CHM 421/621

Statistical Mechanics
Lecture 15 Maxwell’s Relations



Introduction and Review

Lecture Plan
Review of Thermodynamics

Basic Formalism

Stability of Thermodynamic Systems




Stability of Thermodynamic
Systems

Stability criteria for thermodynamic potentials

Similar criteria can be derived for the other potentials

U(S + AS,V + AV,N) + U(S — AS,V — AV, N) > 2U(S,V, N)

l.e. the stable energy surface should lie above its target planes (convex).
Locally this leads to
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Stability of Thermodynamic
Systems

Stability criteria for thermodynamic potentials

These results can be extended easily to the Legendre transforms of the energy.
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Thus, the sign of 82U[P] IS opposite to the sign of 0°U
O P? X2

i.e., if U is a convex function of X then U[P] is a concave function of P.



Stability of Thermodynamic
Systems

Stability criteria for thermodynamic potentials

Thus, for Helmholtz potential we have, since F = U[T],
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For Enthalpy we have, since H = U[P],
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For Gibbs free energy we have, since G = U[RT],
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Therefore, for constant N,
the thermodynamic
potentials are concave

functions of their extensive
variables and convex
functions of their intensive
variables.




Stability of Thermodynamic
Systems

Physical significance of stability criteria

The isothermal compressibility of a stable thermodynamic system must always be
positive. i.e. kT > 0

Why?

You can also show that

kT > kg = 0 Home-work



Maxwell Relations

Equivalence of mixed derivatives
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Similar relations can also be derived from other thermodynamic potentials as well.



Maxwell Relations

Mnemonic

(55),., = (5r)
S - o 9S ) pn  \OP) gy

Valid Facts and Theoretical Understanding Generate Solutions to Hard Problems

- For other derivatives rotate the square (with arrows) so that the quantity in the
numerator is always at right or left top corners.

- If arrows appear unsymmetrical then add a minus sign to one side of the equation.



Maxwell Relations

Problem 1.

In the immediate vicinity of the state To, vo the volume of particular system of 1 mole is
observed to vary according to the relationship

U:UO—|—&(T—T())—|—[?)P—PQ)

Calculate the heat transfer dQ to the system if the molar volume is changed by a small
increment dv = v - vp at constant temperature To.

Solution: Since heat is transferred via volume change, we need to relate the
entropy change to the volume change.

N 0@ — TOdS — T() (%) dv
OW, S
ov)r (%), Therefore, Toa(v — v)
(8v> 1 0Q = b
S (e =
oT ) , b

Where we have used a Maxwell relation and the given v(T,P).



Maxwell Relations

Problem 2.

Derive the following relations

T
TdS = C,dT + —24v

KT
TdS =Cpdl' —TVadP

Tvo?

kT

Cy = Cp



Maxwell Relations

Reducing derivatives

All first and second derivatives in thermodynamics can be cast in terms of three basic

derivatives
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Here s, v and g are molar entropy, volume and Gibbs free energy. Similarly, cy and cp are
specific heat capacities (per mole).




Maxwell Relations

Problem 3.

Reduce the following derivative into the basic derivatives.

opP
U /) g.n

(ov), =/ (ax),
(5v), (o), (),
(o), /(5%),

Use the following:

e
= g

N
N
]

oY



Maxwell Relations

Solution
First show
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Rule 1. If the dvt. contains any potentials, bring them one by one to the numerator and
eliminate using Maxwell relations.




Maxwell Relations

Solution

Rule 2. If any dvt. contains the entropy, bring it to the numerator. If one of the Maxwell
relations now eliminates the entropy, invoke it. If not, use derivative with respect to T in both

numerator and denominator of the dvt. The numerator would then be expressible as one of
the specific heats (cp or cv).

Show that 6_T T
PYz SN—U o/cp

Y



Maxwell Relations

Solution

Rule 3. Bring volume to the numerator. The remaining derivative will be expressible in terms
of cvand KT

Show that

Rule 4. If cy appears, use the relation derived earlier to eliminate in favour of the 3 basic
derivatives.



