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Statistical Mechanics
Lecture 22 Canonical Ensemble



Formalisms of Statistical 
Mechanics

Lecture Plan 

Basic Postulates


Counting microstates in an ideal gas


Boltzmann equation for entropy


Microcanonical Ensemble


Canonical Ensemble



Ensembles
Canonical Ensemble

We are generally interested not in isolated systems but those in contact with 
a thermal (or other) reservoir, capable of exchanging energy with one another.


…

…

…

…

...

An ensemble of such (identically prepared) 
systems at the same temperature (T) is called 
a canonical ensemble.

Reservoir T

The total energy of the ensemble with 
reservoir is fixed: Utot = E + Ur
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=> various microstates where   and Ur are 
different, keeping Utot constant, are possible.

E
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Even for a given   there are multiple ways of 
distributing the energy across the members 
of the ensemble. We are actually interested in 
this distribution.

E
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Ensembles
Canonical Ensemble
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Reservoir T

What is the probability that a system in such an ensemble is in a particular microstate k 
with energy Ek?

From the basic postulate we can see that the 
probability must depend on the energy of the 
microstate only. i.e.

Pk ⌘ P (Ek)
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f({~r, ~p}) ⌘ f(E({~r, ~p})
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Discrete

Classical

This can also be understood in terms of 
grouping the systems into various micro-
canonical ensembles (hence the name).



Ensembles
Canonical Ensemble
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Reservoir T

What is the probability that a system in such an ensemble is in a particular microstate k 
with energy Ek?

A

B

PA+B(EA+B) ⇡ PA+B(EA + EB)

= PA(EA)⇥ PB(EB)
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Joint probability of combined system A+B

since EA and EB are independent events.

@PA+B(EA+B)

@EA
=

@PA+B(EA+B)

@EB

=) P 0
A(EA)PB(EB) = PA(EA)P

0
B(EB)

=) P 0(E)

P (E)
= constant
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Since A and B were arbitrarily chosen.

Now,



Ensembles
Canonical Ensemble

…

…

…

…

...

Reservoir T

What is the probability that a system in such an ensemble is in a particular microstate k 
with energy Ek?

A

B

Z is called the canonical partition function.

C is a constant

D is a constant of 

integration

dP (Ek)

P (Ek)
= C ⇥ dE

=) lnP (Ek) = C Ek + lnD

=) P (Ek) = D exp(C Ek)
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X

k

P (Ek) = 1

=) D = Z�1 = 1/
X

k

exp(CEk)
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Ensembles
Canonical Ensemble

What is the probability that a system in such an ensemble is in a particular microstate k 
with energy Ek?

…

…

…

…

...

Reservoir T

A

B

P (Ek) =
1

Z
exp(��Ek)

Z =
X

k

exp(��Ek)
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f(E({~r, ~p}) = 1

Z
exp(��E({~r, ~p})

Z = A

Z
d3Nr

Z
d3Np exp(��E({~r, ~p})
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For a discrete (quantum) system

(Setting C =         )��
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For a continuous (classical) system

A =
1

N !h3N
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must be related to reservoir only!
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Canonical Ensemble

Computing averages

U ⌘ E =
1

Z

X

k

Ekexp(��Ek)
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U ⌘ E =
1

Z h3N

Z
d3Nx

Z
d3Np E exp(��E)
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U ⌘ E =
1

Z

Z
d3Nx

Z
d3Np E exp(��E)
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For classical systems we can write

In practice the factor is immaterial as it cancels out (except for the indistinguishability). 
So we can ignore it by setting it to 1 in the appropriate units.



Ensembles
Canonical Ensemble

Computing averages

In either case a simplification to the energy expression is

U = �@ lnZ

@�
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Ensembles
Canonical Ensemble

