
CHM 421/621 
Statistical Mechanics
Lecture 18 Alternative Formulations    



Introduction and Review
Lecture Plan 

Review of Thermodynamics 

Basic Formalism


Conditions of Equilibrium


Equilibrium Relations


Legendre Transformed Representations


Stability of Thermodynamic Systems



Alternative formulations
Minimum energy principle

The equilibrium value of any unconstrained internal parameter is such as to 
minimise the energy for the given value of the total entropy.


The properties of thee fundamental equation, i.e., the single-valuedness of U w.r.t. S 
and                         ensure that this can happen.
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Legendre Transformations
Motivation

In both S and U  representations the extensive variables are the independent variables 
meaning that they can be experimentally controlled.


This is in contrast to the usual situation where intensive variables like temperature and 
pressure are controlled.


Can we recast the formalism with intensive parameters are independent variables?



Legendre Transformations
Geometric approach :

Consider a function Y of a single variable X.

Y ⌘ Y (X)
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P ⌘ @Y

@X
<latexit sha1_base64="IMO70qY/L3ZMbpuw4Aj6DNl4LIY=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRXJVEBF0W3bisYC/ShDKZnrRDJxdnJoUS8gZufBU3LhRx69adb+OkDaitPwx8/OecmTm/F3MmlWV9GaWl5ZXVtfJ6ZWNza3vH3N1rySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oKq+3xyAki8JbNYnBDcggZD6jRGmrZx43sAP3CRtjxxeEpk5MhGKE47vshztZz6xaNWsqvAh2AVVUqNEzP51+RJMAQkU5kbJrW7Fy0/xCyiGrOImEmNARGUBXY0gCkG463SfDR9rpYz8S+oQKT93fEykJpJwEnu4MiBrK+Vpu/lfrJsq/cFMWxomCkM4e8hOOVYTzcHCfCaCKTzQQKpj+K6ZDonNROsKKDsGeX3kRWqc126rZN2fV+mURRxkdoEN0gmx0juroGjVQE1H0gJ7QC3o1Ho1n4814n7WWjGJmH/2R8fENCbicqA==</latexit><latexit sha1_base64="IMO70qY/L3ZMbpuw4Aj6DNl4LIY=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRXJVEBF0W3bisYC/ShDKZnrRDJxdnJoUS8gZufBU3LhRx69adb+OkDaitPwx8/OecmTm/F3MmlWV9GaWl5ZXVtfJ6ZWNza3vH3N1rySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oKq+3xyAki8JbNYnBDcggZD6jRGmrZx43sAP3CRtjxxeEpk5MhGKE47vshztZz6xaNWsqvAh2AVVUqNEzP51+RJMAQkU5kbJrW7Fy0/xCyiGrOImEmNARGUBXY0gCkG463SfDR9rpYz8S+oQKT93fEykJpJwEnu4MiBrK+Vpu/lfrJsq/cFMWxomCkM4e8hOOVYTzcHCfCaCKTzQQKpj+K6ZDonNROsKKDsGeX3kRWqc126rZN2fV+mURRxkdoEN0gmx0juroGjVQE1H0gJ7QC3o1Ho1n4814n7WWjGJmH/2R8fENCbicqA==</latexit><latexit sha1_base64="IMO70qY/L3ZMbpuw4Aj6DNl4LIY=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRXJVEBF0W3bisYC/ShDKZnrRDJxdnJoUS8gZufBU3LhRx69adb+OkDaitPwx8/OecmTm/F3MmlWV9GaWl5ZXVtfJ6ZWNza3vH3N1rySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oKq+3xyAki8JbNYnBDcggZD6jRGmrZx43sAP3CRtjxxeEpk5MhGKE47vshztZz6xaNWsqvAh2AVVUqNEzP51+RJMAQkU5kbJrW7Fy0/xCyiGrOImEmNARGUBXY0gCkG463SfDR9rpYz8S+oQKT93fEykJpJwEnu4MiBrK+Vpu/lfrJsq/cFMWxomCkM4e8hOOVYTzcHCfCaCKTzQQKpj+K6ZDonNROsKKDsGeX3kRWqc126rZN2fV+mURRxkdoEN0gmx0juroGjVQE1H0gJ7QC3o1Ho1n4814n7WWjGJmH/2R8fENCbicqA==</latexit><latexit sha1_base64="IMO70qY/L3ZMbpuw4Aj6DNl4LIY=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRXJVEBF0W3bisYC/ShDKZnrRDJxdnJoUS8gZufBU3LhRx69adb+OkDaitPwx8/OecmTm/F3MmlWV9GaWl5ZXVtfJ6ZWNza3vH3N1rySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oKq+3xyAki8JbNYnBDcggZD6jRGmrZx43sAP3CRtjxxeEpk5MhGKE47vshztZz6xaNWsqvAh2AVVUqNEzP51+RJMAQkU5kbJrW7Fy0/xCyiGrOImEmNARGUBXY0gCkG463SfDR9rpYz8S+oQKT93fEykJpJwEnu4MiBrK+Vpu/lfrJsq/cFMWxomCkM4e8hOOVYTzcHCfCaCKTzQQKpj+K6ZDonNROsKKDsGeX3kRWqc126rZN2fV+mURRxkdoEN0gmx0juroGjVQE1H0gJ7QC3o1Ho1n4814n7WWjGJmH/2R8fENCbicqA==</latexit>

Slope is 

Y ⌘ Y (P )
<latexit sha1_base64="fzUH8XtJHXfPseECggrWT9pe6/8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYF4kS5id9CZDZh+ZmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvfVm5jc2t7J79b2Ns/ODwqHp80VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW90P/ebE5SKR+GTnsboBnQQcp8zqo3ktkkXxwmfkHa5dtkrluyKvQBZJ05GSpCh1it+dfsRSwIMNRNUqY5jx9pNqdScCZwVuonCmLIRHWDH0JAGqNx0cfSMXBilT/xImgo1Wai/J1IaKDUNPNMZUD1Uq95c/M/rJNq/dVMexonGkC0X+YkgOiLzBEifS2RaTA2hTHJzK2FDKinTJqeCCcFZfXmdNK4qjl1xHq9L1bssjjycwTmUwYEbqMID1KAODMbwDK/wZk2sF+vd+li25qxs5hT+wPr8ATxEkRU=</latexit><latexit sha1_base64="fzUH8XtJHXfPseECggrWT9pe6/8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYF4kS5id9CZDZh+ZmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvfVm5jc2t7J79b2Ns/ODwqHp80VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW90P/ebE5SKR+GTnsboBnQQcp8zqo3ktkkXxwmfkHa5dtkrluyKvQBZJ05GSpCh1it+dfsRSwIMNRNUqY5jx9pNqdScCZwVuonCmLIRHWDH0JAGqNx0cfSMXBilT/xImgo1Wai/J1IaKDUNPNMZUD1Uq95c/M/rJNq/dVMexonGkC0X+YkgOiLzBEifS2RaTA2hTHJzK2FDKinTJqeCCcFZfXmdNK4qjl1xHq9L1bssjjycwTmUwYEbqMID1KAODMbwDK/wZk2sF+vd+li25qxs5hT+wPr8ATxEkRU=</latexit><latexit sha1_base64="fzUH8XtJHXfPseECggrWT9pe6/8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYF4kS5id9CZDZh+ZmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvfVm5jc2t7J79b2Ns/ODwqHp80VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW90P/ebE5SKR+GTnsboBnQQcp8zqo3ktkkXxwmfkHa5dtkrluyKvQBZJ05GSpCh1it+dfsRSwIMNRNUqY5jx9pNqdScCZwVuonCmLIRHWDH0JAGqNx0cfSMXBilT/xImgo1Wai/J1IaKDUNPNMZUD1Uq95c/M/rJNq/dVMexonGkC0X+YkgOiLzBEifS2RaTA2hTHJzK2FDKinTJqeCCcFZfXmdNK4qjl1xHq9L1bssjjycwTmUwYEbqMID1KAODMbwDK/wZk2sF+vd+li25qxs5hT+wPr8ATxEkRU=</latexit><latexit sha1_base64="fzUH8XtJHXfPseECggrWT9pe6/8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYF4kS5id9CZDZh+ZmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvfVm5jc2t7J79b2Ns/ODwqHp80VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW90P/ebE5SKR+GTnsboBnQQcp8zqo3ktkkXxwmfkHa5dtkrluyKvQBZJ05GSpCh1it+dfsRSwIMNRNUqY5jx9pNqdScCZwVuonCmLIRHWDH0JAGqNx0cfSMXBilT/xImgo1Wai/J1IaKDUNPNMZUD1Uq95c/M/rJNq/dVMexonGkC0X+YkgOiLzBEifS2RaTA2hTHJzK2FDKinTJqeCCcFZfXmdNK4qjl1xHq9L1bssjjycwTmUwYEbqMID1KAODMbwDK/wZk2sF+vd+li25qxs5hT+wPr8ATxEkRU=</latexit>

But, we might not be able to get unique 
definition of Y in terms of X from this

Y

X



Legendre Transformations
Geometric approach :

We can, however, get the lost information back if we also knew the intercepts 
along with the slopes.

Y

X
 

<latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit><latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit><latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit><latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit>

Think of a curve as the envelope of a family 

of tangents given by 

 ⌘  (P )
<latexit sha1_base64="e0MOaRERfYsVEyUTAUBf0RWEzrw=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXRZdOOygr1AG8pkOmmHTiZxZlIIob6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxZ0o7zre1tr6xubVd2inv7u0fHNpHx20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbvN6ZUqlYJB50GlMvxCPBAkawNtbArvRjxVCfPiZsinKuNc8HdtWpO3OhVXALqEKh5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW7ieKxphM8Ij2DAocUuVl8+Nn6Mw4QxRE0jyh0dz9PZHhUKk09E1niPVYLddy879aL9HBtZcxESeaCrJYFCQc6QjlSaAhk5RonhrARDJzKyJjLDHRJq+yCcFd/vIqtC/qrlN37y+rjZsijhKcwCnUwIUraMAdNKEFBFJ4hld4s56sF+vd+li0rlnFTAX+yPr8Aa/3lCA=</latexit><latexit sha1_base64="e0MOaRERfYsVEyUTAUBf0RWEzrw=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXRZdOOygr1AG8pkOmmHTiZxZlIIob6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxZ0o7zre1tr6xubVd2inv7u0fHNpHx20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbvN6ZUqlYJB50GlMvxCPBAkawNtbArvRjxVCfPiZsinKuNc8HdtWpO3OhVXALqEKh5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW7ieKxphM8Ij2DAocUuVl8+Nn6Mw4QxRE0jyh0dz9PZHhUKk09E1niPVYLddy879aL9HBtZcxESeaCrJYFCQc6QjlSaAhk5RonhrARDJzKyJjLDHRJq+yCcFd/vIqtC/qrlN37y+rjZsijhKcwCnUwIUraMAdNKEFBFJ4hld4s56sF+vd+li0rlnFTAX+yPr8Aa/3lCA=</latexit><latexit sha1_base64="e0MOaRERfYsVEyUTAUBf0RWEzrw=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXRZdOOygr1AG8pkOmmHTiZxZlIIob6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxZ0o7zre1tr6xubVd2inv7u0fHNpHx20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbvN6ZUqlYJB50GlMvxCPBAkawNtbArvRjxVCfPiZsinKuNc8HdtWpO3OhVXALqEKh5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW7ieKxphM8Ij2DAocUuVl8+Nn6Mw4QxRE0jyh0dz9PZHhUKk09E1niPVYLddy879aL9HBtZcxESeaCrJYFCQc6QjlSaAhk5RonhrARDJzKyJjLDHRJq+yCcFd/vIqtC/qrlN37y+rjZsijhKcwCnUwIUraMAdNKEFBFJ4hld4s56sF+vd+li0rlnFTAX+yPr8Aa/3lCA=</latexit><latexit sha1_base64="e0MOaRERfYsVEyUTAUBf0RWEzrw=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXRZdOOygr1AG8pkOmmHTiZxZlIIob6KGxeKuPVB3Pk2TtostPWHgY//nMM58/sxZ0o7zre1tr6xubVd2inv7u0fHNpHx20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbvN6ZUqlYJB50GlMvxCPBAkawNtbArvRjxVCfPiZsinKuNc8HdtWpO3OhVXALqEKh5sD+6g8jkoRUaMKxUj3XibWXYakZ4XRW7ieKxphM8Ij2DAocUuVl8+Nn6Mw4QxRE0jyh0dz9PZHhUKk09E1niPVYLddy879aL9HBtZcxESeaCrJYFCQc6QjlSaAhk5RonhrARDJzKyJjLDHRJq+yCcFd/vIqtC/qrlN37y+rjZsijhKcwCnUwIUraMAdNKEFBFJ4hld4s56sF+vd+li0rlnFTAX+yPr8Aa/3lCA=</latexit>

Slope-intercept (  ) representation of the 
function.


Completely equivalent to the original (Y) 
representation.

 
<latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit><latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit><latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit><latexit sha1_base64="17uENeVNbGzAf0rC1EQQVr4Zn7Q=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOplxjer9b8uj8HWSVBQWpQoNmvfvUGMUslKssENaYb+IkNM6otZwJnlV5qMKFsQkfYdVRRiSbM5rfOyJlTBmQYa1fKkrn6eyKj0pipjFynpHZslr1c/M/rpnZ4HWZcJalFxRaLhqkgNib542TANTIrpo5Qprm7lbAx1ZRZF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5knvxXv3PhatJa+YOYY/8D5/ACQ/jko=</latexit>

P =
Y �  

X � 0
<latexit sha1_base64="AFPlQZdKfnm7WChb/aV1QMNTA3k=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8NKSiKAXoejFYwX7IU0pm+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrid+64FKxSJxp8cx7YZ4IFjACNZG6tkHdXSJvEBikt5XvFixLG1XnKxnl52qMwVaJG5OypCj3rO/vH5EkpAKTThWquM6se6mWGpGOM1KXqJojMkID2jHUIFDqrrp9P4MHRulj4JImhIaTdXfEykOlRqHvukMsR6qeW8i/ud1Eh1cdFMm4kRTQWaLgoQjHaFJGKjPJCWajw3BRDJzKyJDbMLQJrKSCcGdf3mRNE+rrlN1b8/Ktas8jiIcwhGcgAvnUIMbqEMDCDzCM7zCm/VkvVjv1sestWDlM/vwB9bnD391lR8=</latexit><latexit sha1_base64="AFPlQZdKfnm7WChb/aV1QMNTA3k=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8NKSiKAXoejFYwX7IU0pm+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrid+64FKxSJxp8cx7YZ4IFjACNZG6tkHdXSJvEBikt5XvFixLG1XnKxnl52qMwVaJG5OypCj3rO/vH5EkpAKTThWquM6se6mWGpGOM1KXqJojMkID2jHUIFDqrrp9P4MHRulj4JImhIaTdXfEykOlRqHvukMsR6qeW8i/ud1Eh1cdFMm4kRTQWaLgoQjHaFJGKjPJCWajw3BRDJzKyJDbMLQJrKSCcGdf3mRNE+rrlN1b8/Ktas8jiIcwhGcgAvnUIMbqEMDCDzCM7zCm/VkvVjv1sestWDlM/vwB9bnD391lR8=</latexit><latexit sha1_base64="AFPlQZdKfnm7WChb/aV1QMNTA3k=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8NKSiKAXoejFYwX7IU0pm+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrid+64FKxSJxp8cx7YZ4IFjACNZG6tkHdXSJvEBikt5XvFixLG1XnKxnl52qMwVaJG5OypCj3rO/vH5EkpAKTThWquM6se6mWGpGOM1KXqJojMkID2jHUIFDqrrp9P4MHRulj4JImhIaTdXfEykOlRqHvukMsR6qeW8i/ud1Eh1cdFMm4kRTQWaLgoQjHaFJGKjPJCWajw3BRDJzKyJDbMLQJrKSCcGdf3mRNE+rrlN1b8/Ktas8jiIcwhGcgAvnUIMbqEMDCDzCM7zCm/VkvVjv1sestWDlM/vwB9bnD391lR8=</latexit><latexit sha1_base64="AFPlQZdKfnm7WChb/aV1QMNTA3k=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8NKSiKAXoejFYwX7IU0pm+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrid+64FKxSJxp8cx7YZ4IFjACNZG6tkHdXSJvEBikt5XvFixLG1XnKxnl52qMwVaJG5OypCj3rO/vH5EkpAKTThWquM6se6mWGpGOM1KXqJojMkID2jHUIFDqrrp9P4MHRulj4JImhIaTdXfEykOlRqHvukMsR6qeW8i/ud1Eh1cdFMm4kRTQWaLgoQjHaFJGKjPJCWajw3BRDJzKyJDbMLQJrKSCcGdf3mRNE+rrlN1b8/Ktas8jiIcwhGcgAvnUIMbqEMDCDzCM7zCm/VkvVjv1sestWDlM/vwB9bnD391lR8=</latexit>

 = Y � PX
<latexit sha1_base64="byWhA4ej1crFFBRABIt+BN6583c=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgl6EoBePEcxDkiXMTjrJkNnZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Ldjzck1eSRnpNrsFEtu2Z2BLBMvIyXIUO0Uv9rdiCUhSsME1brlubHxU6oMZwInhXaiMaZsSPvYslTSELWfzo6ekBOrdEkvUrakITP190RKQ63HYWA7Q2oGetGbiv95rcT0rvyUyzgxKNl8US8RxERkmgDpcoXMiLEllClubyVsQBVlxuZUsCF4iy8vk/p52XPL3v1FqXKTxZGHIziGU/DgEipwB1WoAYMneIZXeHNGzovz7nzMW3NONnMIf+B8/gBu0JCP</latexit><latexit sha1_base64="byWhA4ej1crFFBRABIt+BN6583c=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgl6EoBePEcxDkiXMTjrJkNnZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Ldjzck1eSRnpNrsFEtu2Z2BLBMvIyXIUO0Uv9rdiCUhSsME1brlubHxU6oMZwInhXaiMaZsSPvYslTSELWfzo6ekBOrdEkvUrakITP190RKQ63HYWA7Q2oGetGbiv95rcT0rvyUyzgxKNl8US8RxERkmgDpcoXMiLEllClubyVsQBVlxuZUsCF4iy8vk/p52XPL3v1FqXKTxZGHIziGU/DgEipwB1WoAYMneIZXeHNGzovz7nzMW3NONnMIf+B8/gBu0JCP</latexit><latexit sha1_base64="byWhA4ej1crFFBRABIt+BN6583c=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgl6EoBePEcxDkiXMTjrJkNnZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Ldjzck1eSRnpNrsFEtu2Z2BLBMvIyXIUO0Uv9rdiCUhSsME1brlubHxU6oMZwInhXaiMaZsSPvYslTSELWfzo6ekBOrdEkvUrakITP190RKQ63HYWA7Q2oGetGbiv95rcT0rvyUyzgxKNl8US8RxERkmgDpcoXMiLEllClubyVsQBVlxuZUsCF4iy8vk/p52XPL3v1FqXKTxZGHIziGU/DgEipwB1WoAYMneIZXeHNGzovz7nzMW3NONnMIf+B8/gBu0JCP</latexit><latexit sha1_base64="byWhA4ej1crFFBRABIt+BN6583c=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArgl6EoBePEcxDkiXMTjrJkNnZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Ldjzck1eSRnpNrsFEtu2Z2BLBMvIyXIUO0Uv9rdiCUhSsME1brlubHxU6oMZwInhXaiMaZsSPvYslTSELWfzo6ekBOrdEkvUrakITP190RKQ63HYWA7Q2oGetGbiv95rcT0rvyUyzgxKNl8US8RxERkmgDpcoXMiLEllClubyVsQBVlxuZUsCF4iy8vk/p52XPL3v1FqXKTxZGHIziGU/DgEipwB1WoAYMneIZXeHNGzovz7nzMW3NONnMIf+B8/gBu0JCP</latexit>

or Legendre Transformation



Legendre Transformations
Geometric approach :

