
CHM 421/621 
Statistical Mechanics
Lecture 17 Average, Variance and Uncertainty



Introduction and Review
Lecture Plan 

Review of probability theory (ctd.) 
• Probability Distributions - Discrete samples

• Probability Distributions - Continuous samples

• Averages and variances under a distribution

• Uncertainty 



Averages and Variances
Average

Consider a property g(x) that depends on 
the variable (event) x. 


We can compute an average value of g over 
a series of measurements of x as

Or, if we know the probability distribution 
P(x), as 

ḡ =
NX

x

g(x)P (x)
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ḡ =

Z
g(x)f(x) dx
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Or

Discrete Continuous

ḡ =
1

Nexpt

NexptX

i=1

g(xi)
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Thus, the smaller the value of

the fatter the curve 

↵
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Averages and Variances
Average
Consider the following distribution function 
for events

Gaussian or normal distribution 
(Centred)�1  x  +1
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x̄ =

r
↵

⇡

1Z

�1

x exp
�
�↵x2

�
dx
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x̄2 =

r
↵

⇡

1Z

�1

x2 exp
�
�↵x2

�
dx
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= 0
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=
1

2↵
<latexit sha1_base64="sk5ov0XIWdqoULYrrWSE8jDCTQM=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4KkkR9CIUvXisYD+gKWWy3bRLN5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7tlHf39g8O7aNKW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuZ35nUcqFYvFg54mtB/hSLCQEdRGGtiVaz+USDIvz+o+8mSM+cCuujV3DmeVeAWpQoHmwP7yhzFJIyo04ahUz3MT3c9QakY4zct+qmiCZIIj2jNUYERVP5vfnjtnRhk6YSxNCe3M1d8TGUZKTaPAdEaox2rZm4n/eb1Uh1f9jIkk1VSQxaIw5Y6OnVkQzpBJSjSfGoJEMnOrQ8ZostAmrrIJwVt+eZW06zXPrXn3F9XGTRFHCU7gFM7Bg0towB00oQUEnuAZXuHNyq0X6936WLSuWcXMMfyB9fkD0KqUSQ==</latexit><latexit sha1_base64="sk5ov0XIWdqoULYrrWSE8jDCTQM=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4KkkR9CIUvXisYD+gKWWy3bRLN5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7tlHf39g8O7aNKW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuZ35nUcqFYvFg54mtB/hSLCQEdRGGtiVaz+USDIvz+o+8mSM+cCuujV3DmeVeAWpQoHmwP7yhzFJIyo04ahUz3MT3c9QakY4zct+qmiCZIIj2jNUYERVP5vfnjtnRhk6YSxNCe3M1d8TGUZKTaPAdEaox2rZm4n/eb1Uh1f9jIkk1VSQxaIw5Y6OnVkQzpBJSjSfGoJEMnOrQ8ZostAmrrIJwVt+eZW06zXPrXn3F9XGTRFHCU7gFM7Bg0towB00oQUEnuAZXuHNyq0X6936WLSuWcXMMfyB9fkD0KqUSQ==</latexit><latexit sha1_base64="sk5ov0XIWdqoULYrrWSE8jDCTQM=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4KkkR9CIUvXisYD+gKWWy3bRLN5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7tlHf39g8O7aNKW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuZ35nUcqFYvFg54mtB/hSLCQEdRGGtiVaz+USDIvz+o+8mSM+cCuujV3DmeVeAWpQoHmwP7yhzFJIyo04ahUz3MT3c9QakY4zct+qmiCZIIj2jNUYERVP5vfnjtnRhk6YSxNCe3M1d8TGUZKTaPAdEaox2rZm4n/eb1Uh1f9jIkk1VSQxaIw5Y6OnVkQzpBJSjSfGoJEMnOrQ8ZostAmrrIJwVt+eZW06zXPrXn3F9XGTRFHCU7gFM7Bg0towB00oQUEnuAZXuHNyq0X6936WLSuWcXMMfyB9fkD0KqUSQ==</latexit><latexit sha1_base64="sk5ov0XIWdqoULYrrWSE8jDCTQM=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4KkkR9CIUvXisYD+gKWWy3bRLN5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7tlHf39g8O7aNKW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuZ35nUcqFYvFg54mtB/hSLCQEdRGGtiVaz+USDIvz+o+8mSM+cCuujV3DmeVeAWpQoHmwP7yhzFJIyo04ahUz3MT3c9QakY4zct+qmiCZIIj2jNUYERVP5vfnjtnRhk6YSxNCe3M1d8TGUZKTaPAdEaox2rZm4n/eb1Uh1f9jIkk1VSQxaIw5Y6OnVkQzpBJSjSfGoJEMnOrQ8ZostAmrrIJwVt+eZW06zXPrXn3F9XGTRFHCU7gFM7Bg0towB00oQUEnuAZXuHNyq0X6936WLSuWcXMMfyB9fkD0KqUSQ==</latexit>

f(x) =

r
↵

⇡
exp

�
�↵x2

�

<latexit sha1_base64="JelJriRQf3iqGYGU0IVZgXnLDJM="></latexit><latexit sha1_base64="JelJriRQf3iqGYGU0IVZgXnLDJM="></latexit><latexit sha1_base64="JelJriRQf3iqGYGU0IVZgXnLDJM="></latexit><latexit sha1_base64="JelJriRQf3iqGYGU0IVZgXnLDJM="></latexit>



Averages and Variances
Average
Consider the following distribution function 
for events

�1  x  +1
<latexit sha1_base64="Kd3tFIRy/ZtzJ+fXj0yfNhxqCtI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgiCURQZdFNy4r2Ae0oUymk3boZBJnbsRQunDjr7hxoYhbP8Kdf+O0yUJbD1zu4Zx7mbnHjwXX4DjfVmFpeWV1rbhe2tjc2t6xd/eaOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzR1dRv3TOleSRvIY2ZF5KB5AGnBIzUs8snXS4DSHFXsDv8kLXjTOvZFafqzIAXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLwxUcCpYJNSN9EsJnREBqxjqCQh0954dsQEHxqlj4NImZKAZ+rvjTEJtU5D30yGBIZ63puK/3mdBIILb8xlnACTNHsoSASGCE8TwX2uGAWRGkKo4uavmA6JIhRMbiUTgjt/8iJpnlZdp+renFVql3kcRVRGB+gIuegc1dA1qqMGougRPaNX9GY9WS/Wu/WRjRasfGcf/YH1+QNxHZdR</latexit><latexit sha1_base64="Kd3tFIRy/ZtzJ+fXj0yfNhxqCtI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgiCURQZdFNy4r2Ae0oUymk3boZBJnbsRQunDjr7hxoYhbP8Kdf+O0yUJbD1zu4Zx7mbnHjwXX4DjfVmFpeWV1rbhe2tjc2t6xd/eaOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzR1dRv3TOleSRvIY2ZF5KB5AGnBIzUs8snXS4DSHFXsDv8kLXjTOvZFafqzIAXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLwxUcCpYJNSN9EsJnREBqxjqCQh0954dsQEHxqlj4NImZKAZ+rvjTEJtU5D30yGBIZ63puK/3mdBIILb8xlnACTNHsoSASGCE8TwX2uGAWRGkKo4uavmA6JIhRMbiUTgjt/8iJpnlZdp+renFVql3kcRVRGB+gIuegc1dA1qqMGougRPaNX9GY9WS/Wu/WRjRasfGcf/YH1+QNxHZdR</latexit><latexit sha1_base64="Kd3tFIRy/ZtzJ+fXj0yfNhxqCtI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgiCURQZdFNy4r2Ae0oUymk3boZBJnbsRQunDjr7hxoYhbP8Kdf+O0yUJbD1zu4Zx7mbnHjwXX4DjfVmFpeWV1rbhe2tjc2t6xd/eaOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzR1dRv3TOleSRvIY2ZF5KB5AGnBIzUs8snXS4DSHFXsDv8kLXjTOvZFafqzIAXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLwxUcCpYJNSN9EsJnREBqxjqCQh0954dsQEHxqlj4NImZKAZ+rvjTEJtU5D30yGBIZ63puK/3mdBIILb8xlnACTNHsoSASGCE8TwX2uGAWRGkKo4uavmA6JIhRMbiUTgjt/8iJpnlZdp+renFVql3kcRVRGB+gIuegc1dA1qqMGougRPaNX9GY9WS/Wu/WRjRasfGcf/YH1+QNxHZdR</latexit><latexit sha1_base64="Kd3tFIRy/ZtzJ+fXj0yfNhxqCtI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgiCURQZdFNy4r2Ae0oUymk3boZBJnbsRQunDjr7hxoYhbP8Kdf+O0yUJbD1zu4Zx7mbnHjwXX4DjfVmFpeWV1rbhe2tjc2t6xd/eaOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzR1dRv3TOleSRvIY2ZF5KB5AGnBIzUs8snXS4DSHFXsDv8kLXjTOvZFafqzIAXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLwxUcCpYJNSN9EsJnREBqxjqCQh0954dsQEHxqlj4NImZKAZ+rvjTEJtU5D30yGBIZ63puK/3mdBIILb8xlnACTNHsoSASGCE8TwX2uGAWRGkKo4uavmA6JIhRMbiUTgjt/8iJpnlZdp+renFVql3kcRVRGB+gIuegc1dA1qqMGougRPaNX9GY9WS/Wu/WRjRasfGcf/YH1+QNxHZdR</latexit>

f(x) =

r
↵

⇡
exp

�
�↵(x� x0)

2
�

<latexit sha1_base64="xuFjtsGEZoscLmQYZBpa8FZ/sF0="></latexit><latexit sha1_base64="xuFjtsGEZoscLmQYZBpa8FZ/sF0="></latexit><latexit sha1_base64="xuFjtsGEZoscLmQYZBpa8FZ/sF0="></latexit><latexit sha1_base64="xuFjtsGEZoscLmQYZBpa8FZ/sF0="></latexit>

x̄ =

r
↵

⇡

1Z

�1

x exp
�
�↵(x� x0)