Ideal gas at finite temperature T
E =

NX

i=1

p2i /2m
<latexit sha1_base64="AyoUgxDqW65OrvP8Iksn8HZg18I=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiualIE3RSKIriSCvYBTRom00k7dGYSZiZCCd268VfcuFDErX/gzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2mypOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFw6uJ33ogUtFY3OtRQnyO+oJGFCNtpMCG17AKPZVyj1FOtQoyWnXH3VuYdCsBPa3wwC45ZWcKuEjcnJRAjnpgf3m9GKecCI0ZUqrjOon2MyQ1xYyMi16qSILwEPVJx1CBOFF+Nv1kDI+N0oNRLE0JDafq74kMcaVGPDSdHOmBmvcm4n9eJ9XRhZ9RkaSaCDxbFKUM6hhOYoE9KgnWbGQIwpKaWyEeIImwNuEVTQju/MuLpFkpu07ZvTsr1S7zOArgEByBE+CCc1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x1ycpnDsAfWJ8/Zk2Y3A==</latexit><latexit sha1_base64="AyoUgxDqW65OrvP8Iksn8HZg18I=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiualIE3RSKIriSCvYBTRom00k7dGYSZiZCCd268VfcuFDErX/gzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2mypOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFw6uJ33ogUtFY3OtRQnyO+oJGFCNtpMCG17AKPZVyj1FOtQoyWnXH3VuYdCsBPa3wwC45ZWcKuEjcnJRAjnpgf3m9GKecCI0ZUqrjOon2MyQ1xYyMi16qSILwEPVJx1CBOFF+Nv1kDI+N0oNRLE0JDafq74kMcaVGPDSdHOmBmvcm4n9eJ9XRhZ9RkaSaCDxbFKUM6hhOYoE9KgnWbGQIwpKaWyEeIImwNuEVTQju/MuLpFkpu07ZvTsr1S7zOArgEByBE+CCc1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x1ycpnDsAfWJ8/Zk2Y3A==</latexit><latexit sha1_base64="AyoUgxDqW65OrvP8Iksn8HZg18I=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiualIE3RSKIriSCvYBTRom00k7dGYSZiZCCd268VfcuFDErX/gzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2mypOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFw6uJ33ogUtFY3OtRQnyO+oJGFCNtpMCG17AKPZVyj1FOtQoyWnXH3VuYdCsBPa3wwC45ZWcKuEjcnJRAjnpgf3m9GKecCI0ZUqrjOon2MyQ1xYyMi16qSILwEPVJx1CBOFF+Nv1kDI+N0oNRLE0JDafq74kMcaVGPDSdHOmBmvcm4n9eJ9XRhZ9RkaSaCDxbFKUM6hhOYoE9KgnWbGQIwpKaWyEeIImwNuEVTQju/MuLpFkpu07ZvTsr1S7zOArgEByBE+CCc1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x1ycpnDsAfWJ8/Zk2Y3A==</latexit><latexit sha1_base64="AyoUgxDqW65OrvP8Iksn8HZg18I=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiualIE3RSKIriSCvYBTRom00k7dGYSZiZCCd268VfcuFDErX/gzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2mypOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFw6uJ33ogUtFY3OtRQnyO+oJGFCNtpMCG17AKPZVyj1FOtQoyWnXH3VuYdCsBPa3wwC45ZWcKuEjcnJRAjnpgf3m9GKecCI0ZUqrjOon2MyQ1xYyMi16qSILwEPVJx1CBOFF+Nv1kDI+N0oNRLE0JDafq74kMcaVGPDSdHOmBmvcm4n9eJ9XRhZ9RkaSaCDxbFKUM6hhOYoE9KgnWbGQIwpKaWyEeIImwNuEVTQju/MuLpFkpu07ZvTsr1S7zOArgEByBE+CCc1ADN6AOGgCDR/AMXsGb9WS9WO/Wx6x1ycpnDsAfWJ8/Zk2Y3A==</latexit>