Note that �X =
d 

dP
<latexit sha1_base64="Dmcu4SA/J8B+PBapG7G60e6AkTQ=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8GJJRNCLUPTisYL9gKaUzWbTLt1swu5GKDEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnJ5wp7TjfVmlpeWV1rbxe2djc2t6xd/daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHNxO//UClYrG41+OE9iI8ECxkBGsj9e2D0w66Ql4oMckCL1EszwLUyPt21ak5U6BF4hakCgUaffvLC2KSRlRowrFSXddJdC/DUjPCaV7xUkUTTEZ4QLuGChxR1cum9+fo2CgBCmNpSmg0VX9PZDhSahz5pjPCeqjmvYn4n9dNdXjZy5hIUk0FmS0KU450jCZhoIBJSjQfG4KJZOZWRIbYZKFNZBUTgjv/8iJpndVcp+benVfr10UcZTiEIzgBFy6gDrfQgCYQeIRneIU368l6sd6tj1lrySpm9uEPrM8fysuVUQ==</latexit><latexit sha1_base64="Dmcu4SA/J8B+PBapG7G60e6AkTQ=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8GJJRNCLUPTisYL9gKaUzWbTLt1swu5GKDEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnJ5wp7TjfVmlpeWV1rbxe2djc2t6xd/daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHNxO//UClYrG41+OE9iI8ECxkBGsj9e2D0w66Ql4oMckCL1EszwLUyPt21ak5U6BF4hakCgUaffvLC2KSRlRowrFSXddJdC/DUjPCaV7xUkUTTEZ4QLuGChxR1cum9+fo2CgBCmNpSmg0VX9PZDhSahz5pjPCeqjmvYn4n9dNdXjZy5hIUk0FmS0KU450jCZhoIBJSjQfG4KJZOZWRIbYZKFNZBUTgjv/8iJpndVcp+benVfr10UcZTiEIzgBFy6gDrfQgCYQeIRneIU368l6sd6tj1lrySpm9uEPrM8fysuVUQ==</latexit><latexit sha1_base64="Dmcu4SA/J8B+PBapG7G60e6AkTQ=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8GJJRNCLUPTisYL9gKaUzWbTLt1swu5GKDEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnJ5wp7TjfVmlpeWV1rbxe2djc2t6xd/daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHNxO//UClYrG41+OE9iI8ECxkBGsj9e2D0w66Ql4oMckCL1EszwLUyPt21ak5U6BF4hakCgUaffvLC2KSRlRowrFSXddJdC/DUjPCaV7xUkUTTEZ4QLuGChxR1cum9+fo2CgBCmNpSmg0VX9PZDhSahz5pjPCeqjmvYn4n9dNdXjZy5hIUk0FmS0KU450jCZhoIBJSjQfG4KJZOZWRIbYZKFNZBUTgjv/8iJpndVcp+benVfr10UcZTiEIzgBFy6gDrfQgCYQeIRneIU368l6sd6tj1lrySpm9uEPrM8fysuVUQ==</latexit><latexit sha1_base64="Dmcu4SA/J8B+PBapG7G60e6AkTQ=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8GJJRNCLUPTisYL9gKaUzWbTLt1swu5GKDEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnJ5wp7TjfVmlpeWV1rbxe2djc2t6xd/daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHNxO//UClYrG41+OE9iI8ECxkBGsj9e2D0w66Ql4oMckCL1EszwLUyPt21ak5U6BF4hakCgUaffvLC2KSRlRowrFSXddJdC/DUjPCaV7xUkUTTEZ4QLuGChxR1cum9+fo2CgBCmNpSmg0VX9PZDhSahz5pjPCeqjmvYn4n9dNdXjZy5hIUk0FmS0KU450jCZhoIBJSjQfG4KJZOZWRIbYZKFNZBUTgjv/8iJpndVcp+benVfr10UcZTiEIzgBFy6gDrfQgCYQeIRneIU368l6sd6tj1lrySpm9uEPrM8fysuVUQ==</latexit>

So X and P are conjugate in this sense. It is easily verified that the 
transformed representation can give back the Y-representation uniquely.

P =
dY

dX
<latexit sha1_base64="tL+PClwj0S/4uZaOg87EpTY1N9o=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuhGKblxWsA9pQ5lMJu3QySTMTIQQ4q+4caGIWz/EnX/jtM1CWw/cy+Gce5k7x084U9pxvq2V1bX1jc3KVnV7Z3dv3z447Kg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXn9xM/e4jlYrF4l5nCfUiPBIsZARrIw3tWgtdoUEoMckD9FCY1iuGdt1pODOgZeKWpA4lWkP7axDEJI2o0IRjpfquk2gvx1IzwmlRHaSKJphM8Ij2DRU4osrLZ8cX6MQoAQpjaUpoNFN/b+Q4UiqLfDMZYT1Wi95U/M/rpzq89HImklRTQeYPhSlHOkbTJFDAJCWaZ4ZgIpm5FZExNklok1fVhOAufnmZdM4artNw787rzesyjgocwTGcggsX0IRbaEEbCGTwDK/wZj1ZL9a79TEfXbHKnRr8gfX5AzbQk9c=</latexit><latexit sha1_base64="tL+PClwj0S/4uZaOg87EpTY1N9o=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuhGKblxWsA9pQ5lMJu3QySTMTIQQ4q+4caGIWz/EnX/jtM1CWw/cy+Gce5k7x084U9pxvq2V1bX1jc3KVnV7Z3dv3z447Kg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXn9xM/e4jlYrF4l5nCfUiPBIsZARrIw3tWgtdoUEoMckD9FCY1iuGdt1pODOgZeKWpA4lWkP7axDEJI2o0IRjpfquk2gvx1IzwmlRHaSKJphM8Ij2DRU4osrLZ8cX6MQoAQpjaUpoNFN/b+Q4UiqLfDMZYT1Wi95U/M/rpzq89HImklRTQeYPhSlHOkbTJFDAJCWaZ4ZgIpm5FZExNklok1fVhOAufnmZdM4artNw787rzesyjgocwTGcggsX0IRbaEEbCGTwDK/wZj1ZL9a79TEfXbHKnRr8gfX5AzbQk9c=</latexit><latexit sha1_base64="tL+PClwj0S/4uZaOg87EpTY1N9o=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuhGKblxWsA9pQ5lMJu3QySTMTIQQ4q+4caGIWz/EnX/jtM1CWw/cy+Gce5k7x084U9pxvq2V1bX1jc3KVnV7Z3dv3z447Kg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXn9xM/e4jlYrF4l5nCfUiPBIsZARrIw3tWgtdoUEoMckD9FCY1iuGdt1pODOgZeKWpA4lWkP7axDEJI2o0IRjpfquk2gvx1IzwmlRHaSKJphM8Ij2DRU4osrLZ8cX6MQoAQpjaUpoNFN/b+Q4UiqLfDMZYT1Wi95U/M/rpzq89HImklRTQeYPhSlHOkbTJFDAJCWaZ4ZgIpm5FZExNklok1fVhOAufnmZdM4artNw787rzesyjgocwTGcggsX0IRbaEEbCGTwDK/wZj1ZL9a79TEfXbHKnRr8gfX5AzbQk9c=</latexit><latexit sha1_base64="tL+PClwj0S/4uZaOg87EpTY1N9o=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuhGKblxWsA9pQ5lMJu3QySTMTIQQ4q+4caGIWz/EnX/jtM1CWw/cy+Gce5k7x084U9pxvq2V1bX1jc3KVnV7Z3dv3z447Kg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXn9xM/e4jlYrF4l5nCfUiPBIsZARrIw3tWgtdoUEoMckD9FCY1iuGdt1pODOgZeKWpA4lWkP7axDEJI2o0IRjpfquk2gvx1IzwmlRHaSKJphM8Ij2DRU4osrLZ8cX6MQoAQpjaUpoNFN/b+Q4UiqLfDMZYT1Wi95U/M/rpzq89HImklRTQeYPhSlHOkbTJFDAJCWaZ4ZgIpm5FZExNklok1fVhOAufnmZdM4artNw787rzesyjgocwTGcggsX0IRbaEEbCGTwDK/wZj1ZL9a79TEfXbHKnRr8gfX5AzbQk9c=</latexit>

while

Generalizing to the multi-variable case we have that given

Y = Y (X0, X1, X2, ..., Xt)
<latexit sha1_base64="bq8qH5fr5uwgqezUb1+5jtf3Cfs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahQglJEXQjFN24rGDblDaEyXTSDp1MwsxEKKHgxl9x40IRt/6EO//GaZuFth64zOGce7lzT5AwKpVtfxuFldW19Y3iZmlre2d3z9w/aMk4FZg0ccxi4QZIEkY5aSqqGHETQVAUMNIORjdTv/1AhKQxv1fjhHgRGnAaUoyUlnzzqAOvYKfi+nbV9R1dtaplWfpVZ75Zti17BrhMnJyUQY6Gb371+jFOI8IVZkjKrmMnysuQUBQzMin1UkkShEdoQLqachQR6WWzGybwVCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP6+bqvDSyyhPUkU4ni8KUwZVDKeBwD4VBCs21gRhQfVfIR4igbDSsZV0CM7iycukVbMc23Luzsv16zyOIjgGJ6ACHHAB6uAWNEATYPAInsEreDOejBfj3fiYtxaMfOYQ/IHx+QOd8ZRM</latexit><latexit sha1_base64="bq8qH5fr5uwgqezUb1+5jtf3Cfs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahQglJEXQjFN24rGDblDaEyXTSDp1MwsxEKKHgxl9x40IRt/6EO//GaZuFth64zOGce7lzT5AwKpVtfxuFldW19Y3iZmlre2d3z9w/aMk4FZg0ccxi4QZIEkY5aSqqGHETQVAUMNIORjdTv/1AhKQxv1fjhHgRGnAaUoyUlnzzqAOvYKfi+nbV9R1dtaplWfpVZ75Zti17BrhMnJyUQY6Gb371+jFOI8IVZkjKrmMnysuQUBQzMin1UkkShEdoQLqachQR6WWzGybwVCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP6+bqvDSyyhPUkU4ni8KUwZVDKeBwD4VBCs21gRhQfVfIR4igbDSsZV0CM7iycukVbMc23Luzsv16zyOIjgGJ6ACHHAB6uAWNEATYPAInsEreDOejBfj3fiYtxaMfOYQ/IHx+QOd8ZRM</latexit><latexit sha1_base64="bq8qH5fr5uwgqezUb1+5jtf3Cfs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahQglJEXQjFN24rGDblDaEyXTSDp1MwsxEKKHgxl9x40IRt/6EO//GaZuFth64zOGce7lzT5AwKpVtfxuFldW19Y3iZmlre2d3z9w/aMk4FZg0ccxi4QZIEkY5aSqqGHETQVAUMNIORjdTv/1AhKQxv1fjhHgRGnAaUoyUlnzzqAOvYKfi+nbV9R1dtaplWfpVZ75Zti17BrhMnJyUQY6Gb371+jFOI8IVZkjKrmMnysuQUBQzMin1UkkShEdoQLqachQR6WWzGybwVCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP6+bqvDSyyhPUkU4ni8KUwZVDKeBwD4VBCs21gRhQfVfIR4igbDSsZV0CM7iycukVbMc23Luzsv16zyOIjgGJ6ACHHAB6uAWNEATYPAInsEreDOejBfj3fiYtxaMfOYQ/IHx+QOd8ZRM</latexit><latexit sha1_base64="bq8qH5fr5uwgqezUb1+5jtf3Cfs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahQglJEXQjFN24rGDblDaEyXTSDp1MwsxEKKHgxl9x40IRt/6EO//GaZuFth64zOGce7lzT5AwKpVtfxuFldW19Y3iZmlre2d3z9w/aMk4FZg0ccxi4QZIEkY5aSqqGHETQVAUMNIORjdTv/1AhKQxv1fjhHgRGnAaUoyUlnzzqAOvYKfi+nbV9R1dtaplWfpVZ75Zti17BrhMnJyUQY6Gb371+jFOI8IVZkjKrmMnysuQUBQzMin1UkkShEdoQLqachQR6WWzGybwVCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP6+bqvDSyyhPUkU4ni8KUwZVDKeBwD4VBCs21gRhQfVfIR4igbDSsZV0CM7iycukVbMc23Luzsv16zyOIjgGJ6ACHHAB6uAWNEATYPAInsEreDOejBfj3fiYtxaMfOYQ/IHx+QOd8ZRM</latexit>

Pk =
@Y

@Xk
<latexit sha1_base64="LYvKyoym3p8zRhXMRPQVh2Z9Ugw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKrkoigm6EohuXFexF2hAm00k7ZHJhZiKUkCdw46u4caGIW9fufBsnbUBt/WHg4z/nzMz5vYQzqSzry1haXlldW69sVDe3tnd2zb39joxTQWibxDwWPQ9LyllE24opTnuJoDj0OO16wVVR795TIVkc3apJQp0QjyLmM4KVtlyz3nIDdIEGvsAkGyRYKIY5ust/uOcGuWvWrIY1FVoEu4QalGq55udgGJM0pJEiHEvZt61EOVlxJeE0rw5SSRNMAjyifY0RDql0suk6OaprZ4j8WOgTKTR1f09kOJRyEnq6M8RqLOdrhflfrZ8q/9zJWJSkikZk9pCfcqRiVGSDhkxQovhEAyaC6b8iMsY6GaUTrOoQ7PmVF6Fz0rCthn1zWmtelnFU4BCO4BhsOIMmXEML2kDgAZ7gBV6NR+PZeDPeZ61LRjlzAH9kfHwDuamb6Q==</latexit><latexit sha1_base64="LYvKyoym3p8zRhXMRPQVh2Z9Ugw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKrkoigm6EohuXFexF2hAm00k7ZHJhZiKUkCdw46u4caGIW9fufBsnbUBt/WHg4z/nzMz5vYQzqSzry1haXlldW69sVDe3tnd2zb39joxTQWibxDwWPQ9LyllE24opTnuJoDj0OO16wVVR795TIVkc3apJQp0QjyLmM4KVtlyz3nIDdIEGvsAkGyRYKIY5ust/uOcGuWvWrIY1FVoEu4QalGq55udgGJM0pJEiHEvZt61EOVlxJeE0rw5SSRNMAjyifY0RDql0suk6OaprZ4j8WOgTKTR1f09kOJRyEnq6M8RqLOdrhflfrZ8q/9zJWJSkikZk9pCfcqRiVGSDhkxQovhEAyaC6b8iMsY6GaUTrOoQ7PmVF6Fz0rCthn1zWmtelnFU4BCO4BhsOIMmXEML2kDgAZ7gBV6NR+PZeDPeZ61LRjlzAH9kfHwDuamb6Q==</latexit><latexit sha1_base64="LYvKyoym3p8zRhXMRPQVh2Z9Ugw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKrkoigm6EohuXFexF2hAm00k7ZHJhZiKUkCdw46u4caGIW9fufBsnbUBt/WHg4z/nzMz5vYQzqSzry1haXlldW69sVDe3tnd2zb39joxTQWibxDwWPQ9LyllE24opTnuJoDj0OO16wVVR795TIVkc3apJQp0QjyLmM4KVtlyz3nIDdIEGvsAkGyRYKIY5ust/uOcGuWvWrIY1FVoEu4QalGq55udgGJM0pJEiHEvZt61EOVlxJeE0rw5SSRNMAjyifY0RDql0suk6OaprZ4j8WOgTKTR1f09kOJRyEnq6M8RqLOdrhflfrZ8q/9zJWJSkikZk9pCfcqRiVGSDhkxQovhEAyaC6b8iMsY6GaUTrOoQ7PmVF6Fz0rCthn1zWmtelnFU4BCO4BhsOIMmXEML2kDgAZ7gBV6NR+PZeDPeZ61LRjlzAH9kfHwDuamb6Q==</latexit><latexit sha1_base64="LYvKyoym3p8zRhXMRPQVh2Z9Ugw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKrkoigm6EohuXFexF2hAm00k7ZHJhZiKUkCdw46u4caGIW9fufBsnbUBt/WHg4z/nzMz5vYQzqSzry1haXlldW69sVDe3tnd2zb39joxTQWibxDwWPQ9LyllE24opTnuJoDj0OO16wVVR795TIVkc3apJQp0QjyLmM4KVtlyz3nIDdIEGvsAkGyRYKIY5ust/uOcGuWvWrIY1FVoEu4QalGq55udgGJM0pJEiHEvZt61EOVlxJeE0rw5SSRNMAjyifY0RDql0suk6OaprZ4j8WOgTKTR1f09kOJRyEnq6M8RqLOdrhflfrZ8q/9zJWJSkikZk9pCfcqRiVGSDhkxQovhEAyaC6b8iMsY6GaUTrOoQ7PmVF6Fz0rCthn1zWmtelnFU4BCO4BhsOIMmXEML2kDgAZ7gBV6NR+PZeDPeZ61LRjlzAH9kfHwDuamb6Q==</latexit>

 = Y �
X

k

PkXk

<latexit sha1_base64="itTzZssTik4W8Ue+cfdzzeUCDpI=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRvFgSEfQiFL14rGA/pAlhs920S3aTsLsRSile/CtePCji1V/hzX/jts1Bqw8GHu/NMDMvzDhT2nG+rNLC4tLySnm1sra+sbllb++0VJpLQpsk5anshFhRzhLa1Exz2skkxSLktB3GVxO/fU+lYmlyq4cZ9QXuJyxiBGsjBfaelymGLtAdOkaeykUQo4apThAHdtWpOVOgv8QtSBUKNAL70+ulJBc00YRjpbquk2l/hKVmhNNxxcsVzTCJcZ92DU2woMofTV8Yo0Oj9FCUSlOJRlP158QIC6WGIjSdAuuBmvcm4n9eN9fRuT9iSZZrmpDZoijnSKdokgfqMUmJ5kNDMJHM3IrIAEtMtEmtYkJw51/+S1onNdepuTen1fplEUcZ9uEAjsCFM6jDNTSgCQQe4Ale4NV6tJ6tN+t91lqyipld+AXr4xtwxJWH</latexit><latexit sha1_base64="itTzZssTik4W8Ue+cfdzzeUCDpI=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRvFgSEfQiFL14rGA/pAlhs920S3aTsLsRSile/CtePCji1V/hzX/jts1Bqw8GHu/NMDMvzDhT2nG+rNLC4tLySnm1sra+sbllb++0VJpLQpsk5anshFhRzhLa1Exz2skkxSLktB3GVxO/fU+lYmlyq4cZ9QXuJyxiBGsjBfaelymGLtAdOkaeykUQo4apThAHdtWpOVOgv8QtSBUKNAL70+ulJBc00YRjpbquk2l/hKVmhNNxxcsVzTCJcZ92DU2woMofTV8Yo0Oj9FCUSlOJRlP158QIC6WGIjSdAuuBmvcm4n9eN9fRuT9iSZZrmpDZoijnSKdokgfqMUmJ5kNDMJHM3IrIAEtMtEmtYkJw51/+S1onNdepuTen1fplEUcZ9uEAjsCFM6jDNTSgCQQe4Ale4NV6tJ6tN+t91lqyipld+AXr4xtwxJWH</latexit><latexit sha1_base64="itTzZssTik4W8Ue+cfdzzeUCDpI=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRvFgSEfQiFL14rGA/pAlhs920S3aTsLsRSile/CtePCji1V/hzX/jts1Bqw8GHu/NMDMvzDhT2nG+rNLC4tLySnm1sra+sbllb++0VJpLQpsk5anshFhRzhLa1Exz2skkxSLktB3GVxO/fU+lYmlyq4cZ9QXuJyxiBGsjBfaelymGLtAdOkaeykUQo4apThAHdtWpOVOgv8QtSBUKNAL70+ulJBc00YRjpbquk2l/hKVmhNNxxcsVzTCJcZ92DU2woMofTV8Yo0Oj9FCUSlOJRlP158QIC6WGIjSdAuuBmvcm4n9eN9fRuT9iSZZrmpDZoijnSKdokgfqMUmJ5kNDMJHM3IrIAEtMtEmtYkJw51/+S1onNdepuTen1fplEUcZ9uEAjsCFM6jDNTSgCQQe4Ale4NV6tJ6tN+t91lqyipld+AXr4xtwxJWH</latexit><latexit sha1_base64="itTzZssTik4W8Ue+cfdzzeUCDpI=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRvFgSEfQiFL14rGA/pAlhs920S3aTsLsRSile/CtePCji1V/hzX/jts1Bqw8GHu/NMDMvzDhT2nG+rNLC4tLySnm1sra+sbllb++0VJpLQpsk5anshFhRzhLa1Exz2skkxSLktB3GVxO/fU+lYmlyq4cZ9QXuJyxiBGsjBfaelymGLtAdOkaeykUQo4apThAHdtWpOVOgv8QtSBUKNAL70+ulJBc00YRjpbquk2l/hKVmhNNxxcsVzTCJcZ92DU2woMofTV8Yo0Oj9FCUSlOJRlP158QIC6WGIjSdAuuBmvcm4n9eN9fRuT9iSZZrmpDZoijnSKdokgfqMUmJ5kNDMJHM3IrIAEtMtEmtYkJw51/+S1onNdepuTen1fplEUcZ9uEAjsCFM6jDNTSgCQQe4Ale4NV6tJ6tN+t91lqyipld+AXr4xtwxJWH</latexit>

We can equivalently represent the dependence through



Legendre Transformations
Partial Transform :

Suppose we only want to transform with respect to one variable we can.

