTUOcs8="></latexit><latexit sha1_base64="Z/Khc7nWh4eCsW3nX+6/CTUOcs8="></latexit>

PV = kBT lnZg =) Zg = e�PV
<latexit sha1_base64="GR/kx+BekEgC+YKB2g+ahS0PFX4=">AAACGXicbVA9SwNBEN3z2/gVtbQZDIJVuBNBm0CIjWUEE4O5eOxtJsmSvb1jd08IR/6GjX/FxkIRS638N27OFJr4YOHNezPMzgsTwbVx3S9nYXFpeWV1bb2wsbm1vVPc3WvqOFUMGywWsWqFVKPgEhuGG4GtRCGNQoE34fBi4t/co9I8ltdmlGAnon3Je5xRY6Wg6NahCRUYBjW4Bl9IuA364PPI7kadFxXAu8wP0VCwveOgWHLLbg6YJ96UlMgU9aD44XdjlkYoDRNU67bnJqaTUWU4Ezgu+KnGhLIh7WPbUkkj1J0sv2wMR1bpQi9W9kkDufp7IqOR1qMotJ0RNQM9603E/7x2anrnnYzLJDUo2c+iXirAxDCJCbpcITNiZAllitu/AhtQRZmxYRZsCN7syfOkeVL23LJ3dVqq1qZxrJEDckiOiUfOSJVckjppEEYeyBN5Ia/Oo/PsvDnvP60LznRmn/yB8/kNtvydqQ==</latexit><latexit sha1_base64="GR/kx+BekEgC+YKB2g+ahS0PFX4=">AAACGXicbVA9SwNBEN3z2/gVtbQZDIJVuBNBm0CIjWUEE4O5eOxtJsmSvb1jd08IR/6GjX/FxkIRS638N27OFJr4YOHNezPMzgsTwbVx3S9nYXFpeWV1bb2wsbm1vVPc3WvqOFUMGywWsWqFVKPgEhuGG4GtRCGNQoE34fBi4t/co9I8ltdmlGAnon3Je5xRY6Wg6NahCRUYBjW4Bl9IuA364PPI7kadFxXAu8wP0VCwveOgWHLLbg6YJ96UlMgU9aD44XdjlkYoDRNU67bnJqaTUWU4Ezgu+KnGhLIh7WPbUkkj1J0sv2wMR1bpQi9W9kkDufp7IqOR1qMotJ0RNQM9603E/7x2anrnnYzLJDUo2c+iXirAxDCJCbpcITNiZAllitu/AhtQRZmxYRZsCN7syfOkeVL23LJ3dVqq1qZxrJEDckiOiUfOSJVckjppEEYeyBN5Ia/Oo/PsvDnvP60LznRmn/yB8/kNtvydqQ==</latexit><latexit sha1_base64="GR/kx+BekEgC+YKB2g+ahS0PFX4=">AAACGXicbVA9SwNBEN3z2/gVtbQZDIJVuBNBm0CIjWUEE4O5eOxtJsmSvb1jd08IR/6GjX/FxkIRS638N27OFJr4YOHNezPMzgsTwbVx3S9nYXFpeWV1bb2wsbm1vVPc3WvqOFUMGywWsWqFVKPgEhuGG4GtRCGNQoE34fBi4t/co9I8ltdmlGAnon3Je5xRY6Wg6NahCRUYBjW4Bl9IuA364PPI7kadFxXAu8wP0VCwveOgWHLLbg6YJ96UlMgU9aD44XdjlkYoDRNU67bnJqaTUWU4Ezgu+KnGhLIh7WPbUkkj1J0sv2wMR1bpQi9W9kkDufp7IqOR1qMotJ0RNQM9603E/7x2anrnnYzLJDUo2c+iXirAxDCJCbpcITNiZAllitu/AhtQRZmxYRZsCN7syfOkeVL23LJ3dVqq1qZxrJEDckiOiUfOSJVckjppEEYeyBN5Ia/Oo/PsvDnvP60LznRmn/yB8/kNtvydqQ==</latexit><latexit sha1_base64="GR/kx+BekEgC+YKB2g+ahS0PFX4=">AAACGXicbVA9SwNBEN3z2/gVtbQZDIJVuBNBm0CIjWUEE4O5eOxtJsmSvb1jd08IR/6GjX/FxkIRS638N27OFJr4YOHNezPMzgsTwbVx3S9nYXFpeWV1bb2wsbm1vVPc3WvqOFUMGywWsWqFVKPgEhuGG4GtRCGNQoE34fBi4t/co9I8ltdmlGAnon3Je5xRY6Wg6NahCRUYBjW4Bl9IuA364PPI7kadFxXAu8wP0VCwveOgWHLLbg6YJ96UlMgU9aD44XdjlkYoDRNU67bnJqaTUWU4Ezgu+KnGhLIh7WPbUkkj1J0sv2wMR1bpQi9W9kkDufp7IqOR1qMotJ0RNQM9603E/7x2anrnnYzLJDUo2c+iXirAxDCJCbpcITNiZAllitu/AhtQRZmxYRZsCN7syfOkeVL23LJ3dVqq1qZxrJEDckiOiUfOSJVckjppEEYeyBN5Ia/Oo/PsvDnvP60LznRmn/yB8/kNtvydqQ==</latexit>