2
�
dx

<latexit sha1_base64="OAX/P38wgLbv77MrSKe26TZ3P3E="></latexit><latexit sha1_base64="OAX/P38wgLbv77MrSKe26TZ3P3E="></latexit><latexit sha1_base64="OAX/P38wgLbv77MrSKe26TZ3P3E="></latexit><latexit sha1_base64="OAX/P38wgLbv77MrSKe26TZ3P3E="></latexit>

= x0
<latexit sha1_base64="07HgoqXe0PI4xijJ2Pwb3dK7yu8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3Uz91iPThit5b8cJC2IykDzilFgnNa/QUw+jXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/bvzSu06j6MIR3AMp+DDBdTgFurQAAoP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwA5JY46</latexit><latexit sha1_base64="07HgoqXe0PI4xijJ2Pwb3dK7yu8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3Uz91iPThit5b8cJC2IykDzilFgnNa/QUw+jXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/bvzSu06j6MIR3AMp+DDBdTgFurQAAoP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwA5JY46</latexit><latexit sha1_base64="07HgoqXe0PI4xijJ2Pwb3dK7yu8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3Uz91iPThit5b8cJC2IykDzilFgnNa/QUw+jXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/bvzSu06j6MIR3AMp+DDBdTgFurQAAoP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwA5JY46</latexit><latexit sha1_base64="07HgoqXe0PI4xijJ2Pwb3dK7yu8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3Uz91iPThit5b8cJC2IykDzilFgnNa/QUw+jXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/bvzSu06j6MIR3AMp+DDBdTgFurQAAoP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwA5JY46</latexit>

=
1

2↵
+ x2

0
<latexit sha1_base64="p8w3NA0xPJWtdIXeKIFTPDFROJ0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQkmKoBuh6MZlBfuAJoab6aQdOnkwMxFLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xE86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81h0fJCUs4g2FVOcdhJBIfQ5bfvDq7HfvqdCsji6VaOEuiH0IxYwAkpLnrl/4QQCSGbnWc0Bngwgxyf4wbPuap5ZsarWBHie2AWpoAINz/xyejFJQxopwkHKrm0lys1AKEY4zctOKmkCZAh92tU0gpBKN5v8kOMjrfRwEAtdkcIT9fdEBqGUo9DXnSGogZz1xuJ/XjdVwbmbsShJFY3IdFGQcqxiPA4E95igRPGRJkAE07diMgCdidKxlXUI9uzL86RVq9pW1b45rdQvizhK6AAdomNkozNUR9eogZqIoEf0jF7Rm/FkvBjvxse0dcEoZvbQHxifP0Lqlps=</latexit><latexit sha1_base64="p8w3NA0xPJWtdIXeKIFTPDFROJ0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQkmKoBuh6MZlBfuAJoab6aQdOnkwMxFLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xE86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81h0fJCUs4g2FVOcdhJBIfQ5bfvDq7HfvqdCsji6VaOEuiH0IxYwAkpLnrl/4QQCSGbnWc0Bngwgxyf4wbPuap5ZsarWBHie2AWpoAINz/xyejFJQxopwkHKrm0lys1AKEY4zctOKmkCZAh92tU0gpBKN5v8kOMjrfRwEAtdkcIT9fdEBqGUo9DXnSGogZz1xuJ/XjdVwbmbsShJFY3IdFGQcqxiPA4E95igRPGRJkAE07diMgCdidKxlXUI9uzL86RVq9pW1b45rdQvizhK6AAdomNkozNUR9eogZqIoEf0jF7Rm/FkvBjvxse0dcEoZvbQHxifP0Lqlps=</latexit><latexit sha1_base64="p8w3NA0xPJWtdIXeKIFTPDFROJ0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQkmKoBuh6MZlBfuAJoab6aQdOnkwMxFLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xE86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81h0fJCUs4g2FVOcdhJBIfQ5bfvDq7HfvqdCsji6VaOEuiH0IxYwAkpLnrl/4QQCSGbnWc0Bngwgxyf4wbPuap5ZsarWBHie2AWpoAINz/xyejFJQxopwkHKrm0lys1AKEY4zctOKmkCZAh92tU0gpBKN5v8kOMjrfRwEAtdkcIT9fdEBqGUo9DXnSGogZz1xuJ/XjdVwbmbsShJFY3IdFGQcqxiPA4E95igRPGRJkAE07diMgCdidKxlXUI9uzL86RVq9pW1b45rdQvizhK6AAdomNkozNUR9eogZqIoEf0jF7Rm/FkvBjvxse0dcEoZvbQHxifP0Lqlps=</latexit><latexit sha1_base64="p8w3NA0xPJWtdIXeKIFTPDFROJ0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQkmKoBuh6MZlBfuAJoab6aQdOnkwMxFLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+/xE86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81h0fJCUs4g2FVOcdhJBIfQ5bfvDq7HfvqdCsji6VaOEuiH0IxYwAkpLnrl/4QQCSGbnWc0Bngwgxyf4wbPuap5ZsarWBHie2AWpoAINz/xyejFJQxopwkHKrm0lys1AKEY4zctOKmkCZAh92tU0gpBKN5v8kOMjrfRwEAtdkcIT9fdEBqGUo9DXnSGogZz1xuJ/XjdVwbmbsShJFY3IdFGQcqxiPA4E95igRPGRJkAE07diMgCdidKxlXUI9uzL86RVq9pW1b45rdQvizhK6AAdomNkozNUR9eogZqIoEf0jF7Rm/FkvBjvxse0dcEoZvbQHxifP0Lqlps=</latexit>

x2 � x̄2 =
1

2↵
<latexit sha1_base64="0CxAoEXyLLvOkY+s2E/1W0a0YI4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0mKoBuh6MZlBfuApi0300k7dPJgZiItIX/hxl9x40IRt7rzb5y0WWjrgYHDOfdw5x434kwqy/o2Ciura+sbxc3S1vbO7p65f9CUYSwIbZCQh6LtgqScBbShmOK0HQkKvstpyx3fZH7rgQrJwuBeTSPa9WEYMI8RUFrqmxUn1HaWTia9aorPsOOCSCZpr4qvsOMJIImdJlUHeDSCtG+WrYo1A14mdk7KKEe9b345g5DEPg0U4SBlx7Yi1U1AKEY4TUtOLGkEZAxD2tE0AJ/KbjK7K8UnWhlgLxT6BQrP1N+JBHwpp76rJ31QI7noZeJ/XidW3mU3YUEUKxqQ+SIv5liFOCsJD5igRPGpJkAE03/FZAS6C6WrLOkS7MWTl0mzWrGtin13Xq5d53UU0RE6RqfIRheohm5RHTUQQY/oGb2iN+PJeDHejY/5aMHIM4foD4zPH09in18=</latexit><latexit sha1_base64="0CxAoEXyLLvOkY+s2E/1W0a0YI4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0mKoBuh6MZlBfuApi0300k7dPJgZiItIX/hxl9x40IRt7rzb5y0WWjrgYHDOfdw5x434kwqy/o2Ciura+sbxc3S1vbO7p65f9CUYSwIbZCQh6LtgqScBbShmOK0HQkKvstpyx3fZH7rgQrJwuBeTSPa9WEYMI8RUFrqmxUn1HaWTia9aorPsOOCSCZpr4qvsOMJIImdJlUHeDSCtG+WrYo1A14mdk7KKEe9b345g5DEPg0U4SBlx7Yi1U1AKEY4TUtOLGkEZAxD2tE0AJ/KbjK7K8UnWhlgLxT6BQrP1N+JBHwpp76rJ31QI7noZeJ/XidW3mU3YUEUKxqQ+SIv5liFOCsJD5igRPGpJkAE03/FZAS6C6WrLOkS7MWTl0mzWrGtin13Xq5d53UU0RE6RqfIRheohm5RHTUQQY/oGb2iN+PJeDHejY/5aMHIM4foD4zPH09in18=</latexit><latexit sha1_base64="0CxAoEXyLLvOkY+s2E/1W0a0YI4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0mKoBuh6MZlBfuApi0300k7dPJgZiItIX/hxl9x40IRt7rzb5y0WWjrgYHDOfdw5x434kwqy/o2Ciura+sbxc3S1vbO7p65f9CUYSwIbZCQh6LtgqScBbShmOK0HQkKvstpyx3fZH7rgQrJwuBeTSPa9WEYMI8RUFrqmxUn1HaWTia9aorPsOOCSCZpr4qvsOMJIImdJlUHeDSCtG+WrYo1A14mdk7KKEe9b345g5DEPg0U4SBlx7Yi1U1AKEY4TUtOLGkEZAxD2tE0AJ/KbjK7K8UnWhlgLxT6BQrP1N+JBHwpp76rJ31QI7noZeJ/XidW3mU3YUEUKxqQ+SIv5liFOCsJD5igRPGpJkAE03/FZAS6C6WrLOkS7MWTl0mzWrGtin13Xq5d53UU0RE6RqfIRheohm5RHTUQQY/oGb2iN+PJeDHejY/5aMHIM4foD4zPH09in18=</latexit><latexit sha1_base64="0CxAoEXyLLvOkY+s2E/1W0a0YI4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0mKoBuh6MZlBfuApi0300k7dPJgZiItIX/hxl9x40IRt7rzb5y0WWjrgYHDOfdw5x434kwqy/o2Ciura+sbxc3S1vbO7p65f9CUYSwIbZCQh6LtgqScBbShmOK0HQkKvstpyx3fZH7rgQrJwuBeTSPa9WEYMI8RUFrqmxUn1HaWTia9aorPsOOCSCZpr4qvsOMJIImdJlUHeDSCtG+WrYo1A14mdk7KKEe9b345g5DEPg0U4SBlx7Yi1U1AKEY4TUtOLGkEZAxD2tE0AJ/KbjK7K8UnWhlgLxT6BQrP1N+JBHwpp76rJ31QI7noZeJ/XidW3mU3YUEUKxqQ+SIv5liFOCsJD5igRPGpJkAE03/FZAS6C6WrLOkS7MWTl0mzWrGtin13Xq5d53UU0RE6RqfIRheohm5RHTUQQY/oGb2iN+PJeDHejY/5aMHIM4foD4zPH09in18=</latexit>

However, note that

x2 =

r
↵

⇡

1Z

�1

x2 exp
�
�↵(x� x0)

2
�
dx

<latexit sha1_base64="uaY52OGkq8wI943vM65/MjrxRX4="></latexit><latexit sha1_base64="uaY52OGkq8wI943vM65/MjrxRX4="></latexit><latexit sha1_base64="uaY52OGkq8wI943vM65/MjrxRX4="></latexit><latexit sha1_base64="uaY52OGkq8wI943vM65/MjrxRX4="></latexit>

Gaussian distribution 

(Off-centred / displaced)



Averages and Variances
Variance
Averages are not always the only important property to be extracted from a 
distribution.


