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Stability of Thermodynamic 
Systems

Stability criteria for thermodynamic potentials

Similar criteria can be derived for the other potentials

U(S +�S, V +�V,N) + U(S ��S, V ��V,N) � 2U(S, V,N)
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i.e. the stable energy surface should lie above its target planes (convex). 

Locally this leads to



Stability of Thermodynamic 
Systems

Stability criteria for thermodynamic potentials

These results can be extended easily to the Legendre transforms of the energy. 
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Thus, the sign of                is opposite to the sign of @2U [P ]
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i.e., if U is a convex function of X then U[P] is a concave function of P.



Stability of Thermodynamic 
Systems

Stability criteria for thermodynamic potentials

Thus, for Helmholtz potential we have, since F = U[T],

For Enthalpy we have, since H = U[P],
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For Gibbs free energy we have, since G = U[P,T],
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Therefore, for constant N, 
t h e t h e r m o d y n a m i c 
potent ia ls are concave 
functions of their extensive 
v a r i a b l e s a n d c o n v e x 
functions of their intensive 
variables.



Stability of Thermodynamic 
Systems

Physical significance of stability criteria
The isothermal compressibility of a stable thermodynamic system must always be 
positive. i.e.


Why?

T > 0
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You can also show that 

cP � cv � 0

T � S � 0
<latexit sha1_base64="gcT/yPvgt467AwMdQoMgTc+KRik=">AAACHXicbVDNS8MwHE3n16xfVY9egkPwNFoZ6HHoxePEfcFaSpplW1iaxiQdjLJ/xIv/ihcPinjwIv43ZmsPuvkg8PLe+5H8XiQYVdp1v63S2vrG5lZ5297Z3ds/cA6P2ipJJSYtnLBEdiOkCKOctDTVjHSFJCiOGOlE45u535kQqWjCm3oqSBCjIacDipE2UujUcNiA/pA8QBxOcuJC37f9MRIChc1cKm73RSB0Km7VXQCuEq8gFVCgETqffj/BaUy4xgwp1fNcoYMMSU0xIzPbTxURCI/RkPQM5SgmKsgW283gmVH6cJBIc7iGC/X3RIZipaZxZJIx0iO17M3F/7xeqgdXQUa5SDXhOH9okDKoEzivCvapJFizqSEIS2r+CvEISYS1KdQ2JXjLK6+S9kXVc6veXa1Svy7qKIMTcArOgQcuQR3cggZoAQwewTN4BW/Wk/VivVsfebRkFTPH4A+srx/E5J/a</latexit><latexit sha1_base64="gcT/yPvgt467AwMdQoMgTc+KRik=">AAACHXicbVDNS8MwHE3n16xfVY9egkPwNFoZ6HHoxePEfcFaSpplW1iaxiQdjLJ/xIv/ihcPinjwIv43ZmsPuvkg8PLe+5H8XiQYVdp1v63S2vrG5lZ5297Z3ds/cA6P2ipJJSYtnLBEdiOkCKOctDTVjHSFJCiOGOlE45u535kQqWjCm3oqSBCjIacDipE2UujUcNiA/pA8QBxOcuJC37f9MRIChc1cKm73RSB0Km7VXQCuEq8gFVCgETqffj/BaUy4xgwp1fNcoYMMSU0xIzPbTxURCI/RkPQM5SgmKsgW283gmVH6cJBIc7iGC/X3RIZipaZxZJIx0iO17M3F/7xeqgdXQUa5SDXhOH9okDKoEzivCvapJFizqSEIS2r+CvEISYS1KdQ2JXjLK6+S9kXVc6veXa1Svy7qKIMTcArOgQcuQR3cggZoAQwewTN4BW/Wk/VivVsfebRkFTPH4A+srx/E5J/a</latexit><latexit sha1_base64="gcT/yPvgt467AwMdQoMgTc+KRik=">AAACHXicbVDNS8MwHE3n16xfVY9egkPwNFoZ6HHoxePEfcFaSpplW1iaxiQdjLJ/xIv/ihcPinjwIv43ZmsPuvkg8PLe+5H8XiQYVdp1v63S2vrG5lZ5297Z3ds/cA6P2ipJJSYtnLBEdiOkCKOctDTVjHSFJCiOGOlE45u535kQqWjCm3oqSBCjIacDipE2UujUcNiA/pA8QBxOcuJC37f9MRIChc1cKm73RSB0Km7VXQCuEq8gFVCgETqffj/BaUy4xgwp1fNcoYMMSU0xIzPbTxURCI/RkPQM5SgmKsgW283gmVH6cJBIc7iGC/X3RIZipaZxZJIx0iO17M3F/7xeqgdXQUa5SDXhOH9okDKoEzivCvapJFizqSEIS2r+CvEISYS1KdQ2JXjLK6+S9kXVc6veXa1Svy7qKIMTcArOgQcuQR3cggZoAQwewTN4BW/Wk/VivVsfebRkFTPH4A+srx/E5J/a</latexit><latexit sha1_base64="gcT/yPvgt467AwMdQoMgTc+KRik=">AAACHXicbVDNS8MwHE3n16xfVY9egkPwNFoZ6HHoxePEfcFaSpplW1iaxiQdjLJ/xIv/ihcPinjwIv43ZmsPuvkg8PLe+5H8XiQYVdp1v63S2vrG5lZ5297Z3ds/cA6P2ipJJSYtnLBEdiOkCKOctDTVjHSFJCiOGOlE45u535kQqWjCm3oqSBCjIacDipE2UujUcNiA/pA8QBxOcuJC37f9MRIChc1cKm73RSB0Km7VXQCuEq8gFVCgETqffj/BaUy4xgwp1fNcoYMMSU0xIzPbTxURCI/RkPQM5SgmKsgW283gmVH6cJBIc7iGC/X3RIZipaZxZJIx0iO17M3F/7xeqgdXQUa5SDXhOH9okDKoEzivCvapJFizqSEIS2r+CvEISYS1KdQ2JXjLK6+S9kXVc6veXa1Svy7qKIMTcArOgQcuQR3cggZoAQwewTN4BW/Wk/VivVsfebRkFTPH4A+srx/E5J/a</latexit>