Using these we can show that 

P (E,N) = e��(E�µN+PV )
<latexit sha1_base64="L+1XjFKzqzUvjtF0/U9UZQoYxXM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0aMuMCLoRilJwVUawD2hryaR32tDMgyQjlKEf4MZfceNCEbd+gDv/xrSdhbYeCBzOOZebe5yQM6lM89tILS2vrK6l1zMbm1vbO9ndvboMIkGhRgMeiKZDJHDmQ00xxaEZCiCew6HhDK8nfuMBhGSBf6dGIXQ80veZyyhRWupmc3a+clIt4EsM93Gx7YAi+Qoutr0IV/ExtnG9MNYps2ROgReJlZAcSmB3s1/tXkAjD3xFOZGyZZmh6sREKEY5jDPtSEJI6JD0oaWpTzyQnXh6zBgfaaWH3UDo5ys8VX9PxMSTcuQ5OukRNZDz3kT8z2tFyr3oxMwPIwU+nS1yI45VgCfN4B4TQBUfaUKoYPqvmA6IIFTp/jK6BGv+5EVSPy1ZZsm6PcuVr5I60ugAHaI8stA5KqMbZKMaougRPaNX9GY8GS/Gu/Exi6aMZGYf/YHx+QOYCJeG</latexit><latexit sha1_base64="L+1XjFKzqzUvjtF0/U9UZQoYxXM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0aMuMCLoRilJwVUawD2hryaR32tDMgyQjlKEf4MZfceNCEbd+gDv/xrSdhbYeCBzOOZebe5yQM6lM89tILS2vrK6l1zMbm1vbO9ndvboMIkGhRgMeiKZDJHDmQ00xxaEZCiCew6HhDK8nfuMBhGSBf6dGIXQ80veZyyhRWupmc3a+clIt4EsM93Gx7YAi+Qoutr0IV/ExtnG9MNYps2ROgReJlZAcSmB3s1/tXkAjD3xFOZGyZZmh6sREKEY5jDPtSEJI6JD0oaWpTzyQnXh6zBgfaaWH3UDo5ys8VX9PxMSTcuQ5OukRNZDz3kT8z2tFyr3oxMwPIwU+nS1yI45VgCfN4B4TQBUfaUKoYPqvmA6IIFTp/jK6BGv+5EVSPy1ZZsm6PcuVr5I60ugAHaI8stA5KqMbZKMaougRPaNX9GY8GS/Gu/Exi6aMZGYf/YHx+QOYCJeG</latexit><latexit sha1_base64="L+1XjFKzqzUvjtF0/U9UZQoYxXM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0aMuMCLoRilJwVUawD2hryaR32tDMgyQjlKEf4MZfceNCEbd+gDv/xrSdhbYeCBzOOZebe5yQM6lM89tILS2vrK6l1zMbm1vbO9ndvboMIkGhRgMeiKZDJHDmQ00xxaEZCiCew6HhDK8nfuMBhGSBf6dGIXQ80veZyyhRWupmc3a+clIt4EsM93Gx7YAi+Qoutr0IV/ExtnG9MNYps2ROgReJlZAcSmB3s1/tXkAjD3xFOZGyZZmh6sREKEY5jDPtSEJI6JD0oaWpTzyQnXh6zBgfaaWH3UDo5ys8VX9PxMSTcuQ5OukRNZDz3kT8z2tFyr3oxMwPIwU+nS1yI45VgCfN4B4TQBUfaUKoYPqvmA6IIFTp/jK6BGv+5EVSPy1ZZsm6PcuVr5I60ugAHaI8stA5KqMbZKMaougRPaNX9GY8GS/Gu/Exi6aMZGYf/YHx+QOYCJeG</latexit><latexit sha1_base64="L+1XjFKzqzUvjtF0/U9UZQoYxXM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0aMuMCLoRilJwVUawD2hryaR32tDMgyQjlKEf4MZfceNCEbd+gDv/xrSdhbYeCBzOOZebe5yQM6lM89tILS2vrK6l1zMbm1vbO9ndvboMIkGhRgMeiKZDJHDmQ00xxaEZCiCew6HhDK8nfuMBhGSBf6dGIXQ80veZyyhRWupmc3a+clIt4EsM93Gx7YAi+Qoutr0IV/ExtnG9MNYps2ROgReJlZAcSmB3s1/tXkAjD3xFOZGyZZmh6sREKEY5jDPtSEJI6JD0oaWpTzyQnXh6zBgfaaWH3UDo5ys8VX9PxMSTcuQ5OukRNZDz3kT8z2tFyr3oxMwPIwU+nS1yI45VgCfN4B4TQBUfaUKoYPqvmA6IIFTp/jK6BGv+5EVSPy1ZZsm6PcuVr5I60ugAHaI8stA5KqMbZKMaougRPaNX9GY8GS/Gu/Exi6aMZGYf/YHx+QOYCJeG</latexit>