We might also want to know how much the result of a particular 
experiment would differ from the expected average.


We can use the variance for this

Or, if we know the probability distribution P(x), as 

Or

Discrete Continuous

� x2 =
NX

x

(x� x̄)2 P (x)
<latexit sha1_base64="fGQkXVLb1jxSQd3/JAle26lgklU="></latexit><latexit sha1_base64="fGQkXVLb1jxSQd3/JAle26lgklU="></latexit><latexit sha1_base64="fGQkXVLb1jxSQd3/JAle26lgklU="></latexit><latexit sha1_base64="fGQkXVLb1jxSQd3/JAle26lgklU="></latexit>

� x2 =

Z
(x� x̄)2f(x) dx

<latexit sha1_base64="RCUKwh/GOnYO0Lb/V8Z1GSHydYk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsF5akCLoRirpwWcE+oIllMpm0QycPZiaSEto/cOOvuHGhiFuX7vwbp20W2nrgwuGce7n3HidiVEjD+NZyS8srq2v59cLG5tb2jr671xRhzDFp4JCFvO0gQRgNSENSyUg74gT5DiMtZ3A18VsPhAsaBndyGBHbR72AehQjqaSufmxdEybROLmvwgto0UDCUnJiOYinyaisRK+UlMdu0tWLRsWYAi4SMyNFkKHe1b8sN8SxTwKJGRKiYxqRtFPEJcWMjApWLEiE8AD1SEfRAPlE2On0oRE8UooLvZCrUhdN1d8TKfKFGPqO6vSR7It5byL+53Vi6Z3bKQ2iWJIAzxZ5MYMyhJN0oEs5wZINFUGYU3UrxH3EEZYqw4IKwZx/eZE0qxXTqJi3p8XaZRZHHhyAQ1ACJjgDNXAD6qABMHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AE9h5tx</latexit><latexit sha1_base64="RCUKwh/GOnYO0Lb/V8Z1GSHydYk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsF5akCLoRirpwWcE+oIllMpm0QycPZiaSEto/cOOvuHGhiFuX7vwbp20W2nrgwuGce7n3HidiVEjD+NZyS8srq2v59cLG5tb2jr671xRhzDFp4JCFvO0gQRgNSENSyUg74gT5DiMtZ3A18VsPhAsaBndyGBHbR72AehQjqaSufmxdEybROLmvwgto0UDCUnJiOYinyaisRK+UlMdu0tWLRsWYAi4SMyNFkKHe1b8sN8SxTwKJGRKiYxqRtFPEJcWMjApWLEiE8AD1SEfRAPlE2On0oRE8UooLvZCrUhdN1d8TKfKFGPqO6vSR7It5byL+53Vi6Z3bKQ2iWJIAzxZ5MYMyhJN0oEs5wZINFUGYU3UrxH3EEZYqw4IKwZx/eZE0qxXTqJi3p8XaZRZHHhyAQ1ACJjgDNXAD6qABMHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AE9h5tx</latexit><latexit sha1_base64="RCUKwh/GOnYO0Lb/V8Z1GSHydYk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsF5akCLoRirpwWcE+oIllMpm0QycPZiaSEto/cOOvuHGhiFuX7vwbp20W2nrgwuGce7n3HidiVEjD+NZyS8srq2v59cLG5tb2jr671xRhzDFp4JCFvO0gQRgNSENSyUg74gT5DiMtZ3A18VsPhAsaBndyGBHbR72AehQjqaSufmxdEybROLmvwgto0UDCUnJiOYinyaisRK+UlMdu0tWLRsWYAi4SMyNFkKHe1b8sN8SxTwKJGRKiYxqRtFPEJcWMjApWLEiE8AD1SEfRAPlE2On0oRE8UooLvZCrUhdN1d8TKfKFGPqO6vSR7It5byL+53Vi6Z3bKQ2iWJIAzxZ5MYMyhJN0oEs5wZINFUGYU3UrxH3EEZYqw4IKwZx/eZE0qxXTqJi3p8XaZRZHHhyAQ1ACJjgDNXAD6qABMHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AE9h5tx</latexit><latexit sha1_base64="RCUKwh/GOnYO0Lb/V8Z1GSHydYk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsF5akCLoRirpwWcE+oIllMpm0QycPZiaSEto/cOOvuHGhiFuX7vwbp20W2nrgwuGce7n3HidiVEjD+NZyS8srq2v59cLG5tb2jr671xRhzDFp4JCFvO0gQRgNSENSyUg74gT5DiMtZ3A18VsPhAsaBndyGBHbR72AehQjqaSufmxdEybROLmvwgto0UDCUnJiOYinyaisRK+UlMdu0tWLRsWYAi4SMyNFkKHe1b8sN8SxTwKJGRKiYxqRtFPEJcWMjApWLEiE8AD1SEfRAPlE2On0oRE8UooLvZCrUhdN1d8TKfKFGPqO6vSR7It5byL+53Vi6Z3bKQ2iWJIAzxZ5MYMyhJN0oEs5wZINFUGYU3UrxH3EEZYqw4IKwZx/eZE0qxXTqJi3p8XaZRZHHhyAQ1ACJjgDNXAD6qABMHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AE9h5tx</latexit>

Why not


? 
(x� x̄)

<latexit sha1_base64="qHGbMhMn2grRYuiYQiv6Ru3aX2c=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyI4Iui25cVrAP6Awlk2ba0EwyJBlpGWfhr7hxoYhbf8Odf2OmnYVWDwQO59zDvTlBzKjSjvNllZaWV1bXyuuVjc2t7R17d6+tRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4yvc79zT6Sigt/paUz8CA05DSlG2kh9+8ATxs7TaW1y6gVIppPsJOvbVafuzAD/ErcgVVCg2bc/vYHASUS4xgwp1XOdWPspkppiRrKKlygSIzxGQ9IzlKOIKD+d3Z/BY6MMYCikeVzDmfozkaJIqWkUmMkI6ZFa9HLxP6+X6PDSTymPE004ni8KEwa1gHkZcEAlwZpNDUFYUnMrxCMkEdamsoopwV388l/SPqu7Tt29Pa82roo6yuAQHIEacMEFaIAb0AQtgMEDeAIv4NV6tJ6tN+t9Plqyisw++AXr4xs3cpY2</latexit><latexit sha1_base64="qHGbMhMn2grRYuiYQiv6Ru3aX2c=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyI4Iui25cVrAP6Awlk2ba0EwyJBlpGWfhr7hxoYhbf8Odf2OmnYVWDwQO59zDvTlBzKjSjvNllZaWV1bXyuuVjc2t7R17d6+tRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4yvc79zT6Sigt/paUz8CA05DSlG2kh9+8ATxs7TaW1y6gVIppPsJOvbVafuzAD/ErcgVVCg2bc/vYHASUS4xgwp1XOdWPspkppiRrKKlygSIzxGQ9IzlKOIKD+d3Z/BY6MMYCikeVzDmfozkaJIqWkUmMkI6ZFa9HLxP6+X6PDSTymPE004ni8KEwa1gHkZcEAlwZpNDUFYUnMrxCMkEdamsoopwV388l/SPqu7Tt29Pa82roo6yuAQHIEacMEFaIAb0AQtgMEDeAIv4NV6tJ6tN+t9Plqyisw++AXr4xs3cpY2</latexit><latexit sha1_base64="qHGbMhMn2grRYuiYQiv6Ru3aX2c=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyI4Iui25cVrAP6Awlk2ba0EwyJBlpGWfhr7hxoYhbf8Odf2OmnYVWDwQO59zDvTlBzKjSjvNllZaWV1bXyuuVjc2t7R17d6+tRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4yvc79zT6Sigt/paUz8CA05DSlG2kh9+8ATxs7TaW1y6gVIppPsJOvbVafuzAD/ErcgVVCg2bc/vYHASUS4xgwp1XOdWPspkppiRrKKlygSIzxGQ9IzlKOIKD+d3Z/BY6MMYCikeVzDmfozkaJIqWkUmMkI6ZFa9HLxP6+X6PDSTymPE004ni8KEwa1gHkZcEAlwZpNDUFYUnMrxCMkEdamsoopwV388l/SPqu7Tt29Pa82roo6yuAQHIEacMEFaIAb0AQtgMEDeAIv4NV6tJ6tN+t9Plqyisw++AXr4xs3cpY2</latexit><latexit sha1_base64="qHGbMhMn2grRYuiYQiv6Ru3aX2c=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyI4Iui25cVrAP6Awlk2ba0EwyJBlpGWfhr7hxoYhbf8Odf2OmnYVWDwQO59zDvTlBzKjSjvNllZaWV1bXyuuVjc2t7R17d6+tRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4yvc79zT6Sigt/paUz8CA05DSlG2kh9+8ATxs7TaW1y6gVIppPsJOvbVafuzAD/ErcgVVCg2bc/vYHASUS4xgwp1XOdWPspkppiRrKKlygSIzxGQ9IzlKOIKD+d3Z/BY6MMYCikeVzDmfozkaJIqWkUmMkI6ZFa9HLxP6+X6PDSTymPE004ni8KEwa1gHkZcEAlwZpNDUFYUnMrxCMkEdamsoopwV388l/SPqu7Tt29Pa82roo6yuAQHIEacMEFaIAb0AQtgMEDeAIv4NV6tJ6tN+t9Plqyisw++AXr4xs3cpY2</latexit>� x2 =
1