Y [P0] = Y � P0X0
<latexit sha1_base64="xC5sLWAFPjPr4p1hfMQs5NRl37E=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsghtLRgTdCEU3LivYG9NhyKRpG5q5kGSEOhRfxY0LRdz6Hu58G9N2Ftr6Q+DjP+dwTv4gEVxpjL+twtLyyupacb20sbm1vWPv7jVUnErK6jQWsWwFRDHBI1bXXAvWSiQjYSBYMxjeTOrNByYVj6N7PUqYF5J+xHucEm0s3z5ouzUfe+gKtdEpMohaPvbtMq7gqdAiODmUIVfNt7863ZimIYs0FUQp18GJ9jIiNaeCjUudVLGE0CHpM9dgREKmvGx6/RgdG6eLerE0L9Jo6v6eyEio1CgMTGdI9EDN1ybmfzU31b1LL+NRkmoW0dmiXiqQjtEkCtTlklEtRgYIldzciuiASEK1CaxkQnDmv7wIjbOKgyvO3Xm5ep3HUYRDOIITcOACqnALNagDhUd4hld4s56sF+vd+pi1Fqx8Zh/+yPr8AVRDkow=</latexit><latexit sha1_base64="xC5sLWAFPjPr4p1hfMQs5NRl37E=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsghtLRgTdCEU3LivYG9NhyKRpG5q5kGSEOhRfxY0LRdz6Hu58G9N2Ftr6Q+DjP+dwTv4gEVxpjL+twtLyyupacb20sbm1vWPv7jVUnErK6jQWsWwFRDHBI1bXXAvWSiQjYSBYMxjeTOrNByYVj6N7PUqYF5J+xHucEm0s3z5ouzUfe+gKtdEpMohaPvbtMq7gqdAiODmUIVfNt7863ZimIYs0FUQp18GJ9jIiNaeCjUudVLGE0CHpM9dgREKmvGx6/RgdG6eLerE0L9Jo6v6eyEio1CgMTGdI9EDN1ybmfzU31b1LL+NRkmoW0dmiXiqQjtEkCtTlklEtRgYIldzciuiASEK1CaxkQnDmv7wIjbOKgyvO3Xm5ep3HUYRDOIITcOACqnALNagDhUd4hld4s56sF+vd+pi1Fqx8Zh/+yPr8AVRDkow=</latexit><latexit sha1_base64="xC5sLWAFPjPr4p1hfMQs5NRl37E=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsghtLRgTdCEU3LivYG9NhyKRpG5q5kGSEOhRfxY0LRdz6Hu58G9N2Ftr6Q+DjP+dwTv4gEVxpjL+twtLyyupacb20sbm1vWPv7jVUnErK6jQWsWwFRDHBI1bXXAvWSiQjYSBYMxjeTOrNByYVj6N7PUqYF5J+xHucEm0s3z5ouzUfe+gKtdEpMohaPvbtMq7gqdAiODmUIVfNt7863ZimIYs0FUQp18GJ9jIiNaeCjUudVLGE0CHpM9dgREKmvGx6/RgdG6eLerE0L9Jo6v6eyEio1CgMTGdI9EDN1ybmfzU31b1LL+NRkmoW0dmiXiqQjtEkCtTlklEtRgYIldzciuiASEK1CaxkQnDmv7wIjbOKgyvO3Xm5ep3HUYRDOIITcOACqnALNagDhUd4hld4s56sF+vd+pi1Fqx8Zh/+yPr8AVRDkow=</latexit><latexit sha1_base64="xC5sLWAFPjPr4p1hfMQs5NRl37E=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsghtLRgTdCEU3LivYG9NhyKRpG5q5kGSEOhRfxY0LRdz6Hu58G9N2Ftr6Q+DjP+dwTv4gEVxpjL+twtLyyupacb20sbm1vWPv7jVUnErK6jQWsWwFRDHBI1bXXAvWSiQjYSBYMxjeTOrNByYVj6N7PUqYF5J+xHucEm0s3z5ouzUfe+gKtdEpMohaPvbtMq7gqdAiODmUIVfNt7863ZimIYs0FUQp18GJ9jIiNaeCjUudVLGE0CHpM9dgREKmvGx6/RgdG6eLerE0L9Jo6v6eyEio1CgMTGdI9EDN1ybmfzU31b1LL+NRkmoW0dmiXiqQjtEkCtTlklEtRgYIldzciuiASEK1CaxkQnDmv7wIjbOKgyvO3Xm5ep3HUYRDOIITcOACqnALNagDhUd4hld4s56sF+vd+pi1Fqx8Zh/+yPr8AVRDkow=</latexit>

dY [P0] = �X0dP0 +
X

i=1,t

PidXi

<latexit sha1_base64="v7XPPycQsHNPbrGeg6f7SuG5iRE=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQ1DKjgm4KRTcuK9iHtMOQyaRtaDIzJHeEMvRD3Pgrblwo4saF4N+YPhbaeuDCyTn3kntPkAiuwXG+rdzC4tLySn61sLa+sbllb+/UdZwqymo0FrFqBkQzwSNWAw6CNRPFiAwEawT965HfeGBK8zi6g0HCPEm6Ee9wSsBIvn0W3reqvuPhMj5p+g4OzQMf4bZOZVtwyUH7GS+7xzDEVZ/jEDd97ttFp+SMgeeJOyVFNEXVtz/bYUxTySKggmjdcp0EvIwo4FSwYaGdapYQ2idd1jI0IpJpLxsfN8QHRglxJ1amIsBj9fdERqTWAxmYTkmgp2e9kfif10qhc+llPEpSYBGdfNRJBYYYj5LCIVeMghgYQqjiZldMe0QRCibPggnBnT15ntRPS65Tcm/Pi5WraRx5tIf20SFy0QWqoBtURTVE0SN6Rq/ozXqyXqx362PSmrOmM7voD6yvH9phnsU=</latexit><latexit sha1_base64="v7XPPycQsHNPbrGeg6f7SuG5iRE=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQ1DKjgm4KRTcuK9iHtMOQyaRtaDIzJHeEMvRD3Pgrblwo4saF4N+YPhbaeuDCyTn3kntPkAiuwXG+rdzC4tLySn61sLa+sbllb+/UdZwqymo0FrFqBkQzwSNWAw6CNRPFiAwEawT965HfeGBK8zi6g0HCPEm6Ee9wSsBIvn0W3reqvuPhMj5p+g4OzQMf4bZOZVtwyUH7GS+7xzDEVZ/jEDd97ttFp+SMgeeJOyVFNEXVtz/bYUxTySKggmjdcp0EvIwo4FSwYaGdapYQ2idd1jI0IpJpLxsfN8QHRglxJ1amIsBj9fdERqTWAxmYTkmgp2e9kfif10qhc+llPEpSYBGdfNRJBYYYj5LCIVeMghgYQqjiZldMe0QRCibPggnBnT15ntRPS65Tcm/Pi5WraRx5tIf20SFy0QWqoBtURTVE0SN6Rq/ozXqyXqx362PSmrOmM7voD6yvH9phnsU=</latexit><latexit sha1_base64="v7XPPycQsHNPbrGeg6f7SuG5iRE=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQ1DKjgm4KRTcuK9iHtMOQyaRtaDIzJHeEMvRD3Pgrblwo4saF4N+YPhbaeuDCyTn3kntPkAiuwXG+rdzC4tLySn61sLa+sbllb+/UdZwqymo0FrFqBkQzwSNWAw6CNRPFiAwEawT965HfeGBK8zi6g0HCPEm6Ee9wSsBIvn0W3reqvuPhMj5p+g4OzQMf4bZOZVtwyUH7GS+7xzDEVZ/jEDd97ttFp+SMgeeJOyVFNEXVtz/bYUxTySKggmjdcp0EvIwo4FSwYaGdapYQ2idd1jI0IpJpLxsfN8QHRglxJ1amIsBj9fdERqTWAxmYTkmgp2e9kfif10qhc+llPEpSYBGdfNRJBYYYj5LCIVeMghgYQqjiZldMe0QRCibPggnBnT15ntRPS65Tcm/Pi5WraRx5tIf20SFy0QWqoBtURTVE0SN6Rq/ozXqyXqx362PSmrOmM7voD6yvH9phnsU=</latexit><latexit sha1_base64="v7XPPycQsHNPbrGeg6f7SuG5iRE=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQ1DKjgm4KRTcuK9iHtMOQyaRtaDIzJHeEMvRD3Pgrblwo4saF4N+YPhbaeuDCyTn3kntPkAiuwXG+rdzC4tLySn61sLa+sbllb+/UdZwqymo0FrFqBkQzwSNWAw6CNRPFiAwEawT965HfeGBK8zi6g0HCPEm6Ee9wSsBIvn0W3reqvuPhMj5p+g4OzQMf4bZOZVtwyUH7GS+7xzDEVZ/jEDd97ttFp+SMgeeJOyVFNEXVtz/bYUxTySKggmjdcp0EvIwo4FSwYaGdapYQ2idd1jI0IpJpLxsfN8QHRglxJ1amIsBj9fdERqTWAxmYTkmgp2e9kfif10qhc+llPEpSYBGdfNRJBYYYj5LCIVeMghgYQqjiZldMe0QRCibPggnBnT15ntRPS65Tcm/Pi5WraRx5tIf20SFy0QWqoBtURTVE0SN6Rq/ozXqyXqx362PSmrOmM7voD6yvH9phnsU=</latexit>

An infinitesimal change can then be written as

Inverse transform :

Note that,

Thus, we also have

X0 = �@Y [P0]

@P0
<latexit sha1_base64="oJsyu5zZNqq5j3gs/BAOvY1of/4=">AAACFHicbVBNS8MwGE7n15xfVY9egkMQxNGKoBdh6MXjBPchbSlplm5haVqSVBilP8KLf8WLB0W8evDmvzHdCurmA4Enz/O+b/I+QcKoVJb1ZVQWFpeWV6qrtbX1jc0tc3unI+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gdFX43XsiJI35rRonxIvQgNOQYqS05JtHPd+CF/DYDQXCmZsgoShi8M5p+ZaX/wj6mvtm3WpYE8B5YpekDkq0fPPT7cc4jQhXmCEpHdtKlJcVIzEjec1NJUkQHqEBcTTlKCLSyyZL5fBAK30YxkIfruBE/d2RoUjKcRToygipoZz1CvE/z0lVeO5llCepIhxPHwpTBlUMi4RgnwqCFRtrgrCg+q8QD5GOR+kcazoEe3bledI5adhWw745rTcvyziqYA/sg0NggzPQBNegBdoAgwfwBF7Aq/FoPBtvxvu0tGKUPbvgD4yPb9W9nXM=</latexit><latexit sha1_base64="oJsyu5zZNqq5j3gs/BAOvY1of/4=">AAACFHicbVBNS8MwGE7n15xfVY9egkMQxNGKoBdh6MXjBPchbSlplm5haVqSVBilP8KLf8WLB0W8evDmvzHdCurmA4Enz/O+b/I+QcKoVJb1ZVQWFpeWV6qrtbX1jc0tc3unI+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gdFX43XsiJI35rRonxIvQgNOQYqS05JtHPd+CF/DYDQXCmZsgoShi8M5p+ZaX/wj6mvtm3WpYE8B5YpekDkq0fPPT7cc4jQhXmCEpHdtKlJcVIzEjec1NJUkQHqEBcTTlKCLSyyZL5fBAK30YxkIfruBE/d2RoUjKcRToygipoZz1CvE/z0lVeO5llCepIhxPHwpTBlUMi4RgnwqCFRtrgrCg+q8QD5GOR+kcazoEe3bledI5adhWw745rTcvyziqYA/sg0NggzPQBNegBdoAgwfwBF7Aq/FoPBtvxvu0tGKUPbvgD4yPb9W9nXM=</latexit><latexit sha1_base64="oJsyu5zZNqq5j3gs/BAOvY1of/4=">AAACFHicbVBNS8MwGE7n15xfVY9egkMQxNGKoBdh6MXjBPchbSlplm5haVqSVBilP8KLf8WLB0W8evDmvzHdCurmA4Enz/O+b/I+QcKoVJb1ZVQWFpeWV6qrtbX1jc0tc3unI+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gdFX43XsiJI35rRonxIvQgNOQYqS05JtHPd+CF/DYDQXCmZsgoShi8M5p+ZaX/wj6mvtm3WpYE8B5YpekDkq0fPPT7cc4jQhXmCEpHdtKlJcVIzEjec1NJUkQHqEBcTTlKCLSyyZL5fBAK30YxkIfruBE/d2RoUjKcRToygipoZz1CvE/z0lVeO5llCepIhxPHwpTBlUMi4RgnwqCFRtrgrCg+q8QD5GOR+kcazoEe3bledI5adhWw745rTcvyziqYA/sg0NggzPQBNegBdoAgwfwBF7Aq/FoPBtvxvu0tGKUPbvgD4yPb9W9nXM=</latexit><latexit sha1_base64="oJsyu5zZNqq5j3gs/BAOvY1of/4=">AAACFHicbVBNS8MwGE7n15xfVY9egkMQxNGKoBdh6MXjBPchbSlplm5haVqSVBilP8KLf8WLB0W8evDmvzHdCurmA4Enz/O+b/I+QcKoVJb1ZVQWFpeWV6qrtbX1jc0tc3unI+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gdFX43XsiJI35rRonxIvQgNOQYqS05JtHPd+CF/DYDQXCmZsgoShi8M5p+ZaX/wj6mvtm3WpYE8B5YpekDkq0fPPT7cc4jQhXmCEpHdtKlJcVIzEjec1NJUkQHqEBcTTlKCLSyyZL5fBAK30YxkIfruBE/d2RoUjKcRToygipoZz1CvE/z0lVeO5llCepIhxPHwpTBlUMi4RgnwqCFRtrgrCg+q8QD5GOR+kcazoEe3bledI5adhWw745rTcvyziqYA/sg0NggzPQBNegBdoAgwfwBF7Aq/FoPBtvxvu0tGKUPbvgD4yPb9W9nXM=</latexit>

Y (X0) = Y [P ] +X0P0
<latexit sha1_base64="6twINUXnP2AQZITkz17PMLefV/o=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBFKRgTdCEU3LkewL6bDkEkzbWgmMyQZoQzd+CtuXCji1s9w59+YtrPQ6oELJ+fcS+49YcqZ0gh9WaWl5ZXVtfJ6ZWNza3vH3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTsc3Uz99gOViiXiXo9T6sd4IFjECNZGCuyDbq0ToBN4Bbue68NTaF7QDVBgV1EdzQD/EqcgVVDADezPXj8hWUyFJhwr5Tko1X6OpWaE00mllymaYjLCA+oZKnBMlZ/PDpjAY6P0YZRIU0LDmfpzIsexUuM4NJ0x1kO16E3F/zwv09GlnzORZpoKMv8oyjjUCZymAftMUqL52BBMJDO7QjLEEhNtMquYEJzFk/+S1lndQXXn7rzauC7iKINDcARqwAEXoAFugQuagIAJeAIv4NV6tJ6tN+t93lqyipl98AvWxzfNpJNR</latexit><latexit sha1_base64="6twINUXnP2AQZITkz17PMLefV/o=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBFKRgTdCEU3LkewL6bDkEkzbWgmMyQZoQzd+CtuXCji1s9w59+YtrPQ6oELJ+fcS+49YcqZ0gh9WaWl5ZXVtfJ6ZWNza3vH3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTsc3Uz99gOViiXiXo9T6sd4IFjECNZGCuyDbq0ToBN4Bbue68NTaF7QDVBgV1EdzQD/EqcgVVDADezPXj8hWUyFJhwr5Tko1X6OpWaE00mllymaYjLCA+oZKnBMlZ/PDpjAY6P0YZRIU0LDmfpzIsexUuM4NJ0x1kO16E3F/zwv09GlnzORZpoKMv8oyjjUCZymAftMUqL52BBMJDO7QjLEEhNtMquYEJzFk/+S1lndQXXn7rzauC7iKINDcARqwAEXoAFugQuagIAJeAIv4NV6tJ6tN+t93lqyipl98AvWxzfNpJNR</latexit><latexit sha1_base64="6twINUXnP2AQZITkz17PMLefV/o=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBFKRgTdCEU3LkewL6bDkEkzbWgmMyQZoQzd+CtuXCji1s9w59+YtrPQ6oELJ+fcS+49YcqZ0gh9WaWl5ZXVtfJ6ZWNza3vH3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTsc3Uz99gOViiXiXo9T6sd4IFjECNZGCuyDbq0ToBN4Bbue68NTaF7QDVBgV1EdzQD/EqcgVVDADezPXj8hWUyFJhwr5Tko1X6OpWaE00mllymaYjLCA+oZKnBMlZ/PDpjAY6P0YZRIU0LDmfpzIsexUuM4NJ0x1kO16E3F/zwv09GlnzORZpoKMv8oyjjUCZymAftMUqL52BBMJDO7QjLEEhNtMquYEJzFk/+S1lndQXXn7rzauC7iKINDcARqwAEXoAFugQuagIAJeAIv4NV6tJ6tN+t93lqyipl98AvWxzfNpJNR</latexit><latexit sha1_base64="6twINUXnP2AQZITkz17PMLefV/o=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBFKRgTdCEU3LkewL6bDkEkzbWgmMyQZoQzd+CtuXCji1s9w59+YtrPQ6oELJ+fcS+49YcqZ0gh9WaWl5ZXVtfJ6ZWNza3vH3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTsc3Uz99gOViiXiXo9T6sd4IFjECNZGCuyDbq0ToBN4Bbue68NTaF7QDVBgV1EdzQD/EqcgVVDADezPXj8hWUyFJhwr5Tko1X6OpWaE00mllymaYjLCA+oZKnBMlZ/PDpjAY6P0YZRIU0LDmfpzIsexUuM4NJ0x1kO16E3F/zwv09GlnzORZpoKMv8oyjjUCZymAftMUqL52BBMJDO7QjLEEhNtMquYEJzFk/+S1lndQXXn7rzauC7iKINDcARqwAEXoAFugQuagIAJeAIv4NV6tJ6tN+t93lqyipl98AvWxzfNpJNR</latexit>