So the grand canonical distribution can also be written as 



An Alternative Derivation
Open systems

Grand canonical probability distribution

Consider a system at constant temperature with volume V and with permeable walls.

…

…

…

…

...

Reservoir T

A

B

Particles
All microstates with the same energy E and 
the same number of particles N are assumed 
to be equally probable.

PA+B(EA + EB , NA +NB) = PA(EA, NA)⇥ PB(EB , NB)
<latexit sha1_base64="2cf+f7UwTB9PZ6EWigttCG46xdg="></latexit><latexit sha1_base64="2cf+f7UwTB9PZ6EWigttCG46xdg="></latexit><latexit sha1_base64="2cf+f7UwTB9PZ6EWigttCG46xdg="></latexit><latexit sha1_base64="2cf+f7UwTB9PZ6EWigttCG46xdg="></latexit>

PA(EA, NA)
@PB(EB , NB)

@EB
=

@PA(EA, NA)

@EA
PB(EB , NB)

PA(EA, NA)
@PB(EB , NB)

@NB
=

@PA(EA, NA)

@NA
PB(EB , NB)

<latexit sha1_base64="sIpqTlNMA9ZQRsJhWFw2HWnK+T8="></latexit><latexit sha1_base64="sIpqTlNMA9ZQRsJhWFw2HWnK+T8="></latexit><latexit sha1_base64="sIpqTlNMA9ZQRsJhWFw2HWnK+T8="></latexit><latexit sha1_base64="sIpqTlNMA9ZQRsJhWFw2HWnK+T8="></latexit>