Nexpt

NexptX

i=1

(xi � x̄)2

<latexit sha1_base64="TazU9GnKdm6M+A56dllOHXg0aJ0="></latexit><latexit sha1_base64="TazU9GnKdm6M+A56dllOHXg0aJ0="></latexit><latexit sha1_base64="TazU9GnKdm6M+A56dllOHXg0aJ0="></latexit><latexit sha1_base64="TazU9GnKdm6M+A56dllOHXg0aJ0="></latexit>



Averages and Variances
Variance

Note that

Square root of variance is called the standard deviation

var(x) = � x2 =
NX

x

(x� x̄)2 P (x) = x2 � x̄2

<latexit sha1_base64="lWSPeypsSIajuzQ/Q6xnXulAu7o="></latexit><latexit sha1_base64="lWSPeypsSIajuzQ/Q6xnXulAu7o="></latexit><latexit sha1_base64="lWSPeypsSIajuzQ/Q6xnXulAu7o="></latexit><latexit sha1_base64="lWSPeypsSIajuzQ/Q6xnXulAu7o="></latexit>

�(x) =
p

var(x)
<latexit sha1_base64="FFaLYzaIiSuitHmJp9Szqbei/po=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EohuXFewDmlAm00k7dGYSZybFErJ046+4caGIWz/BnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw+uJ3xoRqWgk7vQ4Jj5HfUFDipE2Utc+9BTtc1R5OIGX0FP3UqepJzkcIWm0LOvaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nj2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQV2KOSYM3GhiAsqbkV4gGSCGuTXcmE4M6/vEiap1XXqbq3Z+XaVR5HERyAI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AGjxZkX</latexit><latexit sha1_base64="FFaLYzaIiSuitHmJp9Szqbei/po=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EohuXFewDmlAm00k7dGYSZybFErJ046+4caGIWz/BnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw+uJ3xoRqWgk7vQ4Jj5HfUFDipE2Utc+9BTtc1R5OIGX0FP3UqepJzkcIWm0LOvaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nj2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQV2KOSYM3GhiAsqbkV4gGSCGuTXcmE4M6/vEiap1XXqbq3Z+XaVR5HERyAI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AGjxZkX</latexit><latexit sha1_base64="FFaLYzaIiSuitHmJp9Szqbei/po=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EohuXFewDmlAm00k7dGYSZybFErJ046+4caGIWz/BnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw+uJ3xoRqWgk7vQ4Jj5HfUFDipE2Utc+9BTtc1R5OIGX0FP3UqepJzkcIWm0LOvaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nj2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQV2KOSYM3GhiAsqbkV4gGSCGuTXcmE4M6/vEiap1XXqbq3Z+XaVR5HERyAI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AGjxZkX</latexit><latexit sha1_base64="FFaLYzaIiSuitHmJp9Szqbei/po=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoigm6EohuXFewDmlAm00k7dGYSZybFErJ046+4caGIWz/BnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw+uJ3xoRqWgk7vQ4Jj5HfUFDipE2Utc+9BTtc1R5OIGX0FP3UqepJzkcIWm0LOvaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nj2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQV2KOSYM3GhiAsqbkV4gGSCGuTXcmE4M6/vEiap1XXqbq3Z+XaVR5HERyAI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AGjxZkX</latexit>

What is the standard deviation in the results in the case of rolling a single 
die?

Answer:
<latexit sha1_base64="DW1o+ncBAiobT1qunxn94PgLEGE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aR+HotePFawH9CEstlu2qWbTdydCCX0b3jxoIhX/4w3/43bNgdtfTDweG+GmXlBIrhGx/m2lpZXVtfWCxvFza3tnd3S3n5Tx6mirEFjEat2QDQTXLIGchSsnShGokCwVjC8nfitJ6Y0j+UDjhLmR6QvecgpQSN5nn5UmJ1dnLrVcbdUdirOFPYicXNShhz1bunL68U0jZhEKojWHddJ0M+IQk4FGxe9VLOE0CHps46hkkRM+9n05rF9bJSeHcbKlER7qv6eyEik9SgKTGdEcKDnvYn4n9dJMbz2My6TFJmks0VhKmyM7UkAdo8rRlGMDCFUcXOrTQdEEYompqIJwZ1/eZE0qxX3suLen5drN3kcBTiEIzgBF66gBndQhwZQSOAZXuHNSq0X6936mLUuWfnMAfyB9fkDFmCREA==</latexit>p
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Averages and Variances
Normalised average value
The value of std. deviation helps in understanding the meaningfulness of 
an average and the spread of a distribution. 


To quantify this we can define a normalised average value of x:

nav(x) =
x̄

�(x)
<latexit sha1_base64="Dx6uFM3oldKYMLQXS8l4lEEs5Qg=">AAACEXicbVC7SgNBFJ31GeMramkzGITYhF0RtBGCNpYRzAOyIdydzCZDZmaXmdmQsOwv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r0niDnTxnW/nZXVtfWNzdxWfntnd2+/cHBY11GiCK2RiEeqGYCmnElaM8xw2owVBRFw2ggGtxO/MaRKs0g+mHFM2wJ6koWMgLFSp1BKfSWwhGFWGp3ha+yHCkjqB6DSUZalvmY9AdbKOoWiW3anwMvEm5MimqPaKXz53YgkgkpDOGjd8tzYtFNQhhFOs7yfaBoDGUCPtiyVIKhup9OPMnxqlS4OI2VLGjxVf0+kILQei8B2CjB9vehNxP+8VmLCq3bKZJwYKslsUZhwbCI8iQd3maLE8LElQBSzt2LSB5uJsSHmbQje4svLpH5e9tyyd39RrNzM48ihY3SCSshDl6iC7lAV1RBBj+gZvaI358l5cd6dj1nrijOfOUJ/4Hz+ACYonTg=</latexit><latexit sha1_base64="Dx6uFM3oldKYMLQXS8l4lEEs5Qg=">AAACEXicbVC7SgNBFJ31GeMramkzGITYhF0RtBGCNpYRzAOyIdydzCZDZmaXmdmQsOwv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r0niDnTxnW/nZXVtfWNzdxWfntnd2+/cHBY11GiCK2RiEeqGYCmnElaM8xw2owVBRFw2ggGtxO/MaRKs0g+mHFM2wJ6koWMgLFSp1BKfSWwhGFWGp3ha+yHCkjqB6DSUZalvmY9AdbKOoWiW3anwMvEm5MimqPaKXz53YgkgkpDOGjd8tzYtFNQhhFOs7yfaBoDGUCPtiyVIKhup9OPMnxqlS4OI2VLGjxVf0+kILQei8B2CjB9vehNxP+8VmLCq3bKZJwYKslsUZhwbCI8iQd3maLE8LElQBSzt2LSB5uJsSHmbQje4svLpH5e9tyyd39RrNzM48ihY3SCSshDl6iC7lAV1RBBj+gZvaI358l5cd6dj1nrijOfOUJ/4Hz+ACYonTg=</latexit><latexit sha1_base64="Dx6uFM3oldKYMLQXS8l4lEEs5Qg=">AAACEXicbVC7SgNBFJ31GeMramkzGITYhF0RtBGCNpYRzAOyIdydzCZDZmaXmdmQsOwv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r0niDnTxnW/nZXVtfWNzdxWfntnd2+/cHBY11GiCK2RiEeqGYCmnElaM8xw2owVBRFw2ggGtxO/MaRKs0g+mHFM2wJ6koWMgLFSp1BKfSWwhGFWGp3ha+yHCkjqB6DSUZalvmY9AdbKOoWiW3anwMvEm5MimqPaKXz53YgkgkpDOGjd8tzYtFNQhhFOs7yfaBoDGUCPtiyVIKhup9OPMnxqlS4OI2VLGjxVf0+kILQei8B2CjB9vehNxP+8VmLCq3bKZJwYKslsUZhwbCI8iQd3maLE8LElQBSzt2LSB5uJsSHmbQje4svLpH5e9tyyd39RrNzM48ihY3SCSshDl6iC7lAV1RBBj+gZvaI358l5cd6dj1nrijOfOUJ/4Hz+ACYonTg=</latexit><latexit sha1_base64="Dx6uFM3oldKYMLQXS8l4lEEs5Qg=">AAACEXicbVC7SgNBFJ31GeMramkzGITYhF0RtBGCNpYRzAOyIdydzCZDZmaXmdmQsOwv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r0niDnTxnW/nZXVtfWNzdxWfntnd2+/cHBY11GiCK2RiEeqGYCmnElaM8xw2owVBRFw2ggGtxO/MaRKs0g+mHFM2wJ6koWMgLFSp1BKfSWwhGFWGp3ha+yHCkjqB6DSUZalvmY9AdbKOoWiW3anwMvEm5MimqPaKXz53YgkgkpDOGjd8tzYtFNQhhFOs7yfaBoDGUCPtiyVIKhup9OPMnxqlS4OI2VLGjxVf0+kILQei8B2CjB9vehNxP+8VmLCq3bKZJwYKslsUZhwbCI8iQd3maLE8LElQBSzt2LSB5uJsSHmbQje4svLpH5e9tyyd39RrNzM48ihY3SCSshDl6iC7lAV1RBBj+gZvaI358l5cd6dj1nrijOfOUJ/4Hz+ACYonTg=</latexit>
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If then the average has no significance

If then the average is significant and the 

deviations from average are quite small

Most probable value
✓
@f(x)

@x

◆

xm

= 0
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is called the mode of the distribution



Uncertainty
Motivation

Rolling a true die vs. biased die

Case I. All numbers equally likely Pi = 1/6         (Most uncertain)

Now consider rolling two dice, one true and one biased as in case III above.