Legendre Transformations
Example :

y = AeBx
<latexit sha1_base64="VRZl9bMQ3dsD6/Q7fKFc7t5KMQo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchxovHCOYByRpmJ73JkNkHM7PisuQ3vHhQxKs/482/cZLsQRMLGoqqbrq7vFhwpW372yqsrK6tbxQ3S1vbO7t75f2DlooSybDJIhHJjkcVCh5iU3MtsBNLpIEnsO2Nb6Z++xGl4lF4r9MY3YAOQ+5zRrWReim5ItcEH7L606RfrthVewayTJycVCBHo1/+6g0ilgQYaiaoUl3HjrWbUak5Ezgp9RKFMWVjOsSuoSENULnZ7OYJOTHKgPiRNBVqMlN/T2Q0UCoNPNMZUD1Si95U/M/rJtq/dDMexonGkM0X+YkgOiLTAMiAS2RapIZQJrm5lbARlZRpE1PJhOAsvrxMWmdVx646d+eVWj2PowhHcAyn4MAF1OAWGtAEBjE8wyu8WYn1Yr1bH/PWgpXPHMIfWJ8/mimQvg==</latexit><latexit sha1_base64="VRZl9bMQ3dsD6/Q7fKFc7t5KMQo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchxovHCOYByRpmJ73JkNkHM7PisuQ3vHhQxKs/482/cZLsQRMLGoqqbrq7vFhwpW372yqsrK6tbxQ3S1vbO7t75f2DlooSybDJIhHJjkcVCh5iU3MtsBNLpIEnsO2Nb6Z++xGl4lF4r9MY3YAOQ+5zRrWReim5ItcEH7L606RfrthVewayTJycVCBHo1/+6g0ilgQYaiaoUl3HjrWbUak5Ezgp9RKFMWVjOsSuoSENULnZ7OYJOTHKgPiRNBVqMlN/T2Q0UCoNPNMZUD1Si95U/M/rJtq/dDMexonGkM0X+YkgOiLTAMiAS2RapIZQJrm5lbARlZRpE1PJhOAsvrxMWmdVx646d+eVWj2PowhHcAyn4MAF1OAWGtAEBjE8wyu8WYn1Yr1bH/PWgpXPHMIfWJ8/mimQvg==</latexit><latexit sha1_base64="VRZl9bMQ3dsD6/Q7fKFc7t5KMQo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchxovHCOYByRpmJ73JkNkHM7PisuQ3vHhQxKs/482/cZLsQRMLGoqqbrq7vFhwpW372yqsrK6tbxQ3S1vbO7t75f2DlooSybDJIhHJjkcVCh5iU3MtsBNLpIEnsO2Nb6Z++xGl4lF4r9MY3YAOQ+5zRrWReim5ItcEH7L606RfrthVewayTJycVCBHo1/+6g0ilgQYaiaoUl3HjrWbUak5Ezgp9RKFMWVjOsSuoSENULnZ7OYJOTHKgPiRNBVqMlN/T2Q0UCoNPNMZUD1Si95U/M/rJtq/dDMexonGkM0X+YkgOiLTAMiAS2RapIZQJrm5lbARlZRpE1PJhOAsvrxMWmdVx646d+eVWj2PowhHcAyn4MAF1OAWGtAEBjE8wyu8WYn1Yr1bH/PWgpXPHMIfWJ8/mimQvg==</latexit><latexit sha1_base64="VRZl9bMQ3dsD6/Q7fKFc7t5KMQo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchxovHCOYByRpmJ73JkNkHM7PisuQ3vHhQxKs/482/cZLsQRMLGoqqbrq7vFhwpW372yqsrK6tbxQ3S1vbO7t75f2DlooSybDJIhHJjkcVCh5iU3MtsBNLpIEnsO2Nb6Z++xGl4lF4r9MY3YAOQ+5zRrWReim5ItcEH7L606RfrthVewayTJycVCBHo1/+6g0ilgQYaiaoUl3HjrWbUak5Ezgp9RKFMWVjOsSuoSENULnZ7OYJOTHKgPiRNBVqMlN/T2Q0UCoNPNMZUD1Si95U/M/rJtq/dDMexonGkM0X+YkgOiLTAMiAS2RapIZQJrm5lbARlZRpE1PJhOAsvrxMWmdVx646d+eVWj2PowhHcAyn4MAF1OAWGtAEBjE8wyu8WYn1Yr1bH/PWgpXPHMIfWJ8/mimQvg==</latexit>

p =
dy

dx
= ABeBx

<latexit sha1_base64="ir08pClW2SqVUsSGN4cFdM0ORaE=">AAACCnicbVC7TsMwFL3hWcorwMhiqJCYqgQhwYJUysJYJPqQ2lA5jtNadR6yHUQUZWbhV1gYQIiVL2Djb3DbDNByJFvH59yr63vcmDOpLOvbWFhcWl5ZLa2V1zc2t7bNnd2WjBJBaJNEPBIdF0vKWUibiilOO7GgOHA5bbujq7HfvqdCsii8VWlMnQAPQuYzgpWW+uZBjC5QzxeYZB5Kc3095Fq5RHVE77K6fvXNilW1JkDzxC5IBQo0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp3m5l0gaYzLCA9rVNMQBlU42WSVHR1rxkB8JfUKFJurvjgwHUqaBqysDrIZy1huL/3ndRPnnTsbCOFE0JNNBfsKRitA4F+QxQYniqSaYCKb/isgQ61yUTq+sQ7BnV54nrZOqbVXtm9NKrV7EUYJ9OIRjsOEManANDWgCgUd4hld4M56MF+Pd+JiWLhhFzx78gfH5Axb7mJg=</latexit><latexit sha1_base64="ir08pClW2SqVUsSGN4cFdM0ORaE=">AAACCnicbVC7TsMwFL3hWcorwMhiqJCYqgQhwYJUysJYJPqQ2lA5jtNadR6yHUQUZWbhV1gYQIiVL2Djb3DbDNByJFvH59yr63vcmDOpLOvbWFhcWl5ZLa2V1zc2t7bNnd2WjBJBaJNEPBIdF0vKWUibiilOO7GgOHA5bbujq7HfvqdCsii8VWlMnQAPQuYzgpWW+uZBjC5QzxeYZB5Kc3095Fq5RHVE77K6fvXNilW1JkDzxC5IBQo0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp3m5l0gaYzLCA9rVNMQBlU42WSVHR1rxkB8JfUKFJurvjgwHUqaBqysDrIZy1huL/3ndRPnnTsbCOFE0JNNBfsKRitA4F+QxQYniqSaYCKb/isgQ61yUTq+sQ7BnV54nrZOqbVXtm9NKrV7EUYJ9OIRjsOEManANDWgCgUd4hld4M56MF+Pd+JiWLhhFzx78gfH5Axb7mJg=</latexit><latexit sha1_base64="ir08pClW2SqVUsSGN4cFdM0ORaE=">AAACCnicbVC7TsMwFL3hWcorwMhiqJCYqgQhwYJUysJYJPqQ2lA5jtNadR6yHUQUZWbhV1gYQIiVL2Djb3DbDNByJFvH59yr63vcmDOpLOvbWFhcWl5ZLa2V1zc2t7bNnd2WjBJBaJNEPBIdF0vKWUibiilOO7GgOHA5bbujq7HfvqdCsii8VWlMnQAPQuYzgpWW+uZBjC5QzxeYZB5Kc3095Fq5RHVE77K6fvXNilW1JkDzxC5IBQo0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp3m5l0gaYzLCA9rVNMQBlU42WSVHR1rxkB8JfUKFJurvjgwHUqaBqysDrIZy1huL/3ndRPnnTsbCOFE0JNNBfsKRitA4F+QxQYniqSaYCKb/isgQ61yUTq+sQ7BnV54nrZOqbVXtm9NKrV7EUYJ9OIRjsOEManANDWgCgUd4hld4M56MF+Pd+JiWLhhFzx78gfH5Axb7mJg=</latexit><latexit sha1_base64="ir08pClW2SqVUsSGN4cFdM0ORaE=">AAACCnicbVC7TsMwFL3hWcorwMhiqJCYqgQhwYJUysJYJPqQ2lA5jtNadR6yHUQUZWbhV1gYQIiVL2Djb3DbDNByJFvH59yr63vcmDOpLOvbWFhcWl5ZLa2V1zc2t7bNnd2WjBJBaJNEPBIdF0vKWUibiilOO7GgOHA5bbujq7HfvqdCsii8VWlMnQAPQuYzgpWW+uZBjC5QzxeYZB5Kc3095Fq5RHVE77K6fvXNilW1JkDzxC5IBQo0+uZXz4tIEtBQEY6l7NpWrJwMC8UIp3m5l0gaYzLCA9rVNMQBlU42WSVHR1rxkB8JfUKFJurvjgwHUqaBqysDrIZy1huL/3ndRPnnTsbCOFE0JNNBfsKRitA4F+QxQYniqSaYCKb/isgQ61yUTq+sQ7BnV54nrZOqbVXtm9NKrV7EUYJ9OIRjsOEManANDWgCgUd4hld4M56MF+Pd+JiWLhhFzx78gfH5Axb7mJg=</latexit>

x =
1

B
ln(p/AB)

<latexit sha1_base64="7SNPef6YiMSAzYtLjsMbugicIHg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURQTdCrRuXFewDmlAm00k7dGYSZiZiCdm58VfcuFDErb/gzr9x2mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grit++IVDQSt3ocE5+jgaAhxUgbqWfv38ML6IUS4dTN0noGU09yyERWiY8v60c9u+xUnSngX+LmpAxyNHr2p9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT6R8ZPDRKH4aRNCU0nKo/J1LElRrzwHRypIdq3puI/3ndRIfnfkpFnGgi8GxRmDCoIzgJBfapJFizsSEIS2puhXiITCjaRFcyIbjzL/8lrZOq61Tdm9NyrZ7HUQR74ABUgAvOQA1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgl+wPr4BsbiX5w==</latexit><latexit sha1_base64="7SNPef6YiMSAzYtLjsMbugicIHg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURQTdCrRuXFewDmlAm00k7dGYSZiZiCdm58VfcuFDErb/gzr9x2mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grit++IVDQSt3ocE5+jgaAhxUgbqWfv38ML6IUS4dTN0noGU09yyERWiY8v60c9u+xUnSngX+LmpAxyNHr2p9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT6R8ZPDRKH4aRNCU0nKo/J1LElRrzwHRypIdq3puI/3ndRIfnfkpFnGgi8GxRmDCoIzgJBfapJFizsSEIS2puhXiITCjaRFcyIbjzL/8lrZOq61Tdm9NyrZ7HUQR74ABUgAvOQA1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgl+wPr4BsbiX5w==</latexit><latexit sha1_base64="7SNPef6YiMSAzYtLjsMbugicIHg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURQTdCrRuXFewDmlAm00k7dGYSZiZiCdm58VfcuFDErb/gzr9x2mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grit++IVDQSt3ocE5+jgaAhxUgbqWfv38ML6IUS4dTN0noGU09yyERWiY8v60c9u+xUnSngX+LmpAxyNHr2p9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT6R8ZPDRKH4aRNCU0nKo/J1LElRrzwHRypIdq3puI/3ndRIfnfkpFnGgi8GxRmDCoIzgJBfapJFizsSEIS2puhXiITCjaRFcyIbjzL/8lrZOq61Tdm9NyrZ7HUQR74ABUgAvOQA1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgl+wPr4BsbiX5w==</latexit><latexit sha1_base64="7SNPef6YiMSAzYtLjsMbugicIHg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURQTdCrRuXFewDmlAm00k7dGYSZiZiCdm58VfcuFDErb/gzr9x2mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grit++IVDQSt3ocE5+jgaAhxUgbqWfv38ML6IUS4dTN0noGU09yyERWiY8v60c9u+xUnSngX+LmpAxyNHr2p9ePcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT6R8ZPDRKH4aRNCU0nKo/J1LElRrzwHRypIdq3puI/3ndRIfnfkpFnGgi8GxRmDCoIzgJBfapJFizsSEIS2puhXiITCjaRFcyIbjzL/8lrZOq61Tdm9NyrZ7HUQR74ABUgAvOQA1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgl+wPr4BsbiX5w==</latexit>

Y = y � px =
p

B

⇣
1� ln

⇣ p

AB

⌘⌘

<latexit sha1_base64="96nWTmsG0IXDpiWqclC/wnTmNoA="></latexit><latexit sha1_base64="96nWTmsG0IXDpiWqclC/wnTmNoA="></latexit><latexit sha1_base64="96nWTmsG0IXDpiWqclC/wnTmNoA="></latexit><latexit sha1_base64="96nWTmsG0IXDpiWqclC/wnTmNoA="></latexit>



Legendre Transformations
Thermodynamic Potentials :

Starting from the energetic fundamental relation we can derive various potentials 
depending on the extensive parameter(s) we want to eliminate

U = U(S, V,N1, N2, ...)
<latexit sha1_base64="l4Iz2u8ljMrmgCukoQP3j+oEQVc=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqFBCUgS9CEUvnqSiaQttCJvtpl262YTdjVBiD/4VLx4U8erf8Oa/cdvmoK0PBh7vzTAzL0gYlcq2v43C0vLK6lpxvbSxubW9Y+7uNWWcCkxcHLNYtAMkCaOcuIoqRtqJICgKGGkFw6uJ33ogQtKY36tRQrwI9TkNKUZKS7554MIL6Fbuqs3qje/oqlUtyzrxzbJt2VPAReLkpAxyNHzzq9uLcRoRrjBDUnYcO1FehoSimJFxqZtKkiA8RH3S0ZSjiEgvm94/hsda6cEwFrq4glP190SGIilHUaA7I6QGct6biP95nVSF515GeZIqwvFsUZgyqGI4CQP2qCBYsZEmCAuqb4V4gATCSkdW0iE48y8vkmbNcmzLuT0t1y/zOIrgEByBCnDAGaiDa9AALsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHoZ+Snw==</latexit><latexit sha1_base64="l4Iz2u8ljMrmgCukoQP3j+oEQVc=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqFBCUgS9CEUvnqSiaQttCJvtpl262YTdjVBiD/4VLx4U8erf8Oa/cdvmoK0PBh7vzTAzL0gYlcq2v43C0vLK6lpxvbSxubW9Y+7uNWWcCkxcHLNYtAMkCaOcuIoqRtqJICgKGGkFw6uJ33ogQtKY36tRQrwI9TkNKUZKS7554MIL6Fbuqs3qje/oqlUtyzrxzbJt2VPAReLkpAxyNHzzq9uLcRoRrjBDUnYcO1FehoSimJFxqZtKkiA8RH3S0ZSjiEgvm94/hsda6cEwFrq4glP190SGIilHUaA7I6QGct6biP95nVSF515GeZIqwvFsUZgyqGI4CQP2qCBYsZEmCAuqb4V4gATCSkdW0iE48y8vkmbNcmzLuT0t1y/zOIrgEByBCnDAGaiDa9AALsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHoZ+Snw==</latexit><latexit sha1_base64="l4Iz2u8ljMrmgCukoQP3j+oEQVc=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqFBCUgS9CEUvnqSiaQttCJvtpl262YTdjVBiD/4VLx4U8erf8Oa/cdvmoK0PBh7vzTAzL0gYlcq2v43C0vLK6lpxvbSxubW9Y+7uNWWcCkxcHLNYtAMkCaOcuIoqRtqJICgKGGkFw6uJ33ogQtKY36tRQrwI9TkNKUZKS7554MIL6Fbuqs3qje/oqlUtyzrxzbJt2VPAReLkpAxyNHzzq9uLcRoRrjBDUnYcO1FehoSimJFxqZtKkiA8RH3S0ZSjiEgvm94/hsda6cEwFrq4glP190SGIilHUaA7I6QGct6biP95nVSF515GeZIqwvFsUZgyqGI4CQP2qCBYsZEmCAuqb4V4gATCSkdW0iE48y8vkmbNcmzLuT0t1y/zOIrgEByBCnDAGaiDa9AALsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHoZ+Snw==</latexit><latexit sha1_base64="l4Iz2u8ljMrmgCukoQP3j+oEQVc=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqFBCUgS9CEUvnqSiaQttCJvtpl262YTdjVBiD/4VLx4U8erf8Oa/cdvmoK0PBh7vzTAzL0gYlcq2v43C0vLK6lpxvbSxubW9Y+7uNWWcCkxcHLNYtAMkCaOcuIoqRtqJICgKGGkFw6uJ33ogQtKY36tRQrwI9TkNKUZKS7554MIL6Fbuqs3qje/oqlUtyzrxzbJt2VPAReLkpAxyNHzzq9uLcRoRrjBDUnYcO1FehoSimJFxqZtKkiA8RH3S0ZSjiEgvm94/hsda6cEwFrq4glP190SGIilHUaA7I6QGct6biP95nVSF515GeZIqwvFsUZgyqGI4CQP2qCBYsZEmCAuqb4V4gATCSkdW0iE48y8vkmbNcmzLuT0t1y/zOIrgEByBCnDAGaiDa9AALsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHoZ+Snw==</latexit>

U [T ] = A(T, V,N1, N2, ...)
<latexit sha1_base64="Tz9BofOkyPBhMJ6UvNSOajaFQ2M=">AAACAnicbVBNS8NAEN34WetX1JN4WSxChRKSIuhFqHrxJBWatpCGsNlu2qWbTdjdCKUUL/4VLx4U8eqv8Oa/cdvmoK0PBh7vzTAzL0wZlcq2v42l5ZXVtfXCRnFza3tn19zbb8okE5i4OGGJaIdIEkY5cRVVjLRTQVAcMtIKBzcTv/VAhKQJb6hhSvwY9TiNKEZKS4F56HoNH17Cq3Kj0qzcBY6uasWyrNPALNmWPQVcJE5OSiBHPTC/Ot0EZzHhCjMkpefYqfJHSCiKGRkXO5kkKcID1COephzFRPqj6QtjeKKVLowSoYsrOFV/T4xQLOUwDnVnjFRfznsT8T/Py1R04Y8oTzNFOJ4tijIGVQInecAuFQQrNtQEYUH1rRD3kUBY6dSKOgRn/uVF0qxajm0592el2nUeRwEcgWNQBg44BzVwC+rABRg8gmfwCt6MJ+PFeDc+Zq1LRj5zAP7A+PwBoW6Ttg==</latexit><latexit sha1_base64="Tz9BofOkyPBhMJ6UvNSOajaFQ2M=">AAACAnicbVBNS8NAEN34WetX1JN4WSxChRKSIuhFqHrxJBWatpCGsNlu2qWbTdjdCKUUL/4VLx4U8eqv8Oa/cdvmoK0PBh7vzTAzL0wZlcq2v42l5ZXVtfXCRnFza3tn19zbb8okE5i4OGGJaIdIEkY5cRVVjLRTQVAcMtIKBzcTv/VAhKQJb6hhSvwY9TiNKEZKS4F56HoNH17Cq3Kj0qzcBY6uasWyrNPALNmWPQVcJE5OSiBHPTC/Ot0EZzHhCjMkpefYqfJHSCiKGRkXO5kkKcID1COephzFRPqj6QtjeKKVLowSoYsrOFV/T4xQLOUwDnVnjFRfznsT8T/Py1R04Y8oTzNFOJ4tijIGVQInecAuFQQrNtQEYUH1rRD3kUBY6dSKOgRn/uVF0qxajm0592el2nUeRwEcgWNQBg44BzVwC+rABRg8gmfwCt6MJ+PFeDc+Zq1LRj5zAP7A+PwBoW6Ttg==</latexit><latexit sha1_base64="Tz9BofOkyPBhMJ6UvNSOajaFQ2M=">AAACAnicbVBNS8NAEN34WetX1JN4WSxChRKSIuhFqHrxJBWatpCGsNlu2qWbTdjdCKUUL/4VLx4U8eqv8Oa/cdvmoK0PBh7vzTAzL0wZlcq2v42l5ZXVtfXCRnFza3tn19zbb8okE5i4OGGJaIdIEkY5cRVVjLRTQVAcMtIKBzcTv/VAhKQJb6hhSvwY9TiNKEZKS4F56HoNH17Cq3Kj0qzcBY6uasWyrNPALNmWPQVcJE5OSiBHPTC/Ot0EZzHhCjMkpefYqfJHSCiKGRkXO5kkKcID1COephzFRPqj6QtjeKKVLowSoYsrOFV/T4xQLOUwDnVnjFRfznsT8T/Py1R04Y8oTzNFOJ4tijIGVQInecAuFQQrNtQEYUH1rRD3kUBY6dSKOgRn/uVF0qxajm0592el2nUeRwEcgWNQBg44BzVwC+rABRg8gmfwCt6MJ+PFeDc+Zq1LRj5zAP7A+PwBoW6Ttg==</latexit><latexit sha1_base64="Tz9BofOkyPBhMJ6UvNSOajaFQ2M=">AAACAnicbVBNS8NAEN34WetX1JN4WSxChRKSIuhFqHrxJBWatpCGsNlu2qWbTdjdCKUUL/4VLx4U8eqv8Oa/cdvmoK0PBh7vzTAzL0wZlcq2v42l5ZXVtfXCRnFza3tn19zbb8okE5i4OGGJaIdIEkY5cRVVjLRTQVAcMtIKBzcTv/VAhKQJb6hhSvwY9TiNKEZKS4F56HoNH17Cq3Kj0qzcBY6uasWyrNPALNmWPQVcJE5OSiBHPTC/Ot0EZzHhCjMkpefYqfJHSCiKGRkXO5kkKcID1COephzFRPqj6QtjeKKVLowSoYsrOFV/T4xQLOUwDnVnjFRfznsT8T/Py1R04Y8oTzNFOJ4tijIGVQInecAuFQQrNtQEYUH1rRD3kUBY6dSKOgRn/uVF0qxajm0592el2nUeRwEcgWNQBg44BzVwC+rABRg8gmfwCt6MJ+PFeDc+Zq1LRj5zAP7A+PwBoW6Ttg==</latexit>