Home-work



Maxwell Relations
Equivalence of mixed derivatives

<latexit sha1_base64="+fjLAkdbETr/pHE1ByiH1LEhKpc=">AAACSHichVBNS8MwGE7r15xfVY9egkPwNNoh6kUYevE4wW6DtZY0S7fM9IMkFUbpz/Pi0Zu/wYsHRbyZbkXmJvhC4Hmf533eJI+fMCqkab5o+tLyyupaZb26sbm1vWPs7rVFnHJMbByzmHd9JAijEbEllYx0E05Q6DPS8e+vCr3zQLigcXQrxwlxQzSIaEAxkoryDM8JOMKZkyAuKWJ3DWjnPx3sehTONKMcXsB/DKNZA809o2bWzUnBRWCVoAbKannGs9OPcRqSSGKGhOhZZiLdrFiJGcmrTipIgvA9GpCeghEKiXCzSRA5PFJMHwYxVyeScMLOOjIUCjEOfTUZIjkU81pB/qX1UhmcuxmNklSSCE8vClIGZQyLVGGfcoIlGyuAMKfqrRAPkQpKquyrKgRr/suLoN2oW6d16+ak1rws46iAA3AIjoEFzkATXIMWsAEGj+AVvIMP7Ul70z61r+morpWeffCrdP0bcDmytw==</latexit>

@2U

@Xi@Xj
=

@2U

@Xj@Xi

<latexit sha1_base64="JtB3VN08s/+A7J/shs8VJ3i4TIU=">AAACLnicbVBdS8MwFE3n15xfVR99CQ7Bp9GKqC/CUAQfJ7gPWEtJs3TLlqYlSYVR+ot88a/og6AivvozTLeCbvNA4OTcc29yjx8zKpVlvRmlpeWV1bXyemVjc2t7x9zda8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH13n9fYDEZJG/F6NY+KGqM9pQDFSWvLMGycQCKdOjISiiMGGN8x+bx2PZvASLnjojGeYeWbVqlkTwEViF6QKCjQ888XpRTgJCVeYISm7thUrN81HYkayipNIEiM8Qn3S1ZSjkEg3naybwSOt9GAQCX24ghP1b0eKQinHoa+dIVIDOV/Lxf9q3UQFF25KeZwowvH0oSBhUEUwzw72qCBYsbEmCAuq/wrxAOlslE64okOw51deJK2Tmn1Ws+9Oq/WrIo4yOACH4BjY4BzUwS1ogCbA4BE8g3fwYTwZr8an8TW1loyiZx/MwPj+ART+qcY=</latexit>
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@Xi
=