Case II. Pi = 1/8 (i=1,5) and P6=3/8                    (Lesser uncertainty than I)
Case III. Pi = 0 (i=1,5) and P6=1                         (Least uncertainty)
Case IV. Pi = 1/8 (i=1,2,4,5,6) and P3=3/8          (Same as II)

The uncertainty in this case is the same as the case I. This can also be thought of as a 
sum of the individual uncertainties.


In the general case, the total uncertainty is at least that of either case. So the additivity of 
uncertainties of independent experiments is an appealing property to require.



Uncertainty
Desirable Properties

1. The uncertainty of an experiment consisting of two independent 
experiments should be a sum their individual uncertainties.


2. The uncertainty should depend on probabilities of all events.

3. The uncertainty should depend on the probabilities in a symmetric 

fashion.

4. The least uncertainty should occur when all but one event have 

probability 0. The maximum uncertainty should occur when all events 
have equal probability.

H(P1, P2, · · · , PN ) = �
NX

i=1

Pi ln(Pi)
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Discrete

ContinuousH[f ] = �
Z

f(x) ln(f(x)) dx
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Uncertainty and information
A discrete example

Rolling a die assuming to be true:             

Suppose that before the die was rolled you received information that the 
die is biased towards 6 with P6 = 3/8 (as in Case II). 


The uncertainty is then

H = 5⇥ 1

8
⇥ ln(8) +

3

8
⇥ (ln(8)� ln(3)) = 1.67
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H = 6⇥ 1

6
⇥ ln(6) = ln(6) = 1.79
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The uncertainty reduces because of the new information obtained about 
the game.


We can say that you received 0.12 units of information.



Uncertainty and information
A continuous example

A particle is initially confined along a line

If we know nothing about the location then it is safe to assume all positions 
are equally likely. Which implies,

0  x  2
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0

f(x) dx = 1
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If f(x) is the distribution function of the particle, then

f(x) =
1

2
<latexit sha1_base64="IS6QL5/qinkO1RnAo3GLuXKGDhc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil48VrAf0Iay2W7apZtN2N1IS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/Zxua2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3I39ztPVCoWiUc9i6kX4pFgASNYG2lgl4Pq9ALdoH4gMUndLK1nA7vi1JwF0Dpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKSxe3Z+jcKEMURNKU0Gih/p5IcajULPRNZ4j1WK16c/E/r5fo4NpLmYgTTQVZLgoSjnSE5kGgIZOUaD4zBBPJzK2IjLFJQZu4SiYEd/XlddKu11yn5j5cVhq3eRxFOIUzqIILV9CAe2hCCwhM4Rle4c3KrBfr3fpYthasfOYE/sD6/AFVmJNW</latexit><latexit sha1_base64="IS6QL5/qinkO1RnAo3GLuXKGDhc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil48VrAf0Iay2W7apZtN2N1IS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/Zxua2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3I39ztPVCoWiUc9i6kX4pFgASNYG2lgl4Pq9ALdoH4gMUndLK1nA7vi1JwF0Dpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKSxe3Z+jcKEMURNKU0Gih/p5IcajULPRNZ4j1WK16c/E/r5fo4NpLmYgTTQVZLgoSjnSE5kGgIZOUaD4zBBPJzK2IjLFJQZu4SiYEd/XlddKu11yn5j5cVhq3eRxFOIUzqIILV9CAe2hCCwhM4Rle4c3KrBfr3fpYthasfOYE/sD6/AFVmJNW</latexit><latexit sha1_base64="IS6QL5/qinkO1RnAo3GLuXKGDhc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil48VrAf0Iay2W7apZtN2N1IS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/Zxua2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3I39ztPVCoWiUc9i6kX4pFgASNYG2lgl4Pq9ALdoH4gMUndLK1nA7vi1JwF0Dpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKSxe3Z+jcKEMURNKU0Gih/p5IcajULPRNZ4j1WK16c/E/r5fo4NpLmYgTTQVZLgoSjnSE5kGgIZOUaD4zBBPJzK2IjLFJQZu4SiYEd/XlddKu11yn5j5cVhq3eRxFOIUzqIILV9CAe2hCCwhM4Rle4c3KrBfr3fpYthasfOYE/sD6/AFVmJNW</latexit><latexit sha1_base64="IS6QL5/qinkO1RnAo3GLuXKGDhc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil48VrAf0Iay2W7apZtN2N1IS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/Zxua2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3I39ztPVCoWiUc9i6kX4pFgASNYG2lgl4Pq9ALdoH4gMUndLK1nA7vi1JwF0Dpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKSxe3Z+jcKEMURNKU0Gih/p5IcajULPRNZ4j1WK16c/E/r5fo4NpLmYgTTQVZLgoSjnSE5kGgIZOUaD4zBBPJzK2IjLFJQZu4SiYEd/XlddKu11yn5j5cVhq3eRxFOIUzqIILV9CAe2hCCwhM4Rle4c3KrBfr3fpYthasfOYE/sD6/AFVmJNW</latexit>

So the uncertainty is

H[f ] = ln(2)
<latexit sha1_base64="vCv+CnihsQnouRMdgaP0lTox4uE=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil56rGA/oA1ls920SzebsLsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/ZxuaOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3o397uPVCoWiQc9i6kX4rFgASNYG2lol5v9wEM3KB3IEHGRVesXQ7vi1JwF0Dpxc1KBHK2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhokisaYTPGY9g0VOKTKSxe3Z+jcKCMURNKU0Gih/p5IcajULPRNZ4j1RK16c/E/r5/o4NpLmYgTTQVZLgoSjnSE5kGgEZOUaD4zBBPJzK2ITLDERJu4SiYEd/XlddKp11yn5t5fVhq3eRxFOIUzqIILV9CAJrSgDQSe4Ble4c3KrBfr3fpYthasfOYE/sD6/AHAlpLy</latexit><latexit sha1_base64="vCv+CnihsQnouRMdgaP0lTox4uE=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil56rGA/oA1ls920SzebsLsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/ZxuaOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3o397uPVCoWiQc9i6kX4rFgASNYG2lol5v9wEM3KB3IEHGRVesXQ7vi1JwF0Dpxc1KBHK2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhokisaYTPGY9g0VOKTKSxe3Z+jcKCMURNKU0Gih/p5IcajULPRNZ4j1RK16c/E/r5/o4NpLmYgTTQVZLgoSjnSE5kGgEZOUaD4zBBPJzK2ITLDERJu4SiYEd/XlddKp11yn5t5fVhq3eRxFOIUzqIILV9CAJrSgDQSe4Ble4c3KrBfr3fpYthasfOYE/sD6/AHAlpLy</latexit><latexit sha1_base64="vCv+CnihsQnouRMdgaP0lTox4uE=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil56rGA/oA1ls920SzebsLsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/ZxuaOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3o397uPVCoWiQc9i6kX4rFgASNYG2lol5v9wEM3KB3IEHGRVesXQ7vi1JwF0Dpxc1KBHK2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhokisaYTPGY9g0VOKTKSxe3Z+jcKCMURNKU0Gih/p5IcajULPRNZ4j1RK16c/E/r5/o4NpLmYgTTQVZLgoSjnSE5kGgEZOUaD4zBBPJzK2ITLDERJu4SiYEd/XlddKp11yn5t5fVhq3eRxFOIUzqIILV9CAJrSgDQSe4Ble4c3KrBfr3fpYthasfOYE/sD6/AHAlpLy</latexit><latexit sha1_base64="vCv+CnihsQnouRMdgaP0lTox4uE=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZSkCHoRil56rGA/oA1ls920SzebsLsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/ZxuaOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3o397uPVCoWiQc9i6kX4rFgASNYG2lol5v9wEM3KB3IEHGRVesXQ7vi1JwF0Dpxc1KBHK2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhokisaYTPGY9g0VOKTKSxe3Z+jcKCMURNKU0Gih/p5IcajULPRNZ4j1RK16c/E/r5/o4NpLmYgTTQVZLgoSjnSE5kGgEZOUaD4zBBPJzK2ITLDERJu4SiYEd/XlddKp11yn5t5fVhq3eRxFOIUzqIILV9CAJrSgDQSe4Ble4c3KrBfr3fpYthasfOYE/sD6/AHAlpLy</latexit>



Uncertainty and information
A continuous example

If the confinement is relaxed a bit to

Then, by the same calculation, the uncertainty becomes

0  x  5
<latexit sha1_base64="tQrRY5eM/2tl7KcHFfIfR2NE954=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuKHoMevEYwTwgWcLspDcZMvtwZlaMS77EiwdFvPop3vwbJ8keNLGg6aKqm+kpPxFcacf5tgorq2vrG8XN0tb2zm7Z3ttvqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7oeuq3HlAqHkd3epygF9JBxAPOqDZSzy47pCvwnjzO23nPrjhVZwayTNycVCBHvWd/dfsxS0OMNBNUqY7rJNrLqNScCZyUuqnChLIRHWDH0IiGqLxsdviEHBulT4JYmoo0mam/NzIaKjUOfTMZUj1Ui95U/M/rpDq49DIeJanGiM0fClJBdEymKZA+l8i0GBtCmeTmVsKGVFKmTVYlE4K7+OVl0jytuk7VvT2r1K7yOIpwCEdwAi5cQA1uoA4NYJDCM7zCm/VkvVjv1sd8tGDlOwfwB9bnD8V7kdo=</latexit><latexit sha1_base64="tQrRY5eM/2tl7KcHFfIfR2NE954=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuKHoMevEYwTwgWcLspDcZMvtwZlaMS77EiwdFvPop3vwbJ8keNLGg6aKqm+kpPxFcacf5tgorq2vrG8XN0tb2zm7Z3ttvqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7oeuq3HlAqHkd3epygF9JBxAPOqDZSzy47pCvwnjzO23nPrjhVZwayTNycVCBHvWd/dfsxS0OMNBNUqY7rJNrLqNScCZyUuqnChLIRHWDH0IiGqLxsdviEHBulT4JYmoo0mam/NzIaKjUOfTMZUj1Ui95U/M/rpDq49DIeJanGiM0fClJBdEymKZA+l8i0GBtCmeTmVsKGVFKmTVYlE4K7+OVl0jytuk7VvT2r1K7yOIpwCEdwAi5cQA1uoA4NYJDCM7zCm/VkvVjv1sd8tGDlOwfwB9bnD8V7kdo=</latexit><latexit sha1_base64="tQrRY5eM/2tl7KcHFfIfR2NE954=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuKHoMevEYwTwgWcLspDcZMvtwZlaMS77EiwdFvPop3vwbJ8keNLGg6aKqm+kpPxFcacf5tgorq2vrG8XN0tb2zm7Z3ttvqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7oeuq3HlAqHkd3epygF9JBxAPOqDZSzy47pCvwnjzO23nPrjhVZwayTNycVCBHvWd/dfsxS0OMNBNUqY7rJNrLqNScCZyUuqnChLIRHWDH0IiGqLxsdviEHBulT4JYmoo0mam/NzIaKjUOfTMZUj1Ui95U/M/rpDq49DIeJanGiM0fClJBdEymKZA+l8i0GBtCmeTmVsKGVFKmTVYlE4K7+OVl0jytuk7VvT2r1K7yOIpwCEdwAi5cQA1uoA4NYJDCM7zCm/VkvVjv1sd8tGDlOwfwB9bnD8V7kdo=</latexit><latexit sha1_base64="tQrRY5eM/2tl7KcHFfIfR2NE954=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuKHoMevEYwTwgWcLspDcZMvtwZlaMS77EiwdFvPop3vwbJ8keNLGg6aKqm+kpPxFcacf5tgorq2vrG8XN0tb2zm7Z3ttvqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7oeuq3HlAqHkd3epygF9JBxAPOqDZSzy47pCvwnjzO23nPrjhVZwayTNycVCBHvWd/dfsxS0OMNBNUqY7rJNrLqNScCZyUuqnChLIRHWDH0IiGqLxsdviEHBulT4JYmoo0mam/NzIaKjUOfTMZUj1Ui95U/M/rpDq49DIeJanGiM0fClJBdEymKZA+l8i0GBtCmeTmVsKGVFKmTVYlE4K7+OVl0jytuk7VvT2r1K7yOIpwCEdwAi5cQA1uoA4NYJDCM7zCm/VkvVjv1sd8tGDlOwfwB9bnD8V7kdo=</latexit>

H[f ] = ln(5)
<latexit sha1_base64="RU1X07MWfaHN9hgA99sfocQ6fzQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREFL0IRS89VrAf0Iay2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/uw3FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mb+Z1HKhWLxIOextQL8UiwgBGsjTSwy41e4KEblPZliLjIqpdnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKS+e3Z+jUKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17M/E/r5fo4NpLmYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLHERJu4SiYEd/nlVdI+r7lOzb2/qNRv8ziKcAwnUAUXrqAODWhCCwg8wTO8wpuVWS/Wu/WxaC1Y+cwR/IH1+QPFJZL1</latexit><latexit sha1_base64="RU1X07MWfaHN9hgA99sfocQ6fzQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREFL0IRS89VrAf0Iay2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/uw3FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mb+Z1HKhWLxIOextQL8UiwgBGsjTSwy41e4KEblPZliLjIqpdnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKS+e3Z+jUKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17M/E/r5fo4NpLmYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLHERJu4SiYEd/nlVdI+r7lOzb2/qNRv8ziKcAwnUAUXrqAODWhCCwg8wTO8wpuVWS/Wu/WxaC1Y+cwR/IH1+QPFJZL1</latexit><latexit sha1_base64="RU1X07MWfaHN9hgA99sfocQ6fzQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREFL0IRS89VrAf0Iay2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/uw3FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mb+Z1HKhWLxIOextQL8UiwgBGsjTSwy41e4KEblPZliLjIqpdnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKS+e3Z+jUKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17M/E/r5fo4NpLmYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLHERJu4SiYEd/nlVdI+r7lOzb2/qNRv8ziKcAwnUAUXrqAODWhCCwg8wTO8wpuVWS/Wu/WxaC1Y+cwR/IH1+QPFJZL1</latexit><latexit sha1_base64="RU1X07MWfaHN9hgA99sfocQ6fzQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREFL0IRS89VrAf0Iay2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/uw3FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mb+Z1HKhWLxIOextQL8UiwgBGsjTSwy41e4KEblPZliLjIqpdnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKS+e3Z+jUKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17M/E/r5fo4NpLmYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLHERJu4SiYEd/nlVdI+r7lOzb2/qNRv8ziKcAwnUAUXrqAODWhCCwg8wTO8wpuVWS/Wu/WxaC1Y+cwR/IH1+QPFJZL1</latexit>

We can say that by relaxing the confinement we lose some information 
about the particle’s position. The amount of information lost is

ln

✓
5

2

◆

<latexit sha1_base64="wQjAk9UuiqGfE48u4NbUO+8aXPI=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahXkpSFD0WvXisYFuhCWWz3bRLN5uwOxFKyNWLf8WLB0W8+g+8+W/ctjlo64OBx3szzMwLEsE1OM63VVpZXVvfKG9WtrZ3dvfs/YOOjlNFWZvGIlb3AdFMcMnawEGw+0QxEgWCdYPx9dTvPjCleSzvYJIwPyJDyUNOCRipb+PMUxEWMvcEC6HmhYrQ7DzPGrmn+HAEp3276tSdGfAycQtSRQVaffvLG8Q0jZgEKojWPddJwM+IAk4FyyteqllC6JgMWc9QSSKm/Wz2SY5PjDLAYaxMScAz9fdERiKtJ1FgOiMCI73oTcX/vF4K4aWfcZmkwCSdLwpTgSHG01jwgCtGQUwMIVRxcyumI2LCABNexYTgLr68TDqNuuvU3duzavOqiKOMjtAxqiEXXaAmukEt1EYUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AI2+mjk=</latexit><latexit sha1_base64="wQjAk9UuiqGfE48u4NbUO+8aXPI=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahXkpSFD0WvXisYFuhCWWz3bRLN5uwOxFKyNWLf8WLB0W8+g+8+W/ctjlo64OBx3szzMwLEsE1OM63VVpZXVvfKG9WtrZ3dvfs/YOOjlNFWZvGIlb3AdFMcMnawEGw+0QxEgWCdYPx9dTvPjCleSzvYJIwPyJDyUNOCRipb+PMUxEWMvcEC6HmhYrQ7DzPGrmn+HAEp3276tSdGfAycQtSRQVaffvLG8Q0jZgEKojWPddJwM+IAk4FyyteqllC6JgMWc9QSSKm/Wz2SY5PjDLAYaxMScAz9fdERiKtJ1FgOiMCI73oTcX/vF4K4aWfcZmkwCSdLwpTgSHG01jwgCtGQUwMIVRxcyumI2LCABNexYTgLr68TDqNuuvU3duzavOqiKOMjtAxqiEXXaAmukEt1EYUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AI2+mjk=</latexit><latexit sha1_base64="wQjAk9UuiqGfE48u4NbUO+8aXPI=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahXkpSFD0WvXisYFuhCWWz3bRLN5uwOxFKyNWLf8WLB0W8+g+8+W/ctjlo64OBx3szzMwLEsE1OM63VVpZXVvfKG9WtrZ3dvfs/YOOjlNFWZvGIlb3AdFMcMnawEGw+0QxEgWCdYPx9dTvPjCleSzvYJIwPyJDyUNOCRipb+PMUxEWMvcEC6HmhYrQ7DzPGrmn+HAEp3276tSdGfAycQtSRQVaffvLG8Q0jZgEKojWPddJwM+IAk4FyyteqllC6JgMWc9QSSKm/Wz2SY5PjDLAYaxMScAz9fdERiKtJ1FgOiMCI73oTcX/vF4K4aWfcZmkwCSdLwpTgSHG01jwgCtGQUwMIVRxcyumI2LCABNexYTgLr68TDqNuuvU3duzavOqiKOMjtAxqiEXXaAmukEt1EYUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AI2+mjk=</latexit><latexit sha1_base64="wQjAk9UuiqGfE48u4NbUO+8aXPI=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahXkpSFD0WvXisYFuhCWWz3bRLN5uwOxFKyNWLf8WLB0W8+g+8+W/ctjlo64OBx3szzMwLEsE1OM63VVpZXVvfKG9WtrZ3dvfs/YOOjlNFWZvGIlb3AdFMcMnawEGw+0QxEgWCdYPx9dTvPjCleSzvYJIwPyJDyUNOCRipb+PMUxEWMvcEC6HmhYrQ7DzPGrmn+HAEp3276tSdGfAycQtSRQVaffvLG8Q0jZgEKojWPddJwM+IAk4FyyteqllC6JgMWc9QSSKm/Wz2SY5PjDLAYaxMScAz9fdERiKtJ1FgOiMCI73oTcX/vF4K4aWfcZmkwCSdLwpTgSHG01jwgCtGQUwMIVRxcyumI2LCABNexYTgLr68TDqNuuvU3duzavOqiKOMjtAxqiEXXaAmukEt1EYUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AI2+mjk=</latexit>



