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1. INTRODUCTION

In this expository article we will study the LP—inequalities for Littlewood-Paley oper-
ators. These operators consist of basic tools in analysis which allow us to decompose a
function into pieces that have almost disjoint frequency supports.

2. PRELIMINARIES AND NOTATION

We will use the following standard notation :

e C°(R™)— space of infinitely differentiable functions on R™.

o C'*(R™)— space of compactly supported C*°(R")—functions.

o S(R™)— space of Schwartz class functions on R”

e S'(R™)— space of all tempered distributions on R™.

e [P(R"™)— space of p—integrable functions on R” for 0 < p < 0.

e L>(R"™)— Banach space of essentially bounded measurable functions on R”™.

Next, we define some basic operations on function spaces which will be used frequently.

Definition 2.1. Let f, g be Lebesgue measurable functions on R™. Define,
(1) Translation: 7,f(z) = f(x —y), z,y € R™
(2) Dilation : Dyf(x) := f(Az), A >0,z € R™.
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(3) Modulation: M f(x ) = 62”” 5f( ) §,y € R".
(4) Convolution: [ g(z) = [p. f( —y)dy, v € R", and f,g € L'(R").

Definition 2.2 (Fourier transform). Let f € LY(R") then the Fourier transform of f is
defined as the function

f&) = [ flx)e > 4dx, £ € R™
Rn

The Fourier transform satisfies the following relations with respect to operations of
translation, dilation, modulation, and convolution.

Proposition 2.3. Let f, g € L*(R"). Then we have
(1) 7f(6) = e e f(6) = My f(6). Ey e R
(2) DaJ(&) = & 7(5) = HD /() 1> 0. R
(8) Myf (&) = f(€ = m) =7 f(&), EmeR™
(4) Fxg(€) = f(©)3(6), €€R™

Proof. The proof of Proposition 2.3 easily follows by doing a change of variables in the
definition of Fourier transform. This may be left as an exercise. 0

Theorem 2.4. The Fourier transform satisfies the following LP—estimates :
(D) 1flzeeny < Wfllsny, VF € L'R).
(2) Hf||L2 gy = || fll L2y, Vf € LY(R™) N L*(R™)  (Plancherel Theorem,).
3) 1l @ny < Nfllzo@ny, Vf € LHR™) N LP(R™),1 < p < 2 (Hausdorff-Young
inequality), where p’ denotes the conjugate index of p and is given by 117 + z% =1.
We shall use the notation A < B if and only if A < C'B for some constant C' > 0 and

A~ Bif and only if A < B and B S A. In the later case we say that the two quantities
are equivalent.

2.1. Maximal functions.

Definition 2.5 (Hardy-Littlewood maximal function). For a locally integrable functions
f on R™, the classical Hardy-Littlewood mazimal function M(f)(z) is defined by

1
1) M(e) = sup s /Q F()ldy,

where the supremum is taken over all n—dimensional cubes (Q containing x with sides
parallel to coordinate axes and |Q| is the measure of the cube Q.

Clearly, M is a sub-linear operator and it maps L>°(R") into itself, i.e.,

[MFllzoeny < [ f]] Lo (rn)-
The L”—boundedness properties of the Hardy-Littlewood maximal operator M are given
in the following theorem :
Theorem 2.6. For all functions f € S(R™), there exists a constant C' > 0 such that we
have
(1) Strong type (p,p) inequality : [|M[fllr@n) S [fllp@n), 1 <p < oo
(2) Weak type (1,1) inequality : |[{x € R" : Mf(z) > \}| < M, VA >0
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For 0 < ¢ < 00, define

(2) My(f)(@) = (Mf])(x))7.

Exercise 2.7. Using the result of Theorem 2.6, find values of p for which the operator
M, maps LP(R™) into itself.

Definition 2.8 (Sharp maximal function). For a locally integrable functions f on R™,
the sharp maximal function M*(f)(x) is defined by

1
# e _
(3) ME(f)(z) - SUD ] /Qlf(y) foldy,
where fq stands for the average of f over Q, i.e., fo = |712| fQ f(y)dy.

In fact, we have the following equivalence :

: xr) ~ supin i — aldy.
(4) Mi(f)(@) ~ sup f‘Q,/Q!f(y) dy

zeQ a€R

It is clear that the right hand side of (4) is < MF(f)(x). For the opposite inequality
observe that :

1 1
el /Q )= faldy < /Q 1F(w) — al + fq — aldy

il
< =7 [ f(y) —aldy.
Ql Jq
This proves the opposite inequality.
Further, note that from the definition of sharp maximal function, we have M*(f)(z) <
2M(f)(x). Hence, the sharp maximal operator shares the same L? boundedness properties
as the classical Hardy-Littlewood maximal operator.

2.2. Fourier multipliers.

Theorem 2.9. Let T be a bounded linear operator on L*(R™), and let K be a function
on R" x R"\ {(x,z) : © € R"} such that if f € L*(R"™) has compact support then

T(f)(x) = . K(x,y)f(y)dy, x ¢ supp(f).

Further, suppose that K also satisfies

) [ K- Ko 5 L
|z—y|>2ly—z|

©) LR O

Then T is of weak type (1,1) and strong type (p,p) for all p, 1 < p < oc.