U [P ] = H(P, S,N1, N2, ...)
<latexit sha1_base64="GO5I2hiTvk0XPdSpfnRZDT5yuHg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQoYSkCLoRim66koimLaQhTKaTdujkwcxEKKG48VfcuFDErV/hzr9x2mahrQcuHM65l3vvCVJGhTTNb21peWV1bb20Ud7c2t7Z1ff2WyLJOCYOTljCOwEShNGYOJJKRjopJygKGGkHw+uJ334gXNAkvpejlHgR6sc0pBhJJfn6oePaHryEzapdu6vd+Jaqes0wjFNfr5iGOQVcJFZBKqCA7etf3V6Cs4jEEjMkhGuZqfRyxCXFjIzL3UyQFOEh6hNX0RhFRHj59IUxPFFKD4YJVxVLOFV/T+QoEmIUBaozQnIg5r2J+J/nZjK88HIap5kkMZ4tCjMGZQInecAe5QRLNlIEYU7VrRAPEEdYqtTKKgRr/uVF0qoblmlYt2eVxlURRwkcgWNQBRY4Bw3QBDZwAAaP4Bm8gjftSXvR3rWPWeuSVswcgD/QPn8AmxqTsg==</latexit><latexit sha1_base64="GO5I2hiTvk0XPdSpfnRZDT5yuHg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQoYSkCLoRim66koimLaQhTKaTdujkwcxEKKG48VfcuFDErV/hzr9x2mahrQcuHM65l3vvCVJGhTTNb21peWV1bb20Ud7c2t7Z1ff2WyLJOCYOTljCOwEShNGYOJJKRjopJygKGGkHw+uJ334gXNAkvpejlHgR6sc0pBhJJfn6oePaHryEzapdu6vd+Jaqes0wjFNfr5iGOQVcJFZBKqCA7etf3V6Cs4jEEjMkhGuZqfRyxCXFjIzL3UyQFOEh6hNX0RhFRHj59IUxPFFKD4YJVxVLOFV/T+QoEmIUBaozQnIg5r2J+J/nZjK88HIap5kkMZ4tCjMGZQInecAe5QRLNlIEYU7VrRAPEEdYqtTKKgRr/uVF0qoblmlYt2eVxlURRwkcgWNQBRY4Bw3QBDZwAAaP4Bm8gjftSXvR3rWPWeuSVswcgD/QPn8AmxqTsg==</latexit><latexit sha1_base64="GO5I2hiTvk0XPdSpfnRZDT5yuHg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQoYSkCLoRim66koimLaQhTKaTdujkwcxEKKG48VfcuFDErV/hzr9x2mahrQcuHM65l3vvCVJGhTTNb21peWV1bb20Ud7c2t7Z1ff2WyLJOCYOTljCOwEShNGYOJJKRjopJygKGGkHw+uJ334gXNAkvpejlHgR6sc0pBhJJfn6oePaHryEzapdu6vd+Jaqes0wjFNfr5iGOQVcJFZBKqCA7etf3V6Cs4jEEjMkhGuZqfRyxCXFjIzL3UyQFOEh6hNX0RhFRHj59IUxPFFKD4YJVxVLOFV/T+QoEmIUBaozQnIg5r2J+J/nZjK88HIap5kkMZ4tCjMGZQInecAe5QRLNlIEYU7VrRAPEEdYqtTKKgRr/uVF0qoblmlYt2eVxlURRwkcgWNQBRY4Bw3QBDZwAAaP4Bm8gjftSXvR3rWPWeuSVswcgD/QPn8AmxqTsg==</latexit><latexit sha1_base64="GO5I2hiTvk0XPdSpfnRZDT5yuHg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQoYSkCLoRim66koimLaQhTKaTdujkwcxEKKG48VfcuFDErV/hzr9x2mahrQcuHM65l3vvCVJGhTTNb21peWV1bb20Ud7c2t7Z1ff2WyLJOCYOTljCOwEShNGYOJJKRjopJygKGGkHw+uJ334gXNAkvpejlHgR6sc0pBhJJfn6oePaHryEzapdu6vd+Jaqes0wjFNfr5iGOQVcJFZBKqCA7etf3V6Cs4jEEjMkhGuZqfRyxCXFjIzL3UyQFOEh6hNX0RhFRHj59IUxPFFKD4YJVxVLOFV/T+QoEmIUBaozQnIg5r2J+J/nZjK88HIap5kkMZ4tCjMGZQInecAe5QRLNlIEYU7VrRAPEEdYqtTKKgRr/uVF0qoblmlYt2eVxlURRwkcgWNQBRY4Bw3QBDZwAAaP4Bm8gjftSXvR3rWPWeuSVswcgD/QPn8AmxqTsg==</latexit>

U [T, P ] = G(P, S,N1, N2, ...)
<latexit sha1_base64="rh6M1wKRSjoyWEMU5d+w1mgPDhU=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQoYSkCLoRii50JRGbtpCGMJlO2qGTSZiZCKV04cZfceNCEbd+hDv/xuljoa0HLhzOuZd77wlTRqWyrG8jt7K6tr6R3yxsbe/s7hX3D5oyyQQmLk5YItohkoRRTlxFFSPtVBAUh4y0wsHVxG89ECFpwhtqmBI/Rj1OI4qR0lJQLLleo+r48AJeV5zqffU2sHXVqqZpngTFsmVaU8BlYs9JGczhBMWvTjfBWUy4wgxJ6dlWqvwREopiRsaFTiZJivAA9YinKUcxkf5o+sQYHmulC6NE6OIKTtXfEyMUSzmMQ90ZI9WXi95E/M/zMhWd+yPK00wRjmeLooxBlcBJIrBLBcGKDTVBWFB9K8R9JBBWOreCDsFefHmZNGumbZn23Wm5fjmPIw9K4AhUgA3OQB3cAAe4AINH8AxewZvxZLwY78bHrDVnzGcOwR8Ynz+zMJRF</latexit><latexit sha1_base64="rh6M1wKRSjoyWEMU5d+w1mgPDhU=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQoYSkCLoRii50JRGbtpCGMJlO2qGTSZiZCKV04cZfceNCEbd+hDv/xuljoa0HLhzOuZd77wlTRqWyrG8jt7K6tr6R3yxsbe/s7hX3D5oyyQQmLk5YItohkoRRTlxFFSPtVBAUh4y0wsHVxG89ECFpwhtqmBI/Rj1OI4qR0lJQLLleo+r48AJeV5zqffU2sHXVqqZpngTFsmVaU8BlYs9JGczhBMWvTjfBWUy4wgxJ6dlWqvwREopiRsaFTiZJivAA9YinKUcxkf5o+sQYHmulC6NE6OIKTtXfEyMUSzmMQ90ZI9WXi95E/M/zMhWd+yPK00wRjmeLooxBlcBJIrBLBcGKDTVBWFB9K8R9JBBWOreCDsFefHmZNGumbZn23Wm5fjmPIw9K4AhUgA3OQB3cAAe4AINH8AxewZvxZLwY78bHrDVnzGcOwR8Ynz+zMJRF</latexit><latexit sha1_base64="rh6M1wKRSjoyWEMU5d+w1mgPDhU=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQoYSkCLoRii50JRGbtpCGMJlO2qGTSZiZCKV04cZfceNCEbd+hDv/xuljoa0HLhzOuZd77wlTRqWyrG8jt7K6tr6R3yxsbe/s7hX3D5oyyQQmLk5YItohkoRRTlxFFSPtVBAUh4y0wsHVxG89ECFpwhtqmBI/Rj1OI4qR0lJQLLleo+r48AJeV5zqffU2sHXVqqZpngTFsmVaU8BlYs9JGczhBMWvTjfBWUy4wgxJ6dlWqvwREopiRsaFTiZJivAA9YinKUcxkf5o+sQYHmulC6NE6OIKTtXfEyMUSzmMQ90ZI9WXi95E/M/zMhWd+yPK00wRjmeLooxBlcBJIrBLBcGKDTVBWFB9K8R9JBBWOreCDsFefHmZNGumbZn23Wm5fjmPIw9K4AhUgA3OQB3cAAe4AINH8AxewZvxZLwY78bHrDVnzGcOwR8Ynz+zMJRF</latexit><latexit sha1_base64="rh6M1wKRSjoyWEMU5d+w1mgPDhU=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQoYSkCLoRii50JRGbtpCGMJlO2qGTSZiZCKV04cZfceNCEbd+hDv/xuljoa0HLhzOuZd77wlTRqWyrG8jt7K6tr6R3yxsbe/s7hX3D5oyyQQmLk5YItohkoRRTlxFFSPtVBAUh4y0wsHVxG89ECFpwhtqmBI/Rj1OI4qR0lJQLLleo+r48AJeV5zqffU2sHXVqqZpngTFsmVaU8BlYs9JGczhBMWvTjfBWUy4wgxJ6dlWqvwREopiRsaFTiZJivAA9YinKUcxkf5o+sQYHmulC6NE6OIKTtXfEyMUSzmMQ90ZI9WXi95E/M/zMhWd+yPK00wRjmeLooxBlcBJIrBLBcGKDTVBWFB9K8R9JBBWOreCDsFefHmZNGumbZn23Wm5fjmPIw9K4AhUgA3OQB3cAAe4AINH8AxewZvxZLwY78bHrDVnzGcOwR8Ynz+zMJRF</latexit>

= U � TS
<latexit sha1_base64="OlbslXkoTq4bbH6AA/8X0g3KmBA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBL0IRS8eK3bbYruUbJptQ5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPHqSLUJzGPVTvEmnImqW+Y4bSdKIpFyGkrHN1O/dYTVZrFsmHGCQ0EHkgWMYKNlR7RNfLRGWqgh1654lbdGdAy8XJSgRz1Xvmr249JKqg0hGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKrGgOshmF0/QiVX6KIqVLWnQTP09kWGh9ViEtlNgM9SL3lT8z+ukJroKMiaT1FBJ5ouilCMTo+n7qM8UJYaPLcFEMXsrIkOsMDE2pJINwVt8eZk0z6ueW/XuLyq1mzyOIhzBMZyCB5dQgzuogw8EJDzDK7w52nlx3p2PeWvByWcO4Q+czx+WW47k</latexit><latexit sha1_base64="OlbslXkoTq4bbH6AA/8X0g3KmBA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBL0IRS8eK3bbYruUbJptQ5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPHqSLUJzGPVTvEmnImqW+Y4bSdKIpFyGkrHN1O/dYTVZrFsmHGCQ0EHkgWMYKNlR7RNfLRGWqgh1654lbdGdAy8XJSgRz1Xvmr249JKqg0hGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKrGgOshmF0/QiVX6KIqVLWnQTP09kWGh9ViEtlNgM9SL3lT8z+ukJroKMiaT1FBJ5ouilCMTo+n7qM8UJYaPLcFEMXsrIkOsMDE2pJINwVt8eZk0z6ueW/XuLyq1mzyOIhzBMZyCB5dQgzuogw8EJDzDK7w52nlx3p2PeWvByWcO4Q+czx+WW47k</latexit><latexit sha1_base64="OlbslXkoTq4bbH6AA/8X0g3KmBA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBL0IRS8eK3bbYruUbJptQ5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPHqSLUJzGPVTvEmnImqW+Y4bSdKIpFyGkrHN1O/dYTVZrFsmHGCQ0EHkgWMYKNlR7RNfLRGWqgh1654lbdGdAy8XJSgRz1Xvmr249JKqg0hGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKrGgOshmF0/QiVX6KIqVLWnQTP09kWGh9ViEtlNgM9SL3lT8z+ukJroKMiaT1FBJ5ouilCMTo+n7qM8UJYaPLcFEMXsrIkOsMDE2pJINwVt8eZk0z6ueW/XuLyq1mzyOIhzBMZyCB5dQgzuogw8EJDzDK7w52nlx3p2PeWvByWcO4Q+czx+WW47k</latexit><latexit sha1_base64="OlbslXkoTq4bbH6AA/8X0g3KmBA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXBL0IRS8eK3bbYruUbJptQ5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPHqSLUJzGPVTvEmnImqW+Y4bSdKIpFyGkrHN1O/dYTVZrFsmHGCQ0EHkgWMYKNlR7RNfLRGWqgh1654lbdGdAy8XJSgRz1Xvmr249JKqg0hGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKrGgOshmF0/QiVX6KIqVLWnQTP09kWGh9ViEtlNgM9SL3lT8z+ukJroKMiaT1FBJ5ouilCMTo+n7qM8UJYaPLcFEMXsrIkOsMDE2pJINwVt8eZk0z6ueW/XuLyq1mzyOIhzBMZyCB5dQgzuogw8EJDzDK7w52nlx3p2PeWvByWcO4Q+czx+WW47k</latexit>

Also 

denoted as F

Helmholtz Free Energy 

(Potential)

= U + PV
<latexit sha1_base64="e+b2uKAfYUcSoRjbzO17Pxq9Kro=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigl6EohePEUxbaUPZbDft0t1N2N0IJfRXePGgiFd/jjf/jds2B219MPB4b4aZeVHKmTau++2UVlbX1jfKm5Wt7Z3dver+QVMnmSI0IAlPVDvCmnImaWCY4bSdKopFxGkrGt1O/dYTVZol8sGMUxoKPJAsZgQbKz2iaxSgM+Q3e9WaW3dnQMvEK0gNCvi96le3n5BMUGkIx1p3PDc1YY6VYYTTSaWbaZpiMsID2rFUYkF1mM8OnqATq/RRnChb0qCZ+nsix0LrsYhsp8BmqBe9qfif18lMfBXmTKaZoZLMF8UZRyZB0+9RnylKDB9bgoli9lZEhlhhYmxGFRuCt/jyMmme1z237t1f1Bo3RRxlOIJjOAUPLqEBd+BDAAQEPMMrvDnKeXHenY95a8kpZg7hD5zPHzqejrc=</latexit><latexit sha1_base64="e+b2uKAfYUcSoRjbzO17Pxq9Kro=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigl6EohePEUxbaUPZbDft0t1N2N0IJfRXePGgiFd/jjf/jds2B219MPB4b4aZeVHKmTau++2UVlbX1jfKm5Wt7Z3dver+QVMnmSI0IAlPVDvCmnImaWCY4bSdKopFxGkrGt1O/dYTVZol8sGMUxoKPJAsZgQbKz2iaxSgM+Q3e9WaW3dnQMvEK0gNCvi96le3n5BMUGkIx1p3PDc1YY6VYYTTSaWbaZpiMsID2rFUYkF1mM8OnqATq/RRnChb0qCZ+nsix0LrsYhsp8BmqBe9qfif18lMfBXmTKaZoZLMF8UZRyZB0+9RnylKDB9bgoli9lZEhlhhYmxGFRuCt/jyMmme1z237t1f1Bo3RRxlOIJjOAUPLqEBd+BDAAQEPMMrvDnKeXHenY95a8kpZg7hD5zPHzqejrc=</latexit><latexit sha1_base64="e+b2uKAfYUcSoRjbzO17Pxq9Kro=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigl6EohePEUxbaUPZbDft0t1N2N0IJfRXePGgiFd/jjf/jds2B219MPB4b4aZeVHKmTau++2UVlbX1jfKm5Wt7Z3dver+QVMnmSI0IAlPVDvCmnImaWCY4bSdKopFxGkrGt1O/dYTVZol8sGMUxoKPJAsZgQbKz2iaxSgM+Q3e9WaW3dnQMvEK0gNCvi96le3n5BMUGkIx1p3PDc1YY6VYYTTSaWbaZpiMsID2rFUYkF1mM8OnqATq/RRnChb0qCZ+nsix0LrsYhsp8BmqBe9qfif18lMfBXmTKaZoZLMF8UZRyZB0+9RnylKDB9bgoli9lZEhlhhYmxGFRuCt/jyMmme1z237t1f1Bo3RRxlOIJjOAUPLqEBd+BDAAQEPMMrvDnKeXHenY95a8kpZg7hD5zPHzqejrc=</latexit><latexit sha1_base64="e+b2uKAfYUcSoRjbzO17Pxq9Kro=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigl6EohePEUxbaUPZbDft0t1N2N0IJfRXePGgiFd/jjf/jds2B219MPB4b4aZeVHKmTau++2UVlbX1jfKm5Wt7Z3dver+QVMnmSI0IAlPVDvCmnImaWCY4bSdKopFxGkrGt1O/dYTVZol8sGMUxoKPJAsZgQbKz2iaxSgM+Q3e9WaW3dnQMvEK0gNCvi96le3n5BMUGkIx1p3PDc1YY6VYYTTSaWbaZpiMsID2rFUYkF1mM8OnqATq/RRnChb0qCZ+nsix0LrsYhsp8BmqBe9qfif18lMfBXmTKaZoZLMF8UZRyZB0+9RnylKDB9bgoli9lZEhlhhYmxGFRuCt/jyMmme1z237t1f1Bo3RRxlOIJjOAUPLqEBd+BDAAQEPMMrvDnKeXHenY95a8kpZg7hD5zPHzqejrc=</latexit>

Enthalpy 

= U + PV � TS
<latexit sha1_base64="kPH+n5KKRL/REprkG7CIokaLrOg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EohePEZu20May2W7apZtN2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdK2/W0VlpZXVteK66WNza3tnfLuXkPFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLyZ+M1HKhWLRV2PEupHuC9YyAjWRnpAV8hDJ8htoFNUv++WK3bVngItEicnFcjhdstfnV5M0ogKTThWqu3YifYzLDUjnI5LnVTRBJMh7tO2oQJHVPnZ9OoxOjJKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq89DMmklRTQWaLwpQjHaNJBKjHJCWajwzBRDJzKyIDLDHRJqiSCcGZf3mRNM6qjl117s4rtes8jiIcwCEcgwMXUINbcMEDAhKe4RXerCfrxXq3PmatBSuf2Yc/sD5/AKDuj/0=</latexit><latexit sha1_base64="kPH+n5KKRL/REprkG7CIokaLrOg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EohePEZu20May2W7apZtN2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdK2/W0VlpZXVteK66WNza3tnfLuXkPFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLyZ+M1HKhWLRV2PEupHuC9YyAjWRnpAV8hDJ8htoFNUv++WK3bVngItEicnFcjhdstfnV5M0ogKTThWqu3YifYzLDUjnI5LnVTRBJMh7tO2oQJHVPnZ9OoxOjJKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq89DMmklRTQWaLwpQjHaNJBKjHJCWajwzBRDJzKyIDLDHRJqiSCcGZf3mRNM6qjl117s4rtes8jiIcwCEcgwMXUINbcMEDAhKe4RXerCfrxXq3PmatBSuf2Yc/sD5/AKDuj/0=</latexit><latexit sha1_base64="kPH+n5KKRL/REprkG7CIokaLrOg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EohePEZu20May2W7apZtN2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdK2/W0VlpZXVteK66WNza3tnfLuXkPFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLyZ+M1HKhWLRV2PEupHuC9YyAjWRnpAV8hDJ8htoFNUv++WK3bVngItEicnFcjhdstfnV5M0ogKTThWqu3YifYzLDUjnI5LnVTRBJMh7tO2oQJHVPnZ9OoxOjJKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq89DMmklRTQWaLwpQjHaNJBKjHJCWajwzBRDJzKyIDLDHRJqiSCcGZf3mRNM6qjl117s4rtes8jiIcwCEcgwMXUINbcMEDAhKe4RXerCfrxXq3PmatBSuf2Yc/sD5/AKDuj/0=</latexit><latexit sha1_base64="kPH+n5KKRL/REprkG7CIokaLrOg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EohePEZu20May2W7apZtN2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdK2/W0VlpZXVteK66WNza3tnfLuXkPFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLyZ+M1HKhWLRV2PEupHuC9YyAjWRnpAV8hDJ8htoFNUv++WK3bVngItEicnFcjhdstfnV5M0ogKTThWqu3YifYzLDUjnI5LnVTRBJMh7tO2oQJHVPnZ9OoxOjJKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq89DMmklRTQWaLwpQjHaNJBKjHJCWajwzBRDJzKyIDLDHRJqiSCcGZf3mRNM6qjl117s4rtes8jiIcwCEcgwMXUINbcMEDAhKe4RXerCfrxXq3PmatBSuf2Yc/sD5/AKDuj/0=</latexit>

Gibbs Free Energy

Grand-canonical potentialU [T, µi] = ⌦(µ, S,N1, N2, ...) = U � TS � µiNi
<latexit sha1_base64="rZ6J0XDTpFn3OUiI5rx/AcOQYgw="></latexit><latexit sha1_base64="rZ6J0XDTpFn3OUiI5rx/AcOQYgw="></latexit><latexit sha1_base64="rZ6J0XDTpFn3OUiI5rx/AcOQYgw="></latexit><latexit sha1_base64="rZ6J0XDTpFn3OUiI5rx/AcOQYgw="></latexit>

U [T, P, µ1, µ2, ...] = U � TS + PV �
X

i

µiNi =
<latexit sha1_base64="nSWFU1Pu6oeDbgrH1vZgpanyQKc="></latexit><latexit sha1_base64="nSWFU1Pu6oeDbgrH1vZgpanyQKc="></latexit><latexit sha1_base64="nSWFU1Pu6oeDbgrH1vZgpanyQKc="></latexit><latexit sha1_base64="nSWFU1Pu6oeDbgrH1vZgpanyQKc="></latexit>

0 Why?



Legendre Transformations
Thermodynamic Potentials : Enthalpy

All the potentials are extensive and homogenous. So Euler formulae can be derived for 
each of them.