Comparing with the known

 result of 

u =
3

2
kBT

<latexit sha1_base64="0xl0oobMt7WSaz/eRcObjIPAHcY=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCnoRSr14rNAvaEPYbDft0s0m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IOFPacb6twtr6xuZWcbu0s7u3f2AfHrVVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zvZn7nkUrFYtHUk4R6ER4KFjKCtZF8+yRFt6gfSkyyy2lWnaKxX0dN3y47FWcOtErcnJQhR8O3v/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvn5U3RulAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif10t1eONlTCSppoIsFoUpRzpGsyzQgElKNJ8Ygolk5lZERthkoU1iJROCu/zyKmlXK65TcR+uyrV6HkcRTuEMLsCFa6jBPTSgBQQyeIZXeLOerBfr3fpYtBasfOYY/sD6/AE8NJRc</latexit><latexit sha1_base64="0xl0oobMt7WSaz/eRcObjIPAHcY=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCnoRSr14rNAvaEPYbDft0s0m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IOFPacb6twtr6xuZWcbu0s7u3f2AfHrVVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zvZn7nkUrFYtHUk4R6ER4KFjKCtZF8+yRFt6gfSkyyy2lWnaKxX0dN3y47FWcOtErcnJQhR8O3v/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvn5U3RulAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif10t1eONlTCSppoIsFoUpRzpGsyzQgElKNJ8Ygolk5lZERthkoU1iJROCu/zyKmlXK65TcR+uyrV6HkcRTuEMLsCFa6jBPTSgBQQyeIZXeLOerBfr3fpYtBasfOYY/sD6/AE8NJRc</latexit><latexit sha1_base64="0xl0oobMt7WSaz/eRcObjIPAHcY=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCnoRSr14rNAvaEPYbDft0s0m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IOFPacb6twtr6xuZWcbu0s7u3f2AfHrVVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zvZn7nkUrFYtHUk4R6ER4KFjKCtZF8+yRFt6gfSkyyy2lWnaKxX0dN3y47FWcOtErcnJQhR8O3v/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvn5U3RulAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif10t1eONlTCSppoIsFoUpRzpGsyzQgElKNJ8Ygolk5lZERthkoU1iJROCu/zyKmlXK65TcR+uyrV6HkcRTuEMLsCFa6jBPTSgBQQyeIZXeLOerBfr3fpYtBasfOYY/sD6/AE8NJRc</latexit><latexit sha1_base64="0xl0oobMt7WSaz/eRcObjIPAHcY=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCnoRSr14rNAvaEPYbDft0s0m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IOFPacb6twtr6xuZWcbu0s7u3f2AfHrVVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zvZn7nkUrFYtHUk4R6ER4KFjKCtZF8+yRFt6gfSkyyy2lWnaKxX0dN3y47FWcOtErcnJQhR8O3v/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvn5U3RulAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif10t1eONlTCSppoIsFoUpRzpGsyzQgElKNJ8Ygolk5lZERthkoU1iJROCu/zyKmlXK65TcR+uyrV6HkcRTuEMLsCFa6jBPTSgBQQyeIZXeLOerBfr3fpYtBasfOYY/sD6/AE8NJRc</latexit>

We have � =
1

kBT<latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit><latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit><latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit><latexit sha1_base64="DQLS8NEfX2v74sAYQxWlHjx4z0M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXodSLxwr9giaUzXbSLt1swu5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD486Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jczfzuI0jFYtHS0wT8iIwECxkl2kgD+8QLQBN8i71QEpq5eTYZNHArH9hVp+bMgVeJW5AqKtAc2F/eMKZpBEJTTpTqu06i/YxIzSiHvOKlChJCJ2QEfUMFiUD52fyBHJ8bZYjDWJoSGs/V3xMZiZSaRoHpjIgeq2VvJv7n9VMd3vgZE0mqQdDFojDlWMd4lgYeMglU86khhEpmbsV0TEwS2mRWMSG4yy+vks5lzXVq7sNVtd4o4iijU3SGLpCLrlEd3aMmaiOKcvSMXtGb9WS9WO/Wx6K1ZBUzx+gPrM8fZFSVnw==</latexit>

where z  is called the molecular partition function.

Z(�, V,N) =
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⌘ (z)N
<latexit sha1_base64="19+a+EIRm9vfjMBGeSmGN/Rg+GM="></latexit><latexit sha1_base64="19+a+EIRm9vfjMBGeSmGN/Rg+GM="></latexit><latexit sha1_base64="19+a+EIRm9vfjMBGeSmGN/Rg+GM="></latexit><latexit sha1_base64="19+a+EIRm9vfjMBGeSmGN/Rg+GM="></latexit>