An Alternative Derivation
Open systems

Grand canonical probability distribution

@ lnPA

@EA
=

@ lnPB

@EB

@ lnPA

@NA
=

@ lnPB

@NB
<latexit sha1_base64="e/OZFE2KlT0wpv1+dFNlOjT07FA="></latexit><latexit sha1_base64="e/OZFE2KlT0wpv1+dFNlOjT07FA="></latexit><latexit sha1_base64="e/OZFE2KlT0wpv1+dFNlOjT07FA="></latexit><latexit sha1_base64="e/OZFE2KlT0wpv1+dFNlOjT07FA="></latexit>

=) lnP (EA, NA) = ��EA + CA(NA)
<latexit sha1_base64="iluiQJe4dIeZzyTb/rIeMr+kXw4=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyxCRa0zIuhGaC2CK6lgL9ApQyY9bUMzmSHJCKX0Mdz4Km5cKOK2O9/G9LLQ1h8CP985h5PzBzFnSjvOt7WwuLS8sppaS69vbG5t2zu7FRUlkkKZRjyStYAo4ExAWTPNoRZLIGHAoRp0i6N69QmkYpF41L0YGiFpC9ZilGiDfPvMY6HZAwp7XOBS9tYvnNz7hSN8jU+9ADTBhuBjXPQL2RH37YyTc8bC88admgyaquTbQ68Z0SQEoSknStVdJ9aNPpGaUQ6DtJcoiAntkjbUjRUkBNXojw8b4ENDmrgVSfOExmP6e6JPQqV6YWA6Q6I7arY2gv/V6oluXTX6TMSJBkEni1oJxzrCo5Rwk0mgmveMIVQy81dMO0QSqk2WaROCO3vyvKmc51wn5z5cZPI30zhSaB8doCxy0SXKoztUQmVE0TN6Re/ow3qx3qxP62vSumBNZ/bQH1nDH0ZBnBo=</latexit><latexit sha1_base64="iluiQJe4dIeZzyTb/rIeMr+kXw4=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyxCRa0zIuhGaC2CK6lgL9ApQyY9bUMzmSHJCKX0Mdz4Km5cKOK2O9/G9LLQ1h8CP985h5PzBzFnSjvOt7WwuLS8sppaS69vbG5t2zu7FRUlkkKZRjyStYAo4ExAWTPNoRZLIGHAoRp0i6N69QmkYpF41L0YGiFpC9ZilGiDfPvMY6HZAwp7XOBS9tYvnNz7hSN8jU+9ADTBhuBjXPQL2RH37YyTc8bC88admgyaquTbQ68Z0SQEoSknStVdJ9aNPpGaUQ6DtJcoiAntkjbUjRUkBNXojw8b4ENDmrgVSfOExmP6e6JPQqV6YWA6Q6I7arY2gv/V6oluXTX6TMSJBkEni1oJxzrCo5Rwk0mgmveMIVQy81dMO0QSqk2WaROCO3vyvKmc51wn5z5cZPI30zhSaB8doCxy0SXKoztUQmVE0TN6Re/ow3qx3qxP62vSumBNZ/bQH1nDH0ZBnBo=</latexit><latexit sha1_base64="iluiQJe4dIeZzyTb/rIeMr+kXw4=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyxCRa0zIuhGaC2CK6lgL9ApQyY9bUMzmSHJCKX0Mdz4Km5cKOK2O9/G9LLQ1h8CP985h5PzBzFnSjvOt7WwuLS8sppaS69vbG5t2zu7FRUlkkKZRjyStYAo4ExAWTPNoRZLIGHAoRp0i6N69QmkYpF41L0YGiFpC9ZilGiDfPvMY6HZAwp7XOBS9tYvnNz7hSN8jU+9ADTBhuBjXPQL2RH37YyTc8bC88admgyaquTbQ68Z0SQEoSknStVdJ9aNPpGaUQ6DtJcoiAntkjbUjRUkBNXojw8b4ENDmrgVSfOExmP6e6JPQqV6YWA6Q6I7arY2gv/V6oluXTX6TMSJBkEni1oJxzrCo5Rwk0mgmveMIVQy81dMO0QSqk2WaROCO3vyvKmc51wn5z5cZPI30zhSaB8doCxy0SXKoztUQmVE0TN6Re/ow3qx3qxP62vSumBNZ/bQH1nDH0ZBnBo=</latexit><latexit sha1_base64="iluiQJe4dIeZzyTb/rIeMr+kXw4=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyxCRa0zIuhGaC2CK6lgL9ApQyY9bUMzmSHJCKX0Mdz4Km5cKOK2O9/G9LLQ1h8CP985h5PzBzFnSjvOt7WwuLS8sppaS69vbG5t2zu7FRUlkkKZRjyStYAo4ExAWTPNoRZLIGHAoRp0i6N69QmkYpF41L0YGiFpC9ZilGiDfPvMY6HZAwp7XOBS9tYvnNz7hSN8jU+9ADTBhuBjXPQL2RH37YyTc8bC88admgyaquTbQ68Z0SQEoSknStVdJ9aNPpGaUQ6DtJcoiAntkjbUjRUkBNXojw8b4ENDmrgVSfOExmP6e6JPQqV6YWA6Q6I7arY2gv/V6oluXTX6TMSJBkEni1oJxzrCo5Rwk0mgmveMIVQy81dMO0QSqk2WaROCO3vyvKmc51wn5z5cZPI30zhSaB8doCxy0SXKoztUQmVE0TN6Re/ow3qx3qxP62vSumBNZ/bQH1nDH0ZBnBo=</latexit>