@Pi

@Xj

E.g.
<latexit sha1_base64="6TKlFC7ztIk0vKO62/n2Yc9vp10="></latexit>✓
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Similar relations can also be derived from other thermodynamic potentials as well.



Maxwell Relations
Mnemonic

Valid Facts and Theoretical Understanding Generate Solutions to Hard Problems

F

G
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V T

PS

S

V

P PS

T

<latexit sha1_base64="aGgRUgu9+dCZ7o4iDckWRZzkg5U="></latexit>✓
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=

✓
@T

@P

◆

S,N

• For other derivatives rotate the square (with arrows) so that the quantity in the 
numerator is always at right or left top corners.


• If arrows appear unsymmetrical then add a minus sign to one side of the equation.



Maxwell Relations
Problem 1.

In the immediate vicinity of the state T0 , v0 the volume of particular system of 1 mole is 
observed to vary according to the relationship

<latexit sha1_base64="vK+HQG0ucJ1tAQqV2SrL0mSGRTg=">AAACBXicbZDNSsNAFIUn9a/Wv6hLXQwWoaW0JCLqRii6cRmhrYU2hMl00g6dTMLMpFBCN258FTcuFHHrO7jzbZy2WWjrgYGPc+/lzj1+zKhUlvVt5FZW19Y38puFre2d3T1z/6Alo0Rg0sQRi0TbR5IwyklTUcVIOxYEhT4jD/7wdlp/GBEhacQbahwTN0R9TgOKkdKWZx6P4DUceRasQFRqVBueVYYVv+xUHU2eWbRq1kxwGewMiiCT45lf3V6Ek5BwhRmSsmNbsXJTJBTFjEwK3USSGOEh6pOORo5CIt10dsUEnmqnB4NI6McVnLm/J1IUSjkOfd0ZIjWQi7Wp+V+tk6jgyk0pjxNFOJ4vChIGVQSnkcAeFQQrNtaAsKD6rxAPkEBY6eAKOgR78eRlaJ3V7IuafX9erN9kceTBETgBJWCDS1AHd8ABTYDBI3gGr+DNeDJejHfjY96aM7KZQ/BHxucPStOUnQ==</latexit>

v = v0 + a(T � T0) + b)P � P0)

Calculate the heat transfer dQ to the system if the molar volume is changed by a small 
increment dv = v - v0 at constant temperature T0.

Solution: Since heat is transferred via volume change, we need to relate the 
entropy change to the volume change.

<latexit sha1_base64="oM6rMJVjWCxMDfxc9cW4lBmDDxc="></latexit>

@Q = T0dS = T0
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<latexit sha1_base64="v/sqBlXmk0bRHAady+x9Vy1q3Wc="></latexit>✓
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b
= �a/b

Now,

Where we have used a Maxwell relation and the given v(T,P).

<latexit sha1_base64="y4DtSGpnf+XPYquR+JE+IfRegXw=">AAACDnicbVBNS8NAEN3Ur1q/oh69LJZCPbQkIupFKHrx2EJbC00Im+2mXbrZhN1NoYT8Ai/+FS8eFPHq2Zv/xm2bg7Y+GHi8N8PMPD9mVCrL+jYKa+sbm1vF7dLO7t7+gXl41JVRIjDp4IhFoucjSRjlpKOoYqQXC4JCn5EHf3w38x8mREga8baaxsQN0ZDTgGKktOSZFSdGQlHEYAvewJoTCITTtmdBBKuT2sSzzrLUzzyzbNWtOeAqsXNSBjmanvnlDCKchIQrzJCUfduKlZvOVmFGspKTSBIjPEZD0teUo5BIN52/k8GKVgYwiIQuruBc/T2RolDKaejrzhCpkVz2ZuJ/Xj9RwbWbUh4ninC8WBQkDKoIzrKBAyoIVmyqCcKC6lshHiGdiNIJlnQI9vLLq6R7Xrcv63broty4zeMoghNwCqrABlegAe5BE3QABo/gGbyCN+PJeDHejY9Fa8HIZ47BHxifPzCzmk4=</latexit>

@Q = �T0a(v � v0)

b

Therefore,



Maxwell Relations
Problem 2.