z = V
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<latexit sha1_base64="i+8WIi4R9zf3KTKv3xTBuu0ziFI=">AAACHHicbVDJSgNBEO1xjXGLevTSGAS9hJlE0IsQ9OIxglkgE0NPpyZp7FnorhHiMB/ixV/x4kERLx4E/8bOctDEBwWP96qoqufFUmi07W9rYXFpeWU1t5Zf39jc2i7s7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTu7sc+c17UFpE4Q0OY+gErB8KX3CGRuoWKg/0nDaoK8HHI9dXjKdlNxY0yFLXA2SZq0R/gMe3E6+SpeWsWyjaJXsMOk+cKSmSKWrdwqfbi3gSQIhcMq3bjh1jJ2UKBZeQ5d1EQ8z4HetD29CQBaA76fi5jB4apUf9SJkKkY7V3xMpC7QeBp7pDBgO9Kw3Ev/z2gn6Z51UhHGCEPLJIj+RFCM6Sor2hAKOcmgI40qYWykfMJMCmjzzJgRn9uV50iiXHLvkXJ8UqxfTOHJknxyQI+KQU1IlV6RG6oSTR/JMXsmb9WS9WO/Wx6R1wZrO7JE/sL5+ABMioWc=</latexit><latexit sha1_base64="i+8WIi4R9zf3KTKv3xTBuu0ziFI=">AAACHHicbVDJSgNBEO1xjXGLevTSGAS9hJlE0IsQ9OIxglkgE0NPpyZp7FnorhHiMB/ixV/x4kERLx4E/8bOctDEBwWP96qoqufFUmi07W9rYXFpeWU1t5Zf39jc2i7s7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTu7sc+c17UFpE4Q0OY+gErB8KX3CGRuoWKg/0nDaoK8HHI9dXjKdlNxY0yFLXA2SZq0R/gMe3E6+SpeWsWyjaJXsMOk+cKSmSKWrdwqfbi3gSQIhcMq3bjh1jJ2UKBZeQ5d1EQ8z4HetD29CQBaA76fi5jB4apUf9SJkKkY7V3xMpC7QeBp7pDBgO9Kw3Ev/z2gn6Z51UhHGCEPLJIj+RFCM6Sor2hAKOcmgI40qYWykfMJMCmjzzJgRn9uV50iiXHLvkXJ8UqxfTOHJknxyQI+KQU1IlV6RG6oSTR/JMXsmb9WS9WO/Wx6R1wZrO7JE/sL5+ABMioWc=</latexit><latexit sha1_base64="i+8WIi4R9zf3KTKv3xTBuu0ziFI=">AAACHHicbVDJSgNBEO1xjXGLevTSGAS9hJlE0IsQ9OIxglkgE0NPpyZp7FnorhHiMB/ixV/x4kERLx4E/8bOctDEBwWP96qoqufFUmi07W9rYXFpeWU1t5Zf39jc2i7s7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTu7sc+c17UFpE4Q0OY+gErB8KX3CGRuoWKg/0nDaoK8HHI9dXjKdlNxY0yFLXA2SZq0R/gMe3E6+SpeWsWyjaJXsMOk+cKSmSKWrdwqfbi3gSQIhcMq3bjh1jJ2UKBZeQ5d1EQ8z4HetD29CQBaA76fi5jB4apUf9SJkKkY7V3xMpC7QeBp7pDBgO9Kw3Ev/z2gn6Z51UhHGCEPLJIj+RFCM6Sor2hAKOcmgI40qYWykfMJMCmjzzJgRn9uV50iiXHLvkXJ8UqxfTOHJknxyQI+KQU1IlV6RG6oSTR/JMXsmb9WS9WO/Wx6R1wZrO7JE/sL5+ABMioWc=</latexit><latexit sha1_base64="i+8WIi4R9zf3KTKv3xTBuu0ziFI=">AAACHHicbVDJSgNBEO1xjXGLevTSGAS9hJlE0IsQ9OIxglkgE0NPpyZp7FnorhHiMB/ixV/x4kERLx4E/8bOctDEBwWP96qoqufFUmi07W9rYXFpeWU1t5Zf39jc2i7s7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTu7sc+c17UFpE4Q0OY+gErB8KX3CGRuoWKg/0nDaoK8HHI9dXjKdlNxY0yFLXA2SZq0R/gMe3E6+SpeWsWyjaJXsMOk+cKSmSKWrdwqfbi3gSQIhcMq3bjh1jJ2UKBZeQ5d1EQ8z4HetD29CQBaA76fi5jB4apUf9SJkKkY7V3xMpC7QeBp7pDBgO9Kw3Ev/z2gn6Z51UhHGCEPLJIj+RFCM6Sor2hAKOcmgI40qYWykfMJMCmjzzJgRn9uV50iiXHLvkXJ8UqxfTOHJknxyQI+KQU1IlV6RG6oSTR/JMXsmb9WS9WO/Wx6R1wZrO7JE/sL5+ABMioWc=</latexit>

<latexit sha1_base64="tV46CGEHh3Uo/TuWPgsWHD8JD9w="></latexit>

=) u = U/N = �@ ln z
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