Uncertainty and information
The uncertainty is a reflection of the information we possess about the system. If 
we are told that an event A has occurred then it would affect our expectation of 
probabilities of the results. This can be captured through the conditional probability

H(A) = �
X

i

P (i|A)lnP (i|A)
<latexit sha1_base64="hNFwf28DoYGCy2AOMul65YM5N5s=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGVGBN0IVTddVrAP6AxDJs20oUlmSDJCGfsTbvwVNy4UcSu4829M21lo9cCFk3PuJfeeMGFUacf5sgoLi0vLK8XV0tr6xuaWvb3TUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89h2RisbiVo8S4nPUFzSiGGkjBfZRvXJ5CC/gsadS7jHKqVYBhY0KvTd65kkOmRjn78AuO1VnCviXuDkpgxyNwP70ejFOOREaM6RU13US7WdIaooZGZe8VJEE4SHqk66hAnGi/Gx61RgeGKUHo1iaEhpO1Z8TGeJKjXhoOjnSAzXvTcT/vG6qo3M/oyJJNRF49lGUMqhjOIkI9qgkWLORIQhLanaFeIAkwtoEWTIhuPMn/yWtk6rrVN2b03LtKo+jCPbAPqgAF5yBGqiDBmgCDB7AE3gBr9aj9Wy9We+z1oKVz+yCX7A+vgFNFpxp</latexit><latexit sha1_base64="hNFwf28DoYGCy2AOMul65YM5N5s=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGVGBN0IVTddVrAP6AxDJs20oUlmSDJCGfsTbvwVNy4UcSu4829M21lo9cCFk3PuJfeeMGFUacf5sgoLi0vLK8XV0tr6xuaWvb3TUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89h2RisbiVo8S4nPUFzSiGGkjBfZRvXJ5CC/gsadS7jHKqVYBhY0KvTd65kkOmRjn78AuO1VnCviXuDkpgxyNwP70ejFOOREaM6RU13US7WdIaooZGZe8VJEE4SHqk66hAnGi/Gx61RgeGKUHo1iaEhpO1Z8TGeJKjXhoOjnSAzXvTcT/vG6qo3M/oyJJNRF49lGUMqhjOIkI9qgkWLORIQhLanaFeIAkwtoEWTIhuPMn/yWtk6rrVN2b03LtKo+jCPbAPqgAF5yBGqiDBmgCDB7AE3gBr9aj9Wy9We+z1oKVz+yCX7A+vgFNFpxp</latexit><latexit sha1_base64="hNFwf28DoYGCy2AOMul65YM5N5s=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGVGBN0IVTddVrAP6AxDJs20oUlmSDJCGfsTbvwVNy4UcSu4829M21lo9cCFk3PuJfeeMGFUacf5sgoLi0vLK8XV0tr6xuaWvb3TUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89h2RisbiVo8S4nPUFzSiGGkjBfZRvXJ5CC/gsadS7jHKqVYBhY0KvTd65kkOmRjn78AuO1VnCviXuDkpgxyNwP70ejFOOREaM6RU13US7WdIaooZGZe8VJEE4SHqk66hAnGi/Gx61RgeGKUHo1iaEhpO1Z8TGeJKjXhoOjnSAzXvTcT/vG6qo3M/oyJJNRF49lGUMqhjOIkI9qgkWLORIQhLanaFeIAkwtoEWTIhuPMn/yWtk6rrVN2b03LtKo+jCPbAPqgAF5yBGqiDBmgCDB7AE3gBr9aj9Wy9We+z1oKVz+yCX7A+vgFNFpxp</latexit><latexit sha1_base64="hNFwf28DoYGCy2AOMul65YM5N5s=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGVGBN0IVTddVrAP6AxDJs20oUlmSDJCGfsTbvwVNy4UcSu4829M21lo9cCFk3PuJfeeMGFUacf5sgoLi0vLK8XV0tr6xuaWvb3TUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89h2RisbiVo8S4nPUFzSiGGkjBfZRvXJ5CC/gsadS7jHKqVYBhY0KvTd65kkOmRjn78AuO1VnCviXuDkpgxyNwP70ejFOOREaM6RU13US7WdIaooZGZe8VJEE4SHqk66hAnGi/Gx61RgeGKUHo1iaEhpO1Z8TGeJKjXhoOjnSAzXvTcT/vG6qo3M/oyJJNRF49lGUMqhjOIkI9qgkWLORIQhLanaFeIAkwtoEWTIhuPMn/yWtk6rrVN2b03LtKo+jCPbAPqgAF5yBGqiDBmgCDB7AE3gBr9aj9Wy9We+z1oKVz+yCX7A+vgFNFpxp</latexit>

E.g., Someone tells us that a die only rolls numbers up to 4

H(i  4) = �
X

i

P (i|i  4)ln P (i|i  4)
<latexit sha1_base64="kNtlcZ3PwEKrp+mdfEv4hdFqo60=">AAACJ3icbZDLSgMxFIYzXmu9jbp0EyxCXVhmpKAbpeimywr2Ap2hZNK0DU0yY5IRylifxo2v4kZQEV36JqbTWWjrgcDP95/DyfmDiFGlHefLWlhcWl5Zza3l1zc2t7btnd2GCmOJSR2HLJStACnCqCB1TTUjrUgSxANGmsHwauI374hUNBQ3ehQRn6O+oD2KkTaoY19Ui9Rj5LZ8BM/hsadi7jHKqVYdCmtFep+a0LiJJzlkYvyQUpjhjl1wSk5acF64mSiArGod+9XrhjjmRGjMkFJt14m0nyCpKWZknPdiRSKEh6hP2kYKxInyk/TOMTw0pAt7oTRPaJjS3xMJ4kqNeGA6OdIDNetN4H9eO9a9Mz+hIoo1EXi6qBczqEM4CQ12qSRYs5ERCEtq/grxAEmEtYk2b0JwZ0+eF42TkuuU3OtyoXKZxZED++AAFIELTkEFVEEN1AEGj+AZvIF368l6sT6sz2nrgpXN7IE/ZX3/AFuHo8k=</latexit><latexit sha1_base64="kNtlcZ3PwEKrp+mdfEv4hdFqo60=">AAACJ3icbZDLSgMxFIYzXmu9jbp0EyxCXVhmpKAbpeimywr2Ap2hZNK0DU0yY5IRylifxo2v4kZQEV36JqbTWWjrgcDP95/DyfmDiFGlHefLWlhcWl5Zza3l1zc2t7btnd2GCmOJSR2HLJStACnCqCB1TTUjrUgSxANGmsHwauI374hUNBQ3ehQRn6O+oD2KkTaoY19Ui9Rj5LZ8BM/hsadi7jHKqVYdCmtFep+a0LiJJzlkYvyQUpjhjl1wSk5acF64mSiArGod+9XrhjjmRGjMkFJt14m0nyCpKWZknPdiRSKEh6hP2kYKxInyk/TOMTw0pAt7oTRPaJjS3xMJ4kqNeGA6OdIDNetN4H9eO9a9Mz+hIoo1EXi6qBczqEM4CQ12qSRYs5ERCEtq/grxAEmEtYk2b0JwZ0+eF42TkuuU3OtyoXKZxZED++AAFIELTkEFVEEN1AEGj+AZvIF368l6sT6sz2nrgpXN7IE/ZX3/AFuHo8k=</latexit><latexit sha1_base64="kNtlcZ3PwEKrp+mdfEv4hdFqo60=">AAACJ3icbZDLSgMxFIYzXmu9jbp0EyxCXVhmpKAbpeimywr2Ap2hZNK0DU0yY5IRylifxo2v4kZQEV36JqbTWWjrgcDP95/DyfmDiFGlHefLWlhcWl5Zza3l1zc2t7btnd2GCmOJSR2HLJStACnCqCB1TTUjrUgSxANGmsHwauI374hUNBQ3ehQRn6O+oD2KkTaoY19Ui9Rj5LZ8BM/hsadi7jHKqVYdCmtFep+a0LiJJzlkYvyQUpjhjl1wSk5acF64mSiArGod+9XrhjjmRGjMkFJt14m0nyCpKWZknPdiRSKEh6hP2kYKxInyk/TOMTw0pAt7oTRPaJjS3xMJ4kqNeGA6OdIDNetN4H9eO9a9Mz+hIoo1EXi6qBczqEM4CQ12qSRYs5ERCEtq/grxAEmEtYk2b0JwZ0+eF42TkuuU3OtyoXKZxZED++AAFIELTkEFVEEN1AEGj+AZvIF368l6sT6sz2nrgpXN7IE/ZX3/AFuHo8k=</latexit><latexit sha1_base64="kNtlcZ3PwEKrp+mdfEv4hdFqo60=">AAACJ3icbZDLSgMxFIYzXmu9jbp0EyxCXVhmpKAbpeimywr2Ap2hZNK0DU0yY5IRylifxo2v4kZQEV36JqbTWWjrgcDP95/DyfmDiFGlHefLWlhcWl5Zza3l1zc2t7btnd2GCmOJSR2HLJStACnCqCB1TTUjrUgSxANGmsHwauI374hUNBQ3ehQRn6O+oD2KkTaoY19Ui9Rj5LZ8BM/hsadi7jHKqVYdCmtFep+a0LiJJzlkYvyQUpjhjl1wSk5acF64mSiArGod+9XrhjjmRGjMkFJt14m0nyCpKWZknPdiRSKEh6hP2kYKxInyk/TOMTw0pAt7oTRPaJjS3xMJ4kqNeGA6OdIDNetN4H9eO9a9Mz+hIoo1EXi6qBczqEM4CQ12qSRYs5ERCEtq/grxAEmEtYk2b0JwZ0+eF42TkuuU3OtyoXKZxZED++AAFIELTkEFVEEN1AEGj+AZvIF368l6sT6sz2nrgpXN7IE/ZX3/AFuHo8k=</latexit>

