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Gibbs Ensemble Postulates

This refers to the identification of averaged quantities in the ensemble with the
corresponding thermodynamic property. In particular,

= v &
U
= N

Where the averages are over the canonical ensemble at temperature T.
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Entropy and pressure in the canonical ensemble

We have that Z =Z(B,V,N)

At constant N, we can write

d(lnZ) = (8;@2) dg + (a(fl;‘l/z> v Comparing with
’ dU =T1dS — PdV

OlnZ
= —UdB + av
b ( oV ) We can write
Adding d(BU) on both sides
Oln”Z Oln 7
d(an—l—BU)—BdU—I—(aV)dV P_kBT(m/)
Multiplying both sides by kgT and rearranging dS =kp d(IlnZ + pU)

In Z
dU = kg d(In Z + BU) — kgT (881‘1/ ) A%
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Entropy and pressure in the canonical ensemble

The definition for pressure also makes sense from an averaging perspective

1
P=—_ ) Prexp(—pEk) R |
k This relation is just the mechanical

1 OF -
= _ (8—Vk> exp(—BEx) equation of state for the systems
k
11 0
“Z B3V ;GXP(—ﬁEk)
OlnZ Oln 7
_ P =kgT
kBT(@V) kB(@V)
For an ideal gas this implies dS = kg d(ln Z + BU)
PekpT =

7
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Entropy and pressure in the canonical ensemble

The entropy can obtained by integration

U .
S=kp InZ + T+ constants(N, other extensive parameters)

The constant term (in the absence of other extensive parameters) depends only on N.
Since in practice only differences in S and U are actually measured, the constant can be
set to 0. This is the convention we shall follow.

U
S:kB IHZ—I—?

This convention poses problems when we require extensivity of S. But not for dS.
(See Appendix D in Atlee Jackson and pg. 46 of McQuarrie.)
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Entropy and pressure in the canonical ensemble

Rearranging the equation for entropy we get
—kp T nZ=U-TS=F

Thus, we can now assign a thermodynamic meaning to the canonical partition function

F = —k‘BT InZ

The definitions of entropy and pressure are now consistent with their thermodynamic

analogues
()
oT VN oV TN
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Molecular interpretation of work and heat

Consider the function f=InZ = f(ﬁ, {Ek})

B Of) ( of )

df = | == d —

d (85 {Ex} . Ek: OF) ﬂdEk
= —F dB + 1 Z —B exp(—pBEy) dEj

Z
k
= —EdB— ) P(Ey)dEy
k

This can be written as

d(f +BE) =8 (dE — ZP(Ek)dE’k> =8 EwdP(Ey)
k k
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Molecular interpretation of work and heat

Consider carrying out two processes on the ensemble:

1. Changing volume of all systems equally by dV, and in turn changing the Ex’s for all
systems alike.

2. Changing the temperature of the ensemble (by switching to another heat reservoir
with temperature T + dT)

The work done on any system in changing its energy from E; to E/+dE; (through
the volume change) is dE;.

Therefore the ensemble averaged reversible work done in the volume change
process is
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Molecular interpretation of work and heat

Since dE is the average change in total energy we must have that

5Qrev = dE — 5Wrev
=dE — ) P(E)dEj
k

1 _
= Ed(f + BE)

=Y ExdP(Ey)
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Summary of thermodynamic relations

U—F = kT (8an>
V,N

oT ,
P —knT Oln Z
oV N.T
Oln Z
S =kgT knlnZ
(%), o

F = —kBTan(N, V,T)