=) lnP (EA, NA) = �µNA + CA(NA)
<latexit sha1_base64="D5QUo2a9CWrs/rO5HiGLso52/Ds=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUlDIjgm6E1iK4kgr2AZ0yZNLbNjTJDElGKKXf4cZfceNCEXfixr8xfSy0eiBw7jn3cnNPGHOmjet+OamFxaXllfRqZm19Y3Mru71T01GiKFRpxCPVCIkGziRUDTMcGrECIkIO9bBfHvv1e1CaRfLODGJoCdKVrMMoMVYKsp7PhN0DGvtc4kr+Kigd3wSlQ3yB/RAM8UWCbY2PcDko5cdOkM25BXcC/Jd4M5JDM1SC7IffjmgiQBrKidZNz41Na0iUYZTDKOMnGmJC+6QLTUslEaBbw8lpI3xglTbuRMo+afBE/TkxJELrgQhtpyCmp+e9sfif10xM57w1ZDJODEg6XdRJODYRHueE20wBNXxgCaGK2b9i2iOKUGPTzNgQvPmT/5LaScFzC97taa54OYsjjfbQPsojD52hIrpGFVRFFD2gJ/SCXp1H59l5c96nrSlnNrOLfsH5/AZi651I</latexit><latexit sha1_base64="D5QUo2a9CWrs/rO5HiGLso52/Ds=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUlDIjgm6E1iK4kgr2AZ0yZNLbNjTJDElGKKXf4cZfceNCEXfixr8xfSy0eiBw7jn3cnNPGHOmjet+OamFxaXllfRqZm19Y3Mru71T01GiKFRpxCPVCIkGziRUDTMcGrECIkIO9bBfHvv1e1CaRfLODGJoCdKVrMMoMVYKsp7PhN0DGvtc4kr+Kigd3wSlQ3yB/RAM8UWCbY2PcDko5cdOkM25BXcC/Jd4M5JDM1SC7IffjmgiQBrKidZNz41Na0iUYZTDKOMnGmJC+6QLTUslEaBbw8lpI3xglTbuRMo+afBE/TkxJELrgQhtpyCmp+e9sfif10xM57w1ZDJODEg6XdRJODYRHueE20wBNXxgCaGK2b9i2iOKUGPTzNgQvPmT/5LaScFzC97taa54OYsjjfbQPsojD52hIrpGFVRFFD2gJ/SCXp1H59l5c96nrSlnNrOLfsH5/AZi651I</latexit><latexit sha1_base64="D5QUo2a9CWrs/rO5HiGLso52/Ds=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUlDIjgm6E1iK4kgr2AZ0yZNLbNjTJDElGKKXf4cZfceNCEXfixr8xfSy0eiBw7jn3cnNPGHOmjet+OamFxaXllfRqZm19Y3Mru71T01GiKFRpxCPVCIkGziRUDTMcGrECIkIO9bBfHvv1e1CaRfLODGJoCdKVrMMoMVYKsp7PhN0DGvtc4kr+Kigd3wSlQ3yB/RAM8UWCbY2PcDko5cdOkM25BXcC/Jd4M5JDM1SC7IffjmgiQBrKidZNz41Na0iUYZTDKOMnGmJC+6QLTUslEaBbw8lpI3xglTbuRMo+afBE/TkxJELrgQhtpyCmp+e9sfif10xM57w1ZDJODEg6XdRJODYRHueE20wBNXxgCaGK2b9i2iOKUGPTzNgQvPmT/5LaScFzC97taa54OYsjjfbQPsojD52hIrpGFVRFFD2gJ/SCXp1H59l5c96nrSlnNrOLfsH5/AZi651I</latexit><latexit sha1_base64="D5QUo2a9CWrs/rO5HiGLso52/Ds=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUlDIjgm6E1iK4kgr2AZ0yZNLbNjTJDElGKKXf4cZfceNCEXfixr8xfSy0eiBw7jn3cnNPGHOmjet+OamFxaXllfRqZm19Y3Mru71T01GiKFRpxCPVCIkGziRUDTMcGrECIkIO9bBfHvv1e1CaRfLODGJoCdKVrMMoMVYKsp7PhN0DGvtc4kr+Kigd3wSlQ3yB/RAM8UWCbY2PcDko5cdOkM25BXcC/Jd4M5JDM1SC7IffjmgiQBrKidZNz41Na0iUYZTDKOMnGmJC+6QLTUslEaBbw8lpI3xglTbuRMo+afBE/TkxJELrgQhtpyCmp+e9sfif10xM57w1ZDJODEg6XdRJODYRHueE20wBNXxgCaGK2b9i2iOKUGPTzNgQvPmT/5LaScFzC97taa54OYsjjfbQPsojD52hIrpGFVRFFD2gJ/SCXp1H59l5c96nrSlnNrOLfsH5/AZi651I</latexit>