H ⌘ H(P, S,N)
<latexit sha1_base64="1j0l4JpMR2F8yvxwNko50TMod/Q=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoUEoigh6LXnqSivYD2lA220m7dLOJu5tKqf0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zprTjfFsrq2vrG5uZrez2zu7evp07qKsokRRqNOKRbPpEAWcCapppDs1YAgl9Dg1/cD31G0OQikXiXo9i8ELSEyxglGgjdexcBbfhIWFDXClUi3fFm9OOnXdKzgx4mbgpyaMU1Y791e5GNAlBaMqJUi3XibU3JlIzymGSbScKYkIHpActQwUJQXnj2ekTfGKULg4iaUpoPFN/T4xJqNQo9E1nSHRfLXpT8T+vlejg0hszEScaBJ0vChKOdYSnOeAuk0A1HxlCqGTmVkz7RBKqTVpZE4K7+PIyqZ+VXKfk3p7ny1dpHBl0hI5RAbnoApVRBVVRDVH0iJ7RK3qznqwX6936mLeuWOnMIfoD6/MHnrWSRQ==</latexit><latexit sha1_base64="1j0l4JpMR2F8yvxwNko50TMod/Q=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoUEoigh6LXnqSivYD2lA220m7dLOJu5tKqf0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zprTjfFsrq2vrG5uZrez2zu7evp07qKsokRRqNOKRbPpEAWcCapppDs1YAgl9Dg1/cD31G0OQikXiXo9i8ELSEyxglGgjdexcBbfhIWFDXClUi3fFm9OOnXdKzgx4mbgpyaMU1Y791e5GNAlBaMqJUi3XibU3JlIzymGSbScKYkIHpActQwUJQXnj2ekTfGKULg4iaUpoPFN/T4xJqNQo9E1nSHRfLXpT8T+vlejg0hszEScaBJ0vChKOdYSnOeAuk0A1HxlCqGTmVkz7RBKqTVpZE4K7+PIyqZ+VXKfk3p7ny1dpHBl0hI5RAbnoApVRBVVRDVH0iJ7RK3qznqwX6936mLeuWOnMIfoD6/MHnrWSRQ==</latexit><latexit sha1_base64="1j0l4JpMR2F8yvxwNko50TMod/Q=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoUEoigh6LXnqSivYD2lA220m7dLOJu5tKqf0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zprTjfFsrq2vrG5uZrez2zu7evp07qKsokRRqNOKRbPpEAWcCapppDs1YAgl9Dg1/cD31G0OQikXiXo9i8ELSEyxglGgjdexcBbfhIWFDXClUi3fFm9OOnXdKzgx4mbgpyaMU1Y791e5GNAlBaMqJUi3XibU3JlIzymGSbScKYkIHpActQwUJQXnj2ekTfGKULg4iaUpoPFN/T4xJqNQo9E1nSHRfLXpT8T+vlejg0hszEScaBJ0vChKOdYSnOeAuk0A1HxlCqGTmVkz7RBKqTVpZE4K7+PIyqZ+VXKfk3p7ny1dpHBl0hI5RAbnoApVRBVVRDVH0iJ7RK3qznqwX6936mLeuWOnMIfoD6/MHnrWSRQ==</latexit><latexit sha1_base64="1j0l4JpMR2F8yvxwNko50TMod/Q=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoUEoigh6LXnqSivYD2lA220m7dLOJu5tKqf0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zprTjfFsrq2vrG5uZrez2zu7evp07qKsokRRqNOKRbPpEAWcCapppDs1YAgl9Dg1/cD31G0OQikXiXo9i8ELSEyxglGgjdexcBbfhIWFDXClUi3fFm9OOnXdKzgx4mbgpyaMU1Y791e5GNAlBaMqJUi3XibU3JlIzymGSbScKYkIHpActQwUJQXnj2ekTfGKULg4iaUpoPFN/T4xJqNQo9E1nSHRfLXpT8T+vlejg0hszEScaBJ0vChKOdYSnOeAuk0A1HxlCqGTmVkz7RBKqTVpZE4K7+PIyqZ+VXKfk3p7ny1dpHBl0hI5RAbnoApVRBVVRDVH0iJ7RK3qznqwX6936mLeuWOnMIfoD6/MHnrWSRQ==</latexit>

Since

dH =

✓
@H

@P

◆

S,N

dP +

✓
@H

@S

◆

P,N

dS +

✓
@H

@N

◆

P,S

dN

<latexit sha1_base64="yj3jWZxTUrrjBTgpiztlGRywMiA="></latexit><latexit sha1_base64="yj3jWZxTUrrjBTgpiztlGRywMiA="></latexit><latexit sha1_base64="yj3jWZxTUrrjBTgpiztlGRywMiA="></latexit><latexit sha1_base64="yj3jWZxTUrrjBTgpiztlGRywMiA="></latexit>

dH = dU + PdV + V dp

= TdS � PdV + µdN + PdV + V dP

= TdS + V dP + µdN
<latexit sha1_base64="Fzkhcb2ZmYlOBUqyFp+dWmmbHcc="></latexit><latexit sha1_base64="Fzkhcb2ZmYlOBUqyFp+dWmmbHcc="></latexit><latexit sha1_base64="Fzkhcb2ZmYlOBUqyFp+dWmmbHcc="></latexit><latexit sha1_base64="Fzkhcb2ZmYlOBUqyFp+dWmmbHcc="></latexit>

But from the Legendre Transform definition, we also have

T =

✓
@H

@S

◆

P,N
<latexit sha1_base64="wwANtHGVcRYNPcIFLgkLIuXloFA=">AAACHnicbZDLSgMxFIYzXmu9VV26CRahgpQZUXQjFN10JRV7g85QMmmmDc1cSM4IZZgnceOruHGhiOBK38ZMW1Bbfwh8/OecJOd3I8EVmOaXsbC4tLyymlvLr29sbm0XdnabKowlZQ0ailC2XaKY4AFrAAfB2pFkxHcFa7nD66zeumdS8TCowyhijk/6Afc4JaCtbuGsji+xLZgHJduThCZ2RCRwInA1/eG71Ja8P4CjblI7xjdpt1A0y+ZYeB6sKRTRVLVu4cPuhTT2WQBUEKU6lhmBk2TXU8HSvB0rFhE6JH3W0RgQnyknGa+X4kPt9LAXSn0CwGP390RCfKVGvqs7fQIDNVvLzP9qnRi8CyfhQRQDC+jkIS8WGEKcZYV7XDIKYqSBUMn1XzEdEJ0S6ETzOgRrduV5aJ6ULbNs3Z4WK1fTOHJoHx2gErLQOaqgKqqhBqLoAT2hF/RqPBrPxpvxPmldMKYze+iPjM9vSQ6h9g==</latexit><latexit sha1_base64="wwANtHGVcRYNPcIFLgkLIuXloFA=">AAACHnicbZDLSgMxFIYzXmu9VV26CRahgpQZUXQjFN10JRV7g85QMmmmDc1cSM4IZZgnceOruHGhiOBK38ZMW1Bbfwh8/OecJOd3I8EVmOaXsbC4tLyymlvLr29sbm0XdnabKowlZQ0ailC2XaKY4AFrAAfB2pFkxHcFa7nD66zeumdS8TCowyhijk/6Afc4JaCtbuGsji+xLZgHJduThCZ2RCRwInA1/eG71Ja8P4CjblI7xjdpt1A0y+ZYeB6sKRTRVLVu4cPuhTT2WQBUEKU6lhmBk2TXU8HSvB0rFhE6JH3W0RgQnyknGa+X4kPt9LAXSn0CwGP390RCfKVGvqs7fQIDNVvLzP9qnRi8CyfhQRQDC+jkIS8WGEKcZYV7XDIKYqSBUMn1XzEdEJ0S6ETzOgRrduV5aJ6ULbNs3Z4WK1fTOHJoHx2gErLQOaqgKqqhBqLoAT2hF/RqPBrPxpvxPmldMKYze+iPjM9vSQ6h9g==</latexit><latexit sha1_base64="wwANtHGVcRYNPcIFLgkLIuXloFA=">AAACHnicbZDLSgMxFIYzXmu9VV26CRahgpQZUXQjFN10JRV7g85QMmmmDc1cSM4IZZgnceOruHGhiOBK38ZMW1Bbfwh8/OecJOd3I8EVmOaXsbC4tLyymlvLr29sbm0XdnabKowlZQ0ailC2XaKY4AFrAAfB2pFkxHcFa7nD66zeumdS8TCowyhijk/6Afc4JaCtbuGsji+xLZgHJduThCZ2RCRwInA1/eG71Ja8P4CjblI7xjdpt1A0y+ZYeB6sKRTRVLVu4cPuhTT2WQBUEKU6lhmBk2TXU8HSvB0rFhE6JH3W0RgQnyknGa+X4kPt9LAXSn0CwGP390RCfKVGvqs7fQIDNVvLzP9qnRi8CyfhQRQDC+jkIS8WGEKcZYV7XDIKYqSBUMn1XzEdEJ0S6ETzOgRrduV5aJ6ULbNs3Z4WK1fTOHJoHx2gErLQOaqgKqqhBqLoAT2hF/RqPBrPxpvxPmldMKYze+iPjM9vSQ6h9g==</latexit><latexit sha1_base64="wwANtHGVcRYNPcIFLgkLIuXloFA=">AAACHnicbZDLSgMxFIYzXmu9VV26CRahgpQZUXQjFN10JRV7g85QMmmmDc1cSM4IZZgnceOruHGhiOBK38ZMW1Bbfwh8/OecJOd3I8EVmOaXsbC4tLyymlvLr29sbm0XdnabKowlZQ0ailC2XaKY4AFrAAfB2pFkxHcFa7nD66zeumdS8TCowyhijk/6Afc4JaCtbuGsji+xLZgHJduThCZ2RCRwInA1/eG71Ja8P4CjblI7xjdpt1A0y+ZYeB6sKRTRVLVu4cPuhTT2WQBUEKU6lhmBk2TXU8HSvB0rFhE6JH3W0RgQnyknGa+X4kPt9LAXSn0CwGP390RCfKVGvqs7fQIDNVvLzP9qnRi8CyfhQRQDC+jkIS8WGEKcZYV7XDIKYqSBUMn1XzEdEJ0S6ETzOgRrduV5aJ6ULbNs3Z4WK1fTOHJoHx2gErLQOaqgKqqhBqLoAT2hF/RqPBrPxpvxPmldMKYze+iPjM9vSQ6h9g==</latexit>

V =

✓
@H

@P

◆

S,N
<latexit sha1_base64="ZShdIKKCpAtAsyW3x5zbDOufyYo=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboeimK6loL9AZSibNtKGZC8kZoQzzJG58FTcuFBFc6duYaQtq6w+Bj/+ck+T8biS4AtP8MnILi0vLK/nVwtr6xuZWcXunqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7vMrqrXsmFQ+DOxhFzPFJP+AepwS01S2eNvEFtgXzoGx7ktDEjogETgSupT9cT23J+wM47Ca3R/g67RZLZsUcC8+DNYUSmqreLX7YvZDGPguACqJUxzIjcJLseipYWrBjxSJCh6TPOhoD4jPlJOP1UnygnR72QqlPAHjs/p5IiK/UyHd1p09goGZrmflfrRODd+4kPIhiYAGdPOTFAkOIs6xwj0tGQYw0ECq5/iumA6JTAp1oQYdgza48D83jimVWrJuTUvVyGkce7aF9VEYWOkNVVEN11EAUPaAn9IJejUfj2Xgz3ietOWM6s4v+yPj8Bkxdofg=</latexit><latexit sha1_base64="ZShdIKKCpAtAsyW3x5zbDOufyYo=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboeimK6loL9AZSibNtKGZC8kZoQzzJG58FTcuFBFc6duYaQtq6w+Bj/+ck+T8biS4AtP8MnILi0vLK/nVwtr6xuZWcXunqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7vMrqrXsmFQ+DOxhFzPFJP+AepwS01S2eNvEFtgXzoGx7ktDEjogETgSupT9cT23J+wM47Ca3R/g67RZLZsUcC8+DNYUSmqreLX7YvZDGPguACqJUxzIjcJLseipYWrBjxSJCh6TPOhoD4jPlJOP1UnygnR72QqlPAHjs/p5IiK/UyHd1p09goGZrmflfrRODd+4kPIhiYAGdPOTFAkOIs6xwj0tGQYw0ECq5/iumA6JTAp1oQYdgza48D83jimVWrJuTUvVyGkce7aF9VEYWOkNVVEN11EAUPaAn9IJejUfj2Xgz3ietOWM6s4v+yPj8Bkxdofg=</latexit><latexit sha1_base64="ZShdIKKCpAtAsyW3x5zbDOufyYo=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboeimK6loL9AZSibNtKGZC8kZoQzzJG58FTcuFBFc6duYaQtq6w+Bj/+ck+T8biS4AtP8MnILi0vLK/nVwtr6xuZWcXunqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7vMrqrXsmFQ+DOxhFzPFJP+AepwS01S2eNvEFtgXzoGx7ktDEjogETgSupT9cT23J+wM47Ca3R/g67RZLZsUcC8+DNYUSmqreLX7YvZDGPguACqJUxzIjcJLseipYWrBjxSJCh6TPOhoD4jPlJOP1UnygnR72QqlPAHjs/p5IiK/UyHd1p09goGZrmflfrRODd+4kPIhiYAGdPOTFAkOIs6xwj0tGQYw0ECq5/iumA6JTAp1oQYdgza48D83jimVWrJuTUvVyGkce7aF9VEYWOkNVVEN11EAUPaAn9IJejUfj2Xgz3ietOWM6s4v+yPj8Bkxdofg=</latexit><latexit sha1_base64="ZShdIKKCpAtAsyW3x5zbDOufyYo=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboeimK6loL9AZSibNtKGZC8kZoQzzJG58FTcuFBFc6duYaQtq6w+Bj/+ck+T8biS4AtP8MnILi0vLK/nVwtr6xuZWcXunqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7vMrqrXsmFQ+DOxhFzPFJP+AepwS01S2eNvEFtgXzoGx7ktDEjogETgSupT9cT23J+wM47Ca3R/g67RZLZsUcC8+DNYUSmqreLX7YvZDGPguACqJUxzIjcJLseipYWrBjxSJCh6TPOhoD4jPlJOP1UnygnR72QqlPAHjs/p5IiK/UyHd1p09goGZrmflfrRODd+4kPIhiYAGdPOTFAkOIs6xwj0tGQYw0ECq5/iumA6JTAp1oQYdgza48D83jimVWrJuTUvVyGkce7aF9VEYWOkNVVEN11EAUPaAn9IJejUfj2Xgz3ietOWM6s4v+yPj8Bkxdofg=</latexit>

µ =

✓
@H

@N

◆

P,S
<latexit sha1_base64="6VvpU+ReAohrVs4d4W4LqySFDCU=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtFNV1LRXqAzlEyaaUMzF5IzQhnmUdz4Km5cKKI7fRrTdkBt/SHw8Z9zkpzfjQRXYJqfRm5peWV1Lb9e2Njc2t4p7u61VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nZHV5N6+55JxcPgDsYRc3wyCLjHKQFt9YpV24/xBbYF86Bse5LQxI6IBE4Erqc/fJ3akg+GcNxLGif4Nu0VS2bFnAovgpVBCWVq9Iofdj+ksc8CoIIo1bXMCJxkcj0VLC3YsWIRoSMyYF2NAfGZcpLpgik+0k4fe6HUJwA8dX9PJMRXauy7utMnMFTztYn5X60bg3fuJDyIYmABnT3kxQJDiCdp4T6XjIIYayBUcv1XTIdEpwQ604IOwZpfeRFapxXLrFg3Z6XaZRZHHh2gQ1RGFqqiGqqjBmoiih7QE3pBr8aj8Wy8Ge+z1pyRzeyjPzK+vgEnE6L0</latexit><latexit sha1_base64="6VvpU+ReAohrVs4d4W4LqySFDCU=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtFNV1LRXqAzlEyaaUMzF5IzQhnmUdz4Km5cKKI7fRrTdkBt/SHw8Z9zkpzfjQRXYJqfRm5peWV1Lb9e2Njc2t4p7u61VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nZHV5N6+55JxcPgDsYRc3wyCLjHKQFt9YpV24/xBbYF86Bse5LQxI6IBE4Erqc/fJ3akg+GcNxLGif4Nu0VS2bFnAovgpVBCWVq9Iofdj+ksc8CoIIo1bXMCJxkcj0VLC3YsWIRoSMyYF2NAfGZcpLpgik+0k4fe6HUJwA8dX9PJMRXauy7utMnMFTztYn5X60bg3fuJDyIYmABnT3kxQJDiCdp4T6XjIIYayBUcv1XTIdEpwQ604IOwZpfeRFapxXLrFg3Z6XaZRZHHh2gQ1RGFqqiGqqjBmoiih7QE3pBr8aj8Wy8Ge+z1pyRzeyjPzK+vgEnE6L0</latexit><latexit sha1_base64="6VvpU+ReAohrVs4d4W4LqySFDCU=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtFNV1LRXqAzlEyaaUMzF5IzQhnmUdz4Km5cKKI7fRrTdkBt/SHw8Z9zkpzfjQRXYJqfRm5peWV1Lb9e2Njc2t4p7u61VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nZHV5N6+55JxcPgDsYRc3wyCLjHKQFt9YpV24/xBbYF86Bse5LQxI6IBE4Erqc/fJ3akg+GcNxLGif4Nu0VS2bFnAovgpVBCWVq9Iofdj+ksc8CoIIo1bXMCJxkcj0VLC3YsWIRoSMyYF2NAfGZcpLpgik+0k4fe6HUJwA8dX9PJMRXauy7utMnMFTztYn5X60bg3fuJDyIYmABnT3kxQJDiCdp4T6XjIIYayBUcv1XTIdEpwQ604IOwZpfeRFapxXLrFg3Z6XaZRZHHh2gQ1RGFqqiGqqjBmoiih7QE3pBr8aj8Wy8Ge+z1pyRzeyjPzK+vgEnE6L0</latexit><latexit sha1_base64="6VvpU+ReAohrVs4d4W4LqySFDCU=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtFNV1LRXqAzlEyaaUMzF5IzQhnmUdz4Km5cKKI7fRrTdkBt/SHw8Z9zkpzfjQRXYJqfRm5peWV1Lb9e2Njc2t4p7u61VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nZHV5N6+55JxcPgDsYRc3wyCLjHKQFt9YpV24/xBbYF86Bse5LQxI6IBE4Erqc/fJ3akg+GcNxLGif4Nu0VS2bFnAovgpVBCWVq9Iofdj+ksc8CoIIo1bXMCJxkcj0VLC3YsWIRoSMyYF2NAfGZcpLpgik+0k4fe6HUJwA8dX9PJMRXauy7utMnMFTztYn5X60bg3fuJDyIYmABnT3kxQJDiCdp4T6XjIIYayBUcv1XTIdEpwQ604IOwZpfeRFapxXLrFg3Z6XaZRZHHh2gQ1RGFqqiGqqjBmoiih7QE3pBr8aj8Wy8Ge+z1pyRzeyjPzK+vgEnE6L0</latexit>