P (i|i  4) =
<latexit sha1_base64="9NesRjLuAbdgQaNVBj82NFeyOWw=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0GIl7ArAb0IQS8eI5gHJEuYnfQmQ2YfzsyKIeZXvHhQxKs/4s2/cZLsQRMLGoqqbrq7/ERwpR3n21pZXVvf2Mxt5bd3dvf27YNCQ8WpZFhnsYhly6cKBY+wrrkW2Eok0tAX2PSH11O/+YBS8Ti606MEvZD2Ix5wRrWRunahVuLkiXDSEXhPKqfkknTtolN2ZiDLxM1IETLUuvZXpxezNMRIM0GVartOor0xlZozgZN8J1WYUDakfWwbGtEQlTee3T4hJ0bpkSCWpiJNZurviTENlRqFvukMqR6oRW8q/ue1Ux1ceGMeJanGiM0XBakgOibTIEiPS2RajAyhTHJzK2EDKinTJq68CcFdfHmZNM7KrlN2byvF6lUWRw6O4BhK4MI5VOEGalAHBo/wDK/wZk2sF+vd+pi3rljZzCH8gfX5A3jgkh0=</latexit><latexit sha1_base64="9NesRjLuAbdgQaNVBj82NFeyOWw=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0GIl7ArAb0IQS8eI5gHJEuYnfQmQ2YfzsyKIeZXvHhQxKs/4s2/cZLsQRMLGoqqbrq7/ERwpR3n21pZXVvf2Mxt5bd3dvf27YNCQ8WpZFhnsYhly6cKBY+wrrkW2Eok0tAX2PSH11O/+YBS8Ti606MEvZD2Ix5wRrWRunahVuLkiXDSEXhPKqfkknTtolN2ZiDLxM1IETLUuvZXpxezNMRIM0GVartOor0xlZozgZN8J1WYUDakfWwbGtEQlTee3T4hJ0bpkSCWpiJNZurviTENlRqFvukMqR6oRW8q/ue1Ux1ceGMeJanGiM0XBakgOibTIEiPS2RajAyhTHJzK2EDKinTJq68CcFdfHmZNM7KrlN2byvF6lUWRw6O4BhK4MI5VOEGalAHBo/wDK/wZk2sF+vd+pi3rljZzCH8gfX5A3jgkh0=</latexit><latexit sha1_base64="9NesRjLuAbdgQaNVBj82NFeyOWw=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0GIl7ArAb0IQS8eI5gHJEuYnfQmQ2YfzsyKIeZXvHhQxKs/4s2/cZLsQRMLGoqqbrq7/ERwpR3n21pZXVvf2Mxt5bd3dvf27YNCQ8WpZFhnsYhly6cKBY+wrrkW2Eok0tAX2PSH11O/+YBS8Ti606MEvZD2Ix5wRrWRunahVuLkiXDSEXhPKqfkknTtolN2ZiDLxM1IETLUuvZXpxezNMRIM0GVartOor0xlZozgZN8J1WYUDakfWwbGtEQlTee3T4hJ0bpkSCWpiJNZurviTENlRqFvukMqR6oRW8q/ue1Ux1ceGMeJanGiM0XBakgOibTIEiPS2RajAyhTHJzK2EDKinTJq68CcFdfHmZNM7KrlN2byvF6lUWRw6O4BhK4MI5VOEGalAHBo/wDK/wZk2sF+vd+pi3rljZzCH8gfX5A3jgkh0=</latexit><latexit sha1_base64="9NesRjLuAbdgQaNVBj82NFeyOWw=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0GIl7ArAb0IQS8eI5gHJEuYnfQmQ2YfzsyKIeZXvHhQxKs/4s2/cZLsQRMLGoqqbrq7/ERwpR3n21pZXVvf2Mxt5bd3dvf27YNCQ8WpZFhnsYhly6cKBY+wrrkW2Eok0tAX2PSH11O/+YBS8Ti606MEvZD2Ix5wRrWRunahVuLkiXDSEXhPKqfkknTtolN2ZiDLxM1IETLUuvZXpxezNMRIM0GVartOor0xlZozgZN8J1WYUDakfWwbGtEQlTee3T4hJ0bpkSCWpiJNZurviTENlRqFvukMqR6oRW8q/ue1Ux1ceGMeJanGiM0XBakgOibTIEiPS2RajAyhTHJzK2EDKinTJq68CcFdfHmZNM7KrlN2byvF6lUWRw6O4BhK4MI5VOEGalAHBo/wDK/wZk2sF+vd+pi3rljZzCH8gfX5A3jgkh0=</latexit>

1

4
<latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit><latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit><latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit><latexit sha1_base64="OfYWJwkCeHSKCQV7xi8fEYmnIYY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il/iDUlGVenjXyYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGN34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqE0BbUoVG4K3+vI66VzVPbfuPTRqzdsijjKcwTlcggfX0IR7aEEbGMTwDK/w5qDz4rw7H8vWklPMnMIfOJ8/PEqRNQ==</latexit>

H(i  4) = ln(4)
<latexit sha1_base64="bnwbrrj1/av99vkfOFaK3d5lyzo=">AAACAnicbVDLSsNAFL3xWesr6krcDBah3ZRECroRim66rGAf0IQymU7aoZNJnJkIJRQ3/oobF4q49Svc+TdOHwttPXDhcM693HtPkHCmtON8Wyura+sbm7mt/PbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFnR4l1I9wX7CQEayN1LWPa0WGPE7vUaWErlDmyQhxMS5WSl274JSdKdAyceekAHPUu/aX14tJGlGhCcdKdVwn0X6GpWaE03HeSxVNMBniPu0YKnBElZ9NXxijM6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gO16E3E/7xOqsNLP2MiSTUVZLYoTDnSMZrkgXpMUqL5yBBMJDO3IjLAEhNtUsubENzFl5dJ87zsOmX3tlKoXs/jyMEJnEIRXLiAKtSgDg0g8AjP8Apv1pP1Yr1bH7PWFWs+cwR/YH3+AHlQlOg=</latexit><latexit sha1_base64="bnwbrrj1/av99vkfOFaK3d5lyzo=">AAACAnicbVDLSsNAFL3xWesr6krcDBah3ZRECroRim66rGAf0IQymU7aoZNJnJkIJRQ3/oobF4q49Svc+TdOHwttPXDhcM693HtPkHCmtON8Wyura+sbm7mt/PbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFnR4l1I9wX7CQEayN1LWPa0WGPE7vUaWErlDmyQhxMS5WSl274JSdKdAyceekAHPUu/aX14tJGlGhCcdKdVwn0X6GpWaE03HeSxVNMBniPu0YKnBElZ9NXxijM6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gO16E3E/7xOqsNLP2MiSTUVZLYoTDnSMZrkgXpMUqL5yBBMJDO3IjLAEhNtUsubENzFl5dJ87zsOmX3tlKoXs/jyMEJnEIRXLiAKtSgDg0g8AjP8Apv1pP1Yr1bH7PWFWs+cwR/YH3+AHlQlOg=</latexit><latexit sha1_base64="bnwbrrj1/av99vkfOFaK3d5lyzo=">AAACAnicbVDLSsNAFL3xWesr6krcDBah3ZRECroRim66rGAf0IQymU7aoZNJnJkIJRQ3/oobF4q49Svc+TdOHwttPXDhcM693HtPkHCmtON8Wyura+sbm7mt/PbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFnR4l1I9wX7CQEayN1LWPa0WGPE7vUaWErlDmyQhxMS5WSl274JSdKdAyceekAHPUu/aX14tJGlGhCcdKdVwn0X6GpWaE03HeSxVNMBniPu0YKnBElZ9NXxijM6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gO16E3E/7xOqsNLP2MiSTUVZLYoTDnSMZrkgXpMUqL5yBBMJDO3IjLAEhNtUsubENzFl5dJ87zsOmX3tlKoXs/jyMEJnEIRXLiAKtSgDg0g8AjP8Apv1pP1Yr1bH7PWFWs+cwR/YH3+AHlQlOg=</latexit><latexit sha1_base64="bnwbrrj1/av99vkfOFaK3d5lyzo=">AAACAnicbVDLSsNAFL3xWesr6krcDBah3ZRECroRim66rGAf0IQymU7aoZNJnJkIJRQ3/oobF4q49Svc+TdOHwttPXDhcM693HtPkHCmtON8Wyura+sbm7mt/PbO7t6+fXDYVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFnR4l1I9wX7CQEayN1LWPa0WGPE7vUaWErlDmyQhxMS5WSl274JSdKdAyceekAHPUu/aX14tJGlGhCcdKdVwn0X6GpWaE03HeSxVNMBniPu0YKnBElZ9NXxijM6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gO16E3E/7xOqsNLP2MiSTUVZLYoTDnSMZrkgXpMUqL5yBBMJDO3IjLAEhNtUsubENzFl5dJ87zsOmX3tlKoXs/jyMEJnEIRXLiAKtSgDg0g8AjP8Apv1pP1Yr1bH7PWFWs+cwR/YH3+AHlQlOg=</latexit>