CA(NA) = �µNA +DA
<latexit sha1_base64="54ie4Zg+bvVRem5dFgr5mwoNmn4=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcqMCLoRWuvClVSwD+gMQybNtKFJZkgyQildufFX3LhQxK3f4M6/MW1nodUDF07OuZfce8KEUaUd58vKLSwuLa/kVwtr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcFCb+K17IhWNxZ0eJsTnqCdoRDHSRgrs/VpQLd0E1SN4Ab2QaOTxFJo3PIZXQTWwi07ZmQL+JW5GiiBDPbA/vW6MU06Exgwp1XGdRPsjJDXFjIwLXqpIgvAA9UjHUIE4Uf5oesYYHhqlC6NYmhIaTtWfEyPElRry0HRypPtq3puI/3mdVEfn/oiKJNVE4NlHUcqgjuEkE9ilkmDNhoYgLKnZFeI+kghrk1zBhODOn/yXNE/KrlN2b0+LlcssjjzYAwegBFxwBirgGtRBA2DwAJ7AC3i1Hq1n6816n7XmrGxmF/yC9fENlZiV/w==</latexit><latexit sha1_base64="54ie4Zg+bvVRem5dFgr5mwoNmn4=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcqMCLoRWuvClVSwD+gMQybNtKFJZkgyQildufFX3LhQxK3f4M6/MW1nodUDF07OuZfce8KEUaUd58vKLSwuLa/kVwtr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcFCb+K17IhWNxZ0eJsTnqCdoRDHSRgrs/VpQLd0E1SN4Ab2QaOTxFJo3PIZXQTWwi07ZmQL+JW5GiiBDPbA/vW6MU06Exgwp1XGdRPsjJDXFjIwLXqpIgvAA9UjHUIE4Uf5oesYYHhqlC6NYmhIaTtWfEyPElRry0HRypPtq3puI/3mdVEfn/oiKJNVE4NlHUcqgjuEkE9ilkmDNhoYgLKnZFeI+kghrk1zBhODOn/yXNE/KrlN2b0+LlcssjjzYAwegBFxwBirgGtRBA2DwAJ7AC3i1Hq1n6816n7XmrGxmF/yC9fENlZiV/w==</latexit><latexit sha1_base64="54ie4Zg+bvVRem5dFgr5mwoNmn4=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcqMCLoRWuvClVSwD+gMQybNtKFJZkgyQildufFX3LhQxK3f4M6/MW1nodUDF07OuZfce8KEUaUd58vKLSwuLa/kVwtr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcFCb+K17IhWNxZ0eJsTnqCdoRDHSRgrs/VpQLd0E1SN4Ab2QaOTxFJo3PIZXQTWwi07ZmQL+JW5GiiBDPbA/vW6MU06Exgwp1XGdRPsjJDXFjIwLXqpIgvAA9UjHUIE4Uf5oesYYHhqlC6NYmhIaTtWfEyPElRry0HRypPtq3puI/3mdVEfn/oiKJNVE4NlHUcqgjuEkE9ilkmDNhoYgLKnZFeI+kghrk1zBhODOn/yXNE/KrlN2b0+LlcssjjzYAwegBFxwBirgGtRBA2DwAJ7AC3i1Hq1n6816n7XmrGxmF/yC9fENlZiV/w==</latexit><latexit sha1_base64="54ie4Zg+bvVRem5dFgr5mwoNmn4=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcqMCLoRWuvClVSwD+gMQybNtKFJZkgyQildufFX3LhQxK3f4M6/MW1nodUDF07OuZfce8KEUaUd58vKLSwuLa/kVwtr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcFCb+K17IhWNxZ0eJsTnqCdoRDHSRgrs/VpQLd0E1SN4Ab2QaOTxFJo3PIZXQTWwi07ZmQL+JW5GiiBDPbA/vW6MU06Exgwp1XGdRPsjJDXFjIwLXqpIgvAA9UjHUIE4Uf5oesYYHhqlC6NYmhIaTtWfEyPElRry0HRypPtq3puI/3mdVEfn/oiKJNVE4NlHUcqgjuEkE9ilkmDNhoYgLKnZFeI+kghrk1zBhODOn/yXNE/KrlN2b0+LlcssjjzYAwegBFxwBirgGtRBA2DwAJ7AC3i1Hq1n6816n7XmrGxmF/yC9fENlZiV/w==</latexit>

By substituting second eqn. into the first we get

PA(EA, NA) = eDA e��EA+�µNA

⌘ Z�1
g e��EA+�µNA

<latexit sha1_base64="IoKi28aQdjUilprAqRrNxsfB/YM="></latexit><latexit sha1_base64="IoKi28aQdjUilprAqRrNxsfB/YM="></latexit><latexit sha1_base64="IoKi28aQdjUilprAqRrNxsfB/YM="></latexit><latexit sha1_base64="IoKi28aQdjUilprAqRrNxsfB/YM="></latexit>

Z�1
g =

1X

N=0

X

k

e��Ek+�µN

<latexit sha1_base64="dIVprmOUHkvbxMCWsIO9/VWc2qc="></latexit><latexit sha1_base64="dIVprmOUHkvbxMCWsIO9/VWc2qc="></latexit><latexit sha1_base64="dIVprmOUHkvbxMCWsIO9/VWc2qc="></latexit><latexit sha1_base64="dIVprmOUHkvbxMCWsIO9/VWc2qc="></latexit>

Grand canonical partition function