Legendre Transformations
Thermodynamic Potentials : Helmholtz Free Energy

Similarly,

Since

dA =

✓
@A

@T

◆

V,N

dT +

✓
@A

@V

◆

T,N

dV +

✓
@A

@N

◆

T,V

dN
<latexit sha1_base64="F+l++x2o2UJmk7blDBO8hPeSURo="></latexit><latexit sha1_base64="F+l++x2o2UJmk7blDBO8hPeSURo="></latexit><latexit sha1_base64="F+l++x2o2UJmk7blDBO8hPeSURo="></latexit><latexit sha1_base64="F+l++x2o2UJmk7blDBO8hPeSURo="></latexit>

Using the Legendre Transform definition, we can show that

dA = �SdT + PdV + µdN
<latexit sha1_base64="G6DY9Y862Jvm2oqXkSgWWgEXUTM=">AAACCHicbVDLSgMxFL3js9bXqEsXBosgiGVGBN0IVTeupGJf0A4lk8m0ocnMkGSEUrp046+4caGIWz/BnX9j2s5CWw+EezjnXm7u8RPOlHacb2tufmFxaTm3kl9dW9/YtLe2aypOJaFVEvNYNnysKGcRrWqmOW0kkmLhc1r3e9cjv/5ApWJxVNH9hHoCdyIWMoK1kdr2XoAu0QU6RvcoQBV0hMqm1kxtidSw27ZdcIrOGGiWuBkpQIZy2/5qBTFJBY004Vippusk2htgqRnhdJhvpYommPRwhzYNjbCgyhuMDxmiA6MEKIyleZFGY/X3xAALpfrCN50C666a9kbif14z1eG5N2BRkmoakcmiMOVIx2iUCgqYpETzviGYSGb+ikgXS0y0yS5vQnCnT54ltZOi6xTdu9NC6SqLIwe7sA+H4MIZlOAGylAFAo/wDK/wZj1ZL9a79TFpnbOymR34A+vzB0GllQs=</latexit><latexit sha1_base64="G6DY9Y862Jvm2oqXkSgWWgEXUTM=">AAACCHicbVDLSgMxFL3js9bXqEsXBosgiGVGBN0IVTeupGJf0A4lk8m0ocnMkGSEUrp046+4caGIWz/BnX9j2s5CWw+EezjnXm7u8RPOlHacb2tufmFxaTm3kl9dW9/YtLe2aypOJaFVEvNYNnysKGcRrWqmOW0kkmLhc1r3e9cjv/5ApWJxVNH9hHoCdyIWMoK1kdr2XoAu0QU6RvcoQBV0hMqm1kxtidSw27ZdcIrOGGiWuBkpQIZy2/5qBTFJBY004Vippusk2htgqRnhdJhvpYommPRwhzYNjbCgyhuMDxmiA6MEKIyleZFGY/X3xAALpfrCN50C666a9kbif14z1eG5N2BRkmoakcmiMOVIx2iUCgqYpETzviGYSGb+ikgXS0y0yS5vQnCnT54ltZOi6xTdu9NC6SqLIwe7sA+H4MIZlOAGylAFAo/wDK/wZj1ZL9a79TFpnbOymR34A+vzB0GllQs=</latexit><latexit sha1_base64="G6DY9Y862Jvm2oqXkSgWWgEXUTM=">AAACCHicbVDLSgMxFL3js9bXqEsXBosgiGVGBN0IVTeupGJf0A4lk8m0ocnMkGSEUrp046+4caGIWz/BnX9j2s5CWw+EezjnXm7u8RPOlHacb2tufmFxaTm3kl9dW9/YtLe2aypOJaFVEvNYNnysKGcRrWqmOW0kkmLhc1r3e9cjv/5ApWJxVNH9hHoCdyIWMoK1kdr2XoAu0QU6RvcoQBV0hMqm1kxtidSw27ZdcIrOGGiWuBkpQIZy2/5qBTFJBY004Vippusk2htgqRnhdJhvpYommPRwhzYNjbCgyhuMDxmiA6MEKIyleZFGY/X3xAALpfrCN50C666a9kbif14z1eG5N2BRkmoakcmiMOVIx2iUCgqYpETzviGYSGb+ikgXS0y0yS5vQnCnT54ltZOi6xTdu9NC6SqLIwe7sA+H4MIZlOAGylAFAo/wDK/wZj1ZL9a79TFpnbOymR34A+vzB0GllQs=</latexit><latexit sha1_base64="G6DY9Y862Jvm2oqXkSgWWgEXUTM=">AAACCHicbVDLSgMxFL3js9bXqEsXBosgiGVGBN0IVTeupGJf0A4lk8m0ocnMkGSEUrp046+4caGIWz/BnX9j2s5CWw+EezjnXm7u8RPOlHacb2tufmFxaTm3kl9dW9/YtLe2aypOJaFVEvNYNnysKGcRrWqmOW0kkmLhc1r3e9cjv/5ApWJxVNH9hHoCdyIWMoK1kdr2XoAu0QU6RvcoQBV0hMqm1kxtidSw27ZdcIrOGGiWuBkpQIZy2/5qBTFJBY004Vippusk2htgqRnhdJhvpYommPRwhzYNjbCgyhuMDxmiA6MEKIyleZFGY/X3xAALpfrCN50C666a9kbif14z1eG5N2BRkmoakcmiMOVIx2iUCgqYpETzviGYSGb+ikgXS0y0yS5vQnCnT54ltZOi6xTdu9NC6SqLIwe7sA+H4MIZlOAGylAFAo/wDK/wZj1ZL9a79TFpnbOymR34A+vzB0GllQs=</latexit>

=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>

�S =

✓
@A

@T

◆

V,N
<latexit sha1_base64="Opb4lmiTRoeXO2Ek6e9VXyGV7cA=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIFbTMiKgboerGlVTsDTqlZNJMG5q5kJwRyjBv4sZXceNCEXHXtzHTFtTWHwIf/zknyfmdUHAFpjkyMguLS8sr2dXc2vrG5lZ+e6eugkhSVqOBCGTTIYoJ7rMacBCsGUpGPEewhjO4SeuNRyYVD/wqDEPW9kjP5y6nBLTVyZ8dP+BLbAvmQtF2JaGxHRIJnAh8lfxwNbEl7/XhsBPXj/Bd0skXzJI5Fp4HawoFNFWlk/+yuwGNPOYDFUSplmWG0I7T66lgSc6OFAsJHZAea2n0icdUOx7vl+AD7XSxG0h9fMBj9/dETDylhp6jOz0CfTVbS83/aq0I3It2zP0wAubTyUNuJDAEOA0Ld7lkFMRQA6GS679i2ic6JdCR5nQI1uzK81A/KVlmybo/LZSvp3Fk0R7aR0VkoXNURreogmqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxmjb7mwoiw=</latexit><latexit sha1_base64="Opb4lmiTRoeXO2Ek6e9VXyGV7cA=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIFbTMiKgboerGlVTsDTqlZNJMG5q5kJwRyjBv4sZXceNCEXHXtzHTFtTWHwIf/zknyfmdUHAFpjkyMguLS8sr2dXc2vrG5lZ+e6eugkhSVqOBCGTTIYoJ7rMacBCsGUpGPEewhjO4SeuNRyYVD/wqDEPW9kjP5y6nBLTVyZ8dP+BLbAvmQtF2JaGxHRIJnAh8lfxwNbEl7/XhsBPXj/Bd0skXzJI5Fp4HawoFNFWlk/+yuwGNPOYDFUSplmWG0I7T66lgSc6OFAsJHZAea2n0icdUOx7vl+AD7XSxG0h9fMBj9/dETDylhp6jOz0CfTVbS83/aq0I3It2zP0wAubTyUNuJDAEOA0Ld7lkFMRQA6GS679i2ic6JdCR5nQI1uzK81A/KVlmybo/LZSvp3Fk0R7aR0VkoXNURreogmqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxmjb7mwoiw=</latexit><latexit sha1_base64="Opb4lmiTRoeXO2Ek6e9VXyGV7cA=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIFbTMiKgboerGlVTsDTqlZNJMG5q5kJwRyjBv4sZXceNCEXHXtzHTFtTWHwIf/zknyfmdUHAFpjkyMguLS8sr2dXc2vrG5lZ+e6eugkhSVqOBCGTTIYoJ7rMacBCsGUpGPEewhjO4SeuNRyYVD/wqDEPW9kjP5y6nBLTVyZ8dP+BLbAvmQtF2JaGxHRIJnAh8lfxwNbEl7/XhsBPXj/Bd0skXzJI5Fp4HawoFNFWlk/+yuwGNPOYDFUSplmWG0I7T66lgSc6OFAsJHZAea2n0icdUOx7vl+AD7XSxG0h9fMBj9/dETDylhp6jOz0CfTVbS83/aq0I3It2zP0wAubTyUNuJDAEOA0Ld7lkFMRQA6GS679i2ic6JdCR5nQI1uzK81A/KVlmybo/LZSvp3Fk0R7aR0VkoXNURreogmqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxmjb7mwoiw=</latexit><latexit sha1_base64="Opb4lmiTRoeXO2Ek6e9VXyGV7cA=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIFbTMiKgboerGlVTsDTqlZNJMG5q5kJwRyjBv4sZXceNCEXHXtzHTFtTWHwIf/zknyfmdUHAFpjkyMguLS8sr2dXc2vrG5lZ+e6eugkhSVqOBCGTTIYoJ7rMacBCsGUpGPEewhjO4SeuNRyYVD/wqDEPW9kjP5y6nBLTVyZ8dP+BLbAvmQtF2JaGxHRIJnAh8lfxwNbEl7/XhsBPXj/Bd0skXzJI5Fp4HawoFNFWlk/+yuwGNPOYDFUSplmWG0I7T66lgSc6OFAsJHZAea2n0icdUOx7vl+AD7XSxG0h9fMBj9/dETDylhp6jOz0CfTVbS83/aq0I3It2zP0wAubTyUNuJDAEOA0Ld7lkFMRQA6GS679i2ic6JdCR5nQI1uzK81A/KVlmybo/LZSvp3Fk0R7aR0VkoXNURreogmqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxmjb7mwoiw=</latexit>

�P =

✓
@A

@V

◆

T,N
<latexit sha1_base64="cyKRPmy0a8wEY8ErrFavIy5mwok=">AAACH3icbZDLSgMxFIYzXmu9VV26CRahgpYZEXUjVN24kgq9QWcomTTThmYuJGeEMsybuPFV3LhQRNz1bUzbAbX1h8DHf85Jcn43ElyBaY6MhcWl5ZXV3Fp+fWNza7uws9tQYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x3cjuvNRyYVD4MaDCPm+KQXcI9TAtrqFM5PqvgK24J5ULI9SWhiR0QCJwJfpz/cSG3Je3046iS1Y3yfdgpFs2xOhOfByqCIMlU7hS+7G9LYZwFQQZRqW2YETjK+ngqW5u1YsYjQAemxtsaA+Ew5yWS/FB9qp4u9UOoTAJ64vycS4is19F3d6RPoq9na2Pyv1o7Bu3QSHkQxsIBOH/JigSHE47Bwl0tGQQw1ECq5/iumfaJTAh1pXodgza48D43TsmWWrYezYuUmiyOH9tEBKiELXaAKukNVVEcUPaEX9IbejWfj1fgwPqetC0Y2s4f+yBh9A7Seoik=</latexit><latexit sha1_base64="cyKRPmy0a8wEY8ErrFavIy5mwok=">AAACH3icbZDLSgMxFIYzXmu9VV26CRahgpYZEXUjVN24kgq9QWcomTTThmYuJGeEMsybuPFV3LhQRNz1bUzbAbX1h8DHf85Jcn43ElyBaY6MhcWl5ZXV3Fp+fWNza7uws9tQYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x3cjuvNRyYVD4MaDCPm+KQXcI9TAtrqFM5PqvgK24J5ULI9SWhiR0QCJwJfpz/cSG3Je3046iS1Y3yfdgpFs2xOhOfByqCIMlU7hS+7G9LYZwFQQZRqW2YETjK+ngqW5u1YsYjQAemxtsaA+Ew5yWS/FB9qp4u9UOoTAJ64vycS4is19F3d6RPoq9na2Pyv1o7Bu3QSHkQxsIBOH/JigSHE47Bwl0tGQQw1ECq5/iumfaJTAh1pXodgza48D43TsmWWrYezYuUmiyOH9tEBKiELXaAKukNVVEcUPaEX9IbejWfj1fgwPqetC0Y2s4f+yBh9A7Seoik=</latexit><latexit sha1_base64="cyKRPmy0a8wEY8ErrFavIy5mwok=">AAACH3icbZDLSgMxFIYzXmu9VV26CRahgpYZEXUjVN24kgq9QWcomTTThmYuJGeEMsybuPFV3LhQRNz1bUzbAbX1h8DHf85Jcn43ElyBaY6MhcWl5ZXV3Fp+fWNza7uws9tQYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x3cjuvNRyYVD4MaDCPm+KQXcI9TAtrqFM5PqvgK24J5ULI9SWhiR0QCJwJfpz/cSG3Je3046iS1Y3yfdgpFs2xOhOfByqCIMlU7hS+7G9LYZwFQQZRqW2YETjK+ngqW5u1YsYjQAemxtsaA+Ew5yWS/FB9qp4u9UOoTAJ64vycS4is19F3d6RPoq9na2Pyv1o7Bu3QSHkQxsIBOH/JigSHE47Bwl0tGQQw1ECq5/iumfaJTAh1pXodgza48D43TsmWWrYezYuUmiyOH9tEBKiELXaAKukNVVEcUPaEX9IbejWfj1fgwPqetC0Y2s4f+yBh9A7Seoik=</latexit><latexit sha1_base64="cyKRPmy0a8wEY8ErrFavIy5mwok=">AAACH3icbZDLSgMxFIYzXmu9VV26CRahgpYZEXUjVN24kgq9QWcomTTThmYuJGeEMsybuPFV3LhQRNz1bUzbAbX1h8DHf85Jcn43ElyBaY6MhcWl5ZXV3Fp+fWNza7uws9tQYSwpq9NQhLLlEsUED1gdOAjWiiQjvitY0x3cjuvNRyYVD4MaDCPm+KQXcI9TAtrqFM5PqvgK24J5ULI9SWhiR0QCJwJfpz/cSG3Je3046iS1Y3yfdgpFs2xOhOfByqCIMlU7hS+7G9LYZwFQQZRqW2YETjK+ngqW5u1YsYjQAemxtsaA+Ew5yWS/FB9qp4u9UOoTAJ64vycS4is19F3d6RPoq9na2Pyv1o7Bu3QSHkQxsIBOH/JigSHE47Bwl0tGQQw1ECq5/iumfaJTAh1pXodgza48D43TsmWWrYezYuUmiyOH9tEBKiELXaAKukNVVEcUPaEX9IbejWfj1fgwPqetC0Y2s4f+yBh9A7Seoik=</latexit>

µ =

✓
@A

@N

◆

T,V
<latexit sha1_base64="9CB246rSR1Ly7B9BVgaRECG/pHg=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtWNK6nQG3SGkkkzbWjmQnJGKMM8ihtfxY0LRXSnT2PaDqitPwQ+/nNOkvO7keAKTPPTyC0tr6yu5dcLG5tb2zvF3b2WCmNJWZOGIpQdlygmeMCawEGwTiQZ8V3B2u7oelJv3zOpeBg0YBwxxyeDgHucEtBWr1i1/RhfYFswD8q2JwlN7IhI4ETgy/SHb1Nb8sEQjntJ4wS30l6xZFbMqfAiWBmUUKZ6r/hh90Ma+ywAKohSXcuMwEkm11PB0oIdKxYROiID1tUYEJ8pJ5kumOIj7fSxF0p9AsBT9/dEQnylxr6rO30CQzVfm5j/1boxeOdOwoMoBhbQ2UNeLDCEeJIW7nPJKIixBkIl13/FdEh0SqAzLegQrPmVF6F1WrHMinV3VqpdZXHk0QE6RGVkoSqqoRtUR01E0QN6Qi/o1Xg0no03433WmjOymX30R8bXNyZpovQ=</latexit><latexit sha1_base64="9CB246rSR1Ly7B9BVgaRECG/pHg=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtWNK6nQG3SGkkkzbWjmQnJGKMM8ihtfxY0LRXSnT2PaDqitPwQ+/nNOkvO7keAKTPPTyC0tr6yu5dcLG5tb2zvF3b2WCmNJWZOGIpQdlygmeMCawEGwTiQZ8V3B2u7oelJv3zOpeBg0YBwxxyeDgHucEtBWr1i1/RhfYFswD8q2JwlN7IhI4ETgy/SHb1Nb8sEQjntJ4wS30l6xZFbMqfAiWBmUUKZ6r/hh90Ma+ywAKohSXcuMwEkm11PB0oIdKxYROiID1tUYEJ8pJ5kumOIj7fSxF0p9AsBT9/dEQnylxr6rO30CQzVfm5j/1boxeOdOwoMoBhbQ2UNeLDCEeJIW7nPJKIixBkIl13/FdEh0SqAzLegQrPmVF6F1WrHMinV3VqpdZXHk0QE6RGVkoSqqoRtUR01E0QN6Qi/o1Xg0no03433WmjOymX30R8bXNyZpovQ=</latexit><latexit sha1_base64="9CB246rSR1Ly7B9BVgaRECG/pHg=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtWNK6nQG3SGkkkzbWjmQnJGKMM8ihtfxY0LRXSnT2PaDqitPwQ+/nNOkvO7keAKTPPTyC0tr6yu5dcLG5tb2zvF3b2WCmNJWZOGIpQdlygmeMCawEGwTiQZ8V3B2u7oelJv3zOpeBg0YBwxxyeDgHucEtBWr1i1/RhfYFswD8q2JwlN7IhI4ETgy/SHb1Nb8sEQjntJ4wS30l6xZFbMqfAiWBmUUKZ6r/hh90Ma+ywAKohSXcuMwEkm11PB0oIdKxYROiID1tUYEJ8pJ5kumOIj7fSxF0p9AsBT9/dEQnylxr6rO30CQzVfm5j/1boxeOdOwoMoBhbQ2UNeLDCEeJIW7nPJKIixBkIl13/FdEh0SqAzLegQrPmVF6F1WrHMinV3VqpdZXHk0QE6RGVkoSqqoRtUR01E0QN6Qi/o1Xg0no03433WmjOymX30R8bXNyZpovQ=</latexit><latexit sha1_base64="9CB246rSR1Ly7B9BVgaRECG/pHg=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtWNK6nQG3SGkkkzbWjmQnJGKMM8ihtfxY0LRXSnT2PaDqitPwQ+/nNOkvO7keAKTPPTyC0tr6yu5dcLG5tb2zvF3b2WCmNJWZOGIpQdlygmeMCawEGwTiQZ8V3B2u7oelJv3zOpeBg0YBwxxyeDgHucEtBWr1i1/RhfYFswD8q2JwlN7IhI4ETgy/SHb1Nb8sEQjntJ4wS30l6xZFbMqfAiWBmUUKZ6r/hh90Ma+ywAKohSXcuMwEkm11PB0oIdKxYROiID1tUYEJ8pJ5kumOIj7fSxF0p9AsBT9/dEQnylxr6rO30CQzVfm5j/1boxeOdOwoMoBhbQ2UNeLDCEeJIW7nPJKIixBkIl13/FdEh0SqAzLegQrPmVF6F1WrHMinV3VqpdZXHk0QE6RGVkoSqqoRtUR01E0QN6Qi/o1Xg0no03433WmjOymX30R8bXNyZpovQ=</latexit>