Derive the following relations
<latexit sha1_base64="qT8YtTw3CBBTmEWkJ3/574QOWZw=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQklE1Isg9uKxYloLTQmTzcYu3STL7kYoIT/Ci3/FiwdFvHrw5r9x2+ag1QcDj/dmmJkXCM6Utu0va25+YXFpubJSXV1b39isbW13VJpJQtsk5ansBqAoZwlta6Y57QpJIQ44vQ2GzbF/e0+lYmni6pGg/RjuEhYxAtpIfu3QDW/wOW769zh08SH2Igkkd7EHXAygyL0hCAG+W+Cw49fqdsOeAP8lTknqqETLr316YUqymCaacFCq59hC93OQmhFOi6qXKSqADOGO9gxNIKaqn0+eKvC+UUIcpdJUovFE/TmRQ6zUKA5MZwx6oGa9sfif18t0dNbPWSIyTRMyXRRlHOsUjxPCIZOUaD4yBIhk5lZMBmBi0SbHqgnBmX35L+kcNZyThnN9XL+4LOOooF20hw6Qg07RBbpCLdRGBD2gJ/SCXq1H69l6s96nrXNWObODfsH6+Ab8jpz2</latexit>

TdS = CvdT +
T↵

T
dV

<latexit sha1_base64="7kh7RyxZMjS/CW4AUyvZ0Uwjjn4=">AAACBXicbVC7SgNBFL0bXzG+opZaDAbBxrArojZCMI1lxM0DkiXMzs4mQ2Znl5lZIYQ0Nv6KjYUitv6DnX/jJNlCEw8MHM45lzv3+AlnStv2t5VbWl5ZXcuvFzY2t7Z3irt7DRWnktA6iXksWz5WlDNB65ppTluJpDjyOW36g+rEbz5QqVgsXD1MqBfhnmAhI1gbqVs8dIN7dI2q3RoKXHSKXNRAHcyTPkZBrVss2WV7CrRInIyUIIPJf3WCmKQRFZpwrFTbsRPtjbDUjHA6LnRSRRNMBrhH24YKHFHljaZXjNGxUQIUxtI8odFU/T0xwpFSw8g3yQjrvpr3JuJ/XjvV4ZU3YiJJNRVktihMOdIxmlSCAiYp0XxoCCaSmb8i0scSE22KK5gSnPmTF0njrOxclJ2781LlJqsjDwdwBCfgwCVU4BZqUAcCj/AMr/BmPVkv1rv1MYvmrGxmH/7A+vwB5hCVqA==</latexit>

TdS = CP dT � TV ↵dP

<latexit sha1_base64="WHXtsV0acGHe0dorB/wf+LihlPU=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6sCRF1I1QdOOyQl/Q1HAznbRDJ8kwMymU0G9w46+4caGIW1fu/Bunj4W2HrhwOOde7r0nEJwp7Tjf1tLyyuraem4jv7m1vbNr7+3XVZJKQmsk4YlsBqAoZzGtaaY5bQpJIQo4bQT927HfGFCpWBJX9VDQdgTdmIWMgDaSb58Sf4CvMfEFPsNeKIFkVTzAHnDRg4fSKPP6IAT41ZFvF5yiMwFeJO6MFNAMFd/+8joJSSMaa8JBqZbrCN3OQGpGOB3lvVRRAaQPXdoyNIaIqnY2eWmEj43SwWEiTcUaT9TfExlESg2jwHRGoHtq3huL/3mtVIdX7YzFItU0JtNFYcqxTvA4H9xhkhLNh4YAkczcikkPTC7apJg3IbjzLy+SeqnoXhTd+/NC+WYWRw4doiN0glx0icroDlVQDRH0iJ7RK3qznqwX6936mLYuWbOZA/QH1ucPO5Ccnw==</latexit>

cv = cp �
Tv↵2

T



Maxwell Relations
Reducing derivatives

All first and second derivatives in thermodynamics can be cast in terms of three basic 
derivatives 

Here s, v and g are molar entropy, volume and Gibbs free energy. Similarly, cv and cP  are 
specific heat capacities (per mole). 