The kernel K which satisfies conditions of the above theorem, is said to be a Calderén-
Zygmund kernel and the associated operator T is called a Calderén-Zygmund operator.
If K(x,y) is the form Kj(z — y), for some K7, the operator 7 becomes a convolution
operator f +— Kj * f and in this case the Calderén-Zygmund theorem can be restated as
follows :
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Theorem 2.10. Let K be a tempered distribution in R™, which coincides with a locally
integrable function on R™\ {0} and satisfies

(7) K ()]
(®) / K(x—y) - K@) < 1, yeR"
|z|>2]y|

AN

L,

Then the operator T f = K * f is of weak type (1,1) and is bounded on LP(R™) for all
p, 1 <p<oo.

The condition (8) is referred to as Hérmander condition.

Exercise 2.11. Show that the Hérmander condition (8) holds if for every x # 0, we have

1
||t

(9) VK (z)|
In order to avoid notational difficulties we work in one dimensional setting.

3. LITTLEWOOD-PALEY SQUARE FUNCTIONS ON R

Recall the classical Hilbert transform : For f € S(R), the Hilbert transform is the
singular integral operator given by :

(10) H(N@) = po. [ fe-n2.

Or equivalently, in terms of Fourier transform

(11) H(f)(€) = —isgn(€)f(€),
where
1, ¢>0
Sgn(g) = Oa f =0
-1, £<0.

The Hilbert transform is the prototype of Calderén-Zygmund operators. We know that
H is of weak type (1,1) and strong type (p,p) for all p, 1 < p < oc.
Let I = [a,b] be an interval in R. Consider the linear operator given by

Sif(€) = x1(€)f(©), feSM).

It is easy to show that the operator S; has the following relation with the Hilbert trans-
form :

i
-2
Again, it is easy to prove that LP boundedness properties of the Hilbert transform is
equivalent to the ones of the operator S;. Moreover, the operator norm ||.Sy||zr—e is
independent of the interval I. Verify!

Recall the Plancherel theorem : For all f € L*(R), we have

(12) 1£1l> = 11f11

Thus for f € L?, we can completely recover the quantitative information about function
f from its Fourier transform. But, this is not the case for functions in LP, p # 2. Verify !

Sy = =(M,HM_o — MyHM_).
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Let {I,}nez be a given sequence of disjoint intervals in R such that it forms a partition
for R. Then, using Plancherel theorem, we can rewrite equation (12) as follows :

(13) 1 fll2 = (Z ’SIn<f)‘2>

ne’l 9

The square function on RHS in the above equation is referred as Littlewood-Paley square
function. This formulation in terms of Littlewood-Paley square functions provides a
partial substitute in LP, p # 2, for results obtained from the Plancherel theorem. To be
more precise we define Littlewood-Paley square functions as follows :

Definition 3.1. Let {I,}ncz be a sequence of disjoint intervals in R. For f € S(R), the
Littlewood-Paley square function associated with the sequence {I,}nez is defined as

1

(14) S (x) = (Z rsfn<f>|2) .

neL

We will prove LP boundedness properties of Littlewood-Paley square functions associ-
ated with sequence of disjoint intervals, but before proceeding further we present some
important results about vector valued extension for bounded linear operators.

3.1. Vector valued extension for bounded linear operators. We first present a
theorem due to Marcinkiewicz and Zygmund which asserts ls— extension of bounded
linear operators. This result will play an important role in the proof of our Littlewood-
Paley results. Moreover, it is interesting in its own right.

Theorem 3.2. Let T be a bounded linear operator from LP(R) into itself. Then T admits
an ly—valued extension with norm bounded by a constant multiple of ||T||Le—r», i-€., we
have

N =

<Z!Tfn\2> ST (ang);

nez ne”L
p p

Proof. The proof of this theorem is an easy application of Khintchine’s inequality (see
Appendix for details).

I leave it as an exercise. Use Khintchine’s inequality for the sequence {T'(f,)(z)},
to linearize the square term. Then use linearity and boundedness of the operator T to
complete the proof. O

Corollary 3.3. Let {I,}ncz be an arbitrary sequence of intervals in R. Then for all
p, 1 <p < oo, we have

(15) (Z |Sznfn|2> ST (Z |fn|2>

nez neL
P p

Proof. Let I, be of the form [A,,, B,]. Then we know that
ot
2

Use this relation together with the result of previous theorem to complete the proof. [

Sy = —(My HM_, — Mg, HM_g).

Remark 3.4. Theorem 3.2 is also valid for bounded linear operators from LP into LA.
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Remark 3.5. The result of Corollary 3.3 is also valid for l.—valued extension for r # 2,
i.e., forall p and r, 1 < p,r < oo, we have

1

(16) (Zw[nfnr)T <7 (Zw)T ,

neL neL
p p

where St is same as in Corollary 3.3. The proof of this is a consequence of vector valued
Calderon-Zygmund theorem.

4. DYADIC LITTLEWOOD-PALEY THEOREM

Theorem 4.1. Let 1 < p < oo and A, = (=2"1 —2n| U [2",2""), n € Z. Then for all
f € SR), we have

an z 1S, (f ) ~ | flwe.

nEZ LP(R)

N

Proof. We first observe that in (17), the left hand side inequality can be deduced using
the right hand side inequality. Assume for a moment that we have proved the right hand
side inequality in (17). For nice functions f, g consider,

(f.9) = [ flo)gz)da

R

Hence