<latexit sha1_base64="680LQesnW2YcdgtKWaaQ5yh+Ct4=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIEMKuiHpM9OJJIuQFyRJmJ7PJkNmHM7ORsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq73IgzqSzr21hZXVvf2MxsZbd3dvf2zdxBQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub46okCwMamocUcfH/YB5jGClpa6Zq6AOfYjZCFUKtWKjeHfaNfNWyZoBLRM7JXlIUe2aX51eSGKfBopwLGXbtiLlJFgoRjidZDuxpBEmQ9ynbU0D7FPpJLPTJ+hEKz3khUJXoNBM/T2RYF/Kse/qTh+rgVz0puJ/XjtW3pWTsCCKFQ3IfJEXc6RCNM0B9ZigRPGxJpgIpm9FZIAFJkqnldUh2IsvL5PGWcm+KNn35/nydRpHBo7gGApgwyWU4RaqUAcCj/AMr/BmPBkvxrvxMW9dMdKZQ/gD4/MHlY2SRA==</latexit>

A ⌘ A(T, V,N)



Legendre Transformations
Thermodynamic Potentials : Gibbs Free Energy

Similarly,

=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>

G ⌘ G(T, P,N)
<latexit sha1_base64="lHfC+QtUZYBwQX6vejtD9tp1QjQ=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxChBB2RdBj0EM8SYS8IFnC7KQ3GTL7cGY2EtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lxtxJpVlfRuZtfWNza3sdm5nd2//wMwfNmUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDPzW2MQkoVBXU0icHwyCJjHKFFa6pn5Ku7CQ8zGuFqsl2qlu7OeWbDK1hx4ldgpKaAUtZ751e2HNPYhUJQTKTu2FSknIUIxymGa68YSIkJHZAAdTQPig3SS+elTfKqVPvZCoStQeK7+nkiIL+XEd3WnT9RQLnsz8T+vEyvvyklYEMUKArpY5MUcqxDPcsB9JoAqPtGEUMH0rZgOiSBU6bRyOgR7+eVV0jwv21bZvr8oVK7TOLLoGJ2gIrLRJaqgW1RDDUTRI3pGr+jNeDJejHfjY9GaMdKZI/QHxucPnSWSRA==</latexit><latexit sha1_base64="lHfC+QtUZYBwQX6vejtD9tp1QjQ=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxChBB2RdBj0EM8SYS8IFnC7KQ3GTL7cGY2EtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lxtxJpVlfRuZtfWNza3sdm5nd2//wMwfNmUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDPzW2MQkoVBXU0icHwyCJjHKFFa6pn5Ku7CQ8zGuFqsl2qlu7OeWbDK1hx4ldgpKaAUtZ751e2HNPYhUJQTKTu2FSknIUIxymGa68YSIkJHZAAdTQPig3SS+elTfKqVPvZCoStQeK7+nkiIL+XEd3WnT9RQLnsz8T+vEyvvyklYEMUKArpY5MUcqxDPcsB9JoAqPtGEUMH0rZgOiSBU6bRyOgR7+eVV0jwv21bZvr8oVK7TOLLoGJ2gIrLRJaqgW1RDDUTRI3pGr+jNeDJejHfjY9GaMdKZI/QHxucPnSWSRA==</latexit><latexit sha1_base64="lHfC+QtUZYBwQX6vejtD9tp1QjQ=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxChBB2RdBj0EM8SYS8IFnC7KQ3GTL7cGY2EtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lxtxJpVlfRuZtfWNza3sdm5nd2//wMwfNmUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDPzW2MQkoVBXU0icHwyCJjHKFFa6pn5Ku7CQ8zGuFqsl2qlu7OeWbDK1hx4ldgpKaAUtZ751e2HNPYhUJQTKTu2FSknIUIxymGa68YSIkJHZAAdTQPig3SS+elTfKqVPvZCoStQeK7+nkiIL+XEd3WnT9RQLnsz8T+vEyvvyklYEMUKArpY5MUcqxDPcsB9JoAqPtGEUMH0rZgOiSBU6bRyOgR7+eVV0jwv21bZvr8oVK7TOLLoGJ2gIrLRJaqgW1RDDUTRI3pGr+jNeDJejHfjY9GaMdKZI/QHxucPnSWSRA==</latexit><latexit sha1_base64="lHfC+QtUZYBwQX6vejtD9tp1QjQ=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxChBB2RdBj0EM8SYS8IFnC7KQ3GTL7cGY2EtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lxtxJpVlfRuZtfWNza3sdm5nd2//wMwfNmUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDPzW2MQkoVBXU0icHwyCJjHKFFa6pn5Ku7CQ8zGuFqsl2qlu7OeWbDK1hx4ldgpKaAUtZ751e2HNPYhUJQTKTu2FSknIUIxymGa68YSIkJHZAAdTQPig3SS+elTfKqVPvZCoStQeK7+nkiIL+XEd3WnT9RQLnsz8T+vEyvvyklYEMUKArpY5MUcqxDPcsB9JoAqPtGEUMH0rZgOiSBU6bRyOgR7+eVV0jwv21bZvr8oVK7TOLLoGJ2gIrLRJaqgW1RDDUTRI3pGr+jNeDJejHfjY9GaMdKZI/QHxucPnSWSRA==</latexit>

�S =

✓
@G

@T

◆

P,N
<latexit sha1_base64="6CwReouX9k2EB4c41eY91bN00B0=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARKmiZEVE3QtGFrqRib9ApJZNm2tDMheSMUIZ5Eze+ihsXioi7vo3pBdTWHwIf/zknyfndSHAFljU0MguLS8sr2dXc2vrG5pa5vVNTYSwpq9JQhLLhEsUED1gVOAjWiCQjvitY3e1fj+r1RyYVD4MKDCLW8kk34B6nBLTVNs+OH/AldgTzoOB4ktDEiYgETgS+SX+4kjqSd3tw2E7KR/gubZt5q2iNhefBnkIeTVVum19OJ6SxzwKggijVtK0IWsnoeipYmnNixSJC+6TLmhoD4jPVSsb7pfhAOx3shVKfAPDY/T2REF+pge/qTp9AT83WRuZ/tWYM3kUr4UEUAwvo5CEvFhhCPAoLd7hkFMRAA6GS679i2iM6JdCR5nQI9uzK81A7KdpW0b4/zZeupnFk0R7aRwVko3NUQreojKqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxnDb7o6oiw=</latexit><latexit sha1_base64="6CwReouX9k2EB4c41eY91bN00B0=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARKmiZEVE3QtGFrqRib9ApJZNm2tDMheSMUIZ5Eze+ihsXioi7vo3pBdTWHwIf/zknyfndSHAFljU0MguLS8sr2dXc2vrG5pa5vVNTYSwpq9JQhLLhEsUED1gVOAjWiCQjvitY3e1fj+r1RyYVD4MKDCLW8kk34B6nBLTVNs+OH/AldgTzoOB4ktDEiYgETgS+SX+4kjqSd3tw2E7KR/gubZt5q2iNhefBnkIeTVVum19OJ6SxzwKggijVtK0IWsnoeipYmnNixSJC+6TLmhoD4jPVSsb7pfhAOx3shVKfAPDY/T2REF+pge/qTp9AT83WRuZ/tWYM3kUr4UEUAwvo5CEvFhhCPAoLd7hkFMRAA6GS679i2iM6JdCR5nQI9uzK81A7KdpW0b4/zZeupnFk0R7aRwVko3NUQreojKqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxnDb7o6oiw=</latexit><latexit sha1_base64="6CwReouX9k2EB4c41eY91bN00B0=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARKmiZEVE3QtGFrqRib9ApJZNm2tDMheSMUIZ5Eze+ihsXioi7vo3pBdTWHwIf/zknyfndSHAFljU0MguLS8sr2dXc2vrG5pa5vVNTYSwpq9JQhLLhEsUED1gVOAjWiCQjvitY3e1fj+r1RyYVD4MKDCLW8kk34B6nBLTVNs+OH/AldgTzoOB4ktDEiYgETgS+SX+4kjqSd3tw2E7KR/gubZt5q2iNhefBnkIeTVVum19OJ6SxzwKggijVtK0IWsnoeipYmnNixSJC+6TLmhoD4jPVSsb7pfhAOx3shVKfAPDY/T2REF+pge/qTp9AT83WRuZ/tWYM3kUr4UEUAwvo5CEvFhhCPAoLd7hkFMRAA6GS679i2iM6JdCR5nQI9uzK81A7KdpW0b4/zZeupnFk0R7aRwVko3NUQreojKqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxnDb7o6oiw=</latexit><latexit sha1_base64="6CwReouX9k2EB4c41eY91bN00B0=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARKmiZEVE3QtGFrqRib9ApJZNm2tDMheSMUIZ5Eze+ihsXioi7vo3pBdTWHwIf/zknyfndSHAFljU0MguLS8sr2dXc2vrG5pa5vVNTYSwpq9JQhLLhEsUED1gVOAjWiCQjvitY3e1fj+r1RyYVD4MKDCLW8kk34B6nBLTVNs+OH/AldgTzoOB4ktDEiYgETgS+SX+4kjqSd3tw2E7KR/gubZt5q2iNhefBnkIeTVVum19OJ6SxzwKggijVtK0IWsnoeipYmnNixSJC+6TLmhoD4jPVSsb7pfhAOx3shVKfAPDY/T2REF+pge/qTp9AT83WRuZ/tWYM3kUr4UEUAwvo5CEvFhhCPAoLd7hkFMRAA6GS679i2iM6JdCR5nQI9uzK81A7KdpW0b4/zZeupnFk0R7aRwVko3NUQreojKqIoif0gt7Qu/FsvBofxuekNWNMZ3bRHxnDb7o6oiw=</latexit>

V =

✓
@G

@P

◆

T,N
<latexit sha1_base64="D712WZeDqIkPzMjZbwawdGUCbp4=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboehCV1KhN+gMJZNm2tDMheSMUIZ5Eje+ihsXigiu9G3MtAW19YfAx3/OSXJ+NxJcgWl+GbmFxaXllfxqYW19Y3OruL3TVGEsKWvQUISy7RLFBA9YAzgI1o4kI74rWMsdXmX11j2TiodBHUYRc3zSD7jHKQFtdYunTXyBbcE8KNueJDSxIyKBE4Gv0x+upbbk/QEcdpP6Eb5Nu8WSWTHHwvNgTaGEpqp1ix92L6SxzwKggijVscwInCS7ngqWFuxYsYjQIemzjsaA+Ew5yXi9FB9op4e9UOoTAB67vycS4is18l3d6RMYqNlaZv5X68TgnTsJD6IYWEAnD3mxwBDiLCvc45JRECMNhEqu/4rpgOiUQCda0CFYsyvPQ/O4YpkV6+6kVL2cxpFHe2gflZGFzlAV3aAaaiCKHtATekGvxqPxbLwZ75PWnDGd2UV/ZHx+A0xGofg=</latexit><latexit sha1_base64="D712WZeDqIkPzMjZbwawdGUCbp4=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboehCV1KhN+gMJZNm2tDMheSMUIZ5Eje+ihsXigiu9G3MtAW19YfAx3/OSXJ+NxJcgWl+GbmFxaXllfxqYW19Y3OruL3TVGEsKWvQUISy7RLFBA9YAzgI1o4kI74rWMsdXmX11j2TiodBHUYRc3zSD7jHKQFtdYunTXyBbcE8KNueJDSxIyKBE4Gv0x+upbbk/QEcdpP6Eb5Nu8WSWTHHwvNgTaGEpqp1ix92L6SxzwKggijVscwInCS7ngqWFuxYsYjQIemzjsaA+Ew5yXi9FB9op4e9UOoTAB67vycS4is18l3d6RMYqNlaZv5X68TgnTsJD6IYWEAnD3mxwBDiLCvc45JRECMNhEqu/4rpgOiUQCda0CFYsyvPQ/O4YpkV6+6kVL2cxpFHe2gflZGFzlAV3aAaaiCKHtATekGvxqPxbLwZ75PWnDGd2UV/ZHx+A0xGofg=</latexit><latexit sha1_base64="D712WZeDqIkPzMjZbwawdGUCbp4=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboehCV1KhN+gMJZNm2tDMheSMUIZ5Eje+ihsXigiu9G3MtAW19YfAx3/OSXJ+NxJcgWl+GbmFxaXllfxqYW19Y3OruL3TVGEsKWvQUISy7RLFBA9YAzgI1o4kI74rWMsdXmX11j2TiodBHUYRc3zSD7jHKQFtdYunTXyBbcE8KNueJDSxIyKBE4Gv0x+upbbk/QEcdpP6Eb5Nu8WSWTHHwvNgTaGEpqp1ix92L6SxzwKggijVscwInCS7ngqWFuxYsYjQIemzjsaA+Ew5yXi9FB9op4e9UOoTAB67vycS4is18l3d6RMYqNlaZv5X68TgnTsJD6IYWEAnD3mxwBDiLCvc45JRECMNhEqu/4rpgOiUQCda0CFYsyvPQ/O4YpkV6+6kVL2cxpFHe2gflZGFzlAV3aAaaiCKHtATekGvxqPxbLwZ75PWnDGd2UV/ZHx+A0xGofg=</latexit><latexit sha1_base64="D712WZeDqIkPzMjZbwawdGUCbp4=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiKIboehCV1KhN+gMJZNm2tDMheSMUIZ5Eje+ihsXigiu9G3MtAW19YfAx3/OSXJ+NxJcgWl+GbmFxaXllfxqYW19Y3OruL3TVGEsKWvQUISy7RLFBA9YAzgI1o4kI74rWMsdXmX11j2TiodBHUYRc3zSD7jHKQFtdYunTXyBbcE8KNueJDSxIyKBE4Gv0x+upbbk/QEcdpP6Eb5Nu8WSWTHHwvNgTaGEpqp1ix92L6SxzwKggijVscwInCS7ngqWFuxYsYjQIemzjsaA+Ew5yXi9FB9op4e9UOoTAB67vycS4is18l3d6RMYqNlaZv5X68TgnTsJD6IYWEAnD3mxwBDiLCvc45JRECMNhEqu/4rpgOiUQCda0CFYsyvPQ/O4YpkV6+6kVL2cxpFHe2gflZGFzlAV3aAaaiCKHtATekGvxqPxbLwZ75PWnDGd2UV/ZHx+A0xGofg=</latexit>

µ =

✓
@G

@N

◆

T,P
<latexit sha1_base64="lz72GYpnJulwMr3b1Un32W30URQ=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtGFrqRCb9AZSibNtKGZC8kZoQzzKG58FTcuFNGdPo1pO6C2/hD4+M85Sc7vRoIrMM1PI7e0vLK6ll8vbGxube8Ud/daKowlZU0ailB2XKKY4AFrAgfBOpFkxHcFa7ujq0m9fc+k4mHQgHHEHJ8MAu5xSkBbvWLV9mN8gW3BPCjbniQ0sSMigROBr9Mfvk1tyQdDOO4ljRNcT3vFklkxp8KLYGVQQpnqveKH3Q9p7LMAqCBKdS0zAieZXE8FSwt2rFhE6IgMWFdjQHymnGS6YIqPtNPHXij1CQBP3d8TCfGVGvuu7vQJDNV8bWL+V+vG4J07CQ+iGFhAZw95scAQ4klauM8loyDGGgiVXP8V0yHRKYHOtKBDsOZXXoTWacUyK9bdWal2mcWRRwfoEJWRhaqohm5QHTURRQ/oCb2gV+PReDbejPdZa87IZvbRHxlf3ycFovQ=</latexit><latexit sha1_base64="lz72GYpnJulwMr3b1Un32W30URQ=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtGFrqRCb9AZSibNtKGZC8kZoQzzKG58FTcuFNGdPo1pO6C2/hD4+M85Sc7vRoIrMM1PI7e0vLK6ll8vbGxube8Ud/daKowlZU0ailB2XKKY4AFrAgfBOpFkxHcFa7ujq0m9fc+k4mHQgHHEHJ8MAu5xSkBbvWLV9mN8gW3BPCjbniQ0sSMigROBr9Mfvk1tyQdDOO4ljRNcT3vFklkxp8KLYGVQQpnqveKH3Q9p7LMAqCBKdS0zAieZXE8FSwt2rFhE6IgMWFdjQHymnGS6YIqPtNPHXij1CQBP3d8TCfGVGvuu7vQJDNV8bWL+V+vG4J07CQ+iGFhAZw95scAQ4klauM8loyDGGgiVXP8V0yHRKYHOtKBDsOZXXoTWacUyK9bdWal2mcWRRwfoEJWRhaqohm5QHTURRQ/oCb2gV+PReDbejPdZa87IZvbRHxlf3ycFovQ=</latexit><latexit sha1_base64="lz72GYpnJulwMr3b1Un32W30URQ=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtGFrqRCb9AZSibNtKGZC8kZoQzzKG58FTcuFNGdPo1pO6C2/hD4+M85Sc7vRoIrMM1PI7e0vLK6ll8vbGxube8Ud/daKowlZU0ailB2XKKY4AFrAgfBOpFkxHcFa7ujq0m9fc+k4mHQgHHEHJ8MAu5xSkBbvWLV9mN8gW3BPCjbniQ0sSMigROBr9Mfvk1tyQdDOO4ljRNcT3vFklkxp8KLYGVQQpnqveKH3Q9p7LMAqCBKdS0zAieZXE8FSwt2rFhE6IgMWFdjQHymnGS6YIqPtNPHXij1CQBP3d8TCfGVGvuu7vQJDNV8bWL+V+vG4J07CQ+iGFhAZw95scAQ4klauM8loyDGGgiVXP8V0yHRKYHOtKBDsOZXXoTWacUyK9bdWal2mcWRRwfoEJWRhaqohm5QHTURRQ/oCb2gV+PReDbejPdZa87IZvbRHxlf3ycFovQ=</latexit><latexit sha1_base64="lz72GYpnJulwMr3b1Un32W30URQ=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIFaTMiFA3QtGFrqRCb9AZSibNtKGZC8kZoQzzKG58FTcuFNGdPo1pO6C2/hD4+M85Sc7vRoIrMM1PI7e0vLK6ll8vbGxube8Ud/daKowlZU0ailB2XKKY4AFrAgfBOpFkxHcFa7ujq0m9fc+k4mHQgHHEHJ8MAu5xSkBbvWLV9mN8gW3BPCjbniQ0sSMigROBr9Mfvk1tyQdDOO4ljRNcT3vFklkxp8KLYGVQQpnqveKH3Q9p7LMAqCBKdS0zAieZXE8FSwt2rFhE6IgMWFdjQHymnGS6YIqPtNPHXij1CQBP3d8TCfGVGvuu7vQJDNV8bWL+V+vG4J07CQ+iGFhAZw95scAQ4klauM8loyDGGgiVXP8V0yHRKYHOtKBDsOZXXoTWacUyK9bdWal2mcWRRwfoEJWRhaqohm5QHTURRQ/oCb2gV+PReDbejPdZa87IZvbRHxlf3ycFovQ=</latexit>

Easy to derive the Maxwell’s 

relations from here. Will feature 

in the assignments.