<latexit sha1_base64="Gd8SvkQ45Fx8/aLIbdNEZK10Vxg="></latexit>
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Maxwell Relations
Problem 3.

Reduce the following derivative into the basic derivatives.
<latexit sha1_base64="FjSvYW/1E9j5avGJbJTnS7PxP3Q=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxC3ZRERF0WXehKKpi20JQymU7aoZMLMydCCXkNN76KGxeKuNSVb+OkDaitPwx8/OecmTm/FwuuwLK+jIXFpeWV1dJaeX1jc2vb3NltqiiRlDk0EpFse0QxwUPmAAfB2rFkJPAEa3mjy7zeumdS8Si8g3HMugEZhNznlI C2eqblCuZD1fUloakbEwmcCNzIftjJXMkHQzjqpVe1m6xnVqyaNRGeB7uACirU6Jkfbj+iScBCoIIo1bGtGLppfjsVLCu7iWIxoSMyYB2NIQmY6qaTzTJ8qJ0+9iOpTwh44v6eSEmg1DjwdGdAYKhma7n5X62TgH/eTXkYJ8BCOn3ITwSGCOcx4T6XjIIYayBUcv1XTIdEhwQ6zLIOwZ5deR6axzX7tGbfnlTqF0UcJbSPDlAV2egM1dE1aiAHUfSAntALejUejWfjzXifti4Yxcwe+iPj8xvsxqDc</latexit>✓
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Use the following:
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Maxwell Relations
Solution

First show 
<latexit sha1_base64="VsgMd+K1thfGqOoMIUPc9fKw2Vc="></latexit>✓
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Rule 1. If the dvt. contains any potentials, bring them one by one to the numerator and 
eliminate using Maxwell relations. 



Maxwell Relations
Solution

Rule 2. If any dvt. contains the entropy, bring it to the numerator. If one of the Maxwell 
relations now eliminates the entropy, invoke it. If not, use derivative with respect to T in both 
numerator and denominator of the dvt. The numerator would then be expressible as one of 
the specific heats (cp or cv).

<latexit sha1_base64="esrt6hglHIhpKqBV1mnLBOPox7g="></latexit>✓
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Show that



Maxwell Relations
Solution

Rule 3. Bring volume to the numerator. The remaining derivative will be expressible in terms 
of     and <latexit sha1_base64="3L6ZGYXJzZcT0pDcJ1EWcQFoHAw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWQnuL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjXmPHg==</latexit>↵ <latexit sha1_base64="P1+xOeMCjkOVNX4e7pZ/8E0zgwM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWOFfkEbymS7aZduNuvuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLJWfaeN63U1hb39jcKm6Xdnb39g/Kh0ctnaSK0CZJeKI6IWrKmaBNwwynHakoxiGn7XB8N/PbT1RploiGmUgaxDgULGIEjZU6vTFKif1Gv1zxqt4c7irxc1KBHPV++as3SEgaU2EIR627vidNkKEyjHA6LfVSTSWSMQ5p11KBMdVBNr936p5ZZeBGibIljDtXf09kGGs9iUPbGaMZ6WVvJv7ndVMT3QQZEzI1VJDFoijlrknc2fPugClKDJ9YgkQxe6tLRqiQGBtRyYbgL7+8SloXVf+q6j9cVmq3eRxFOIFTOAcfrqEG91CHJhDg8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QP2jo/s</latexit>T

Show that <latexit sha1_base64="6twLIhsfTLl0DiZIL2anwxO117s="></latexit>✓
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Rule 4. If cv appears, use the relation derived earlier to eliminate in favour of the 3 basic 
derivatives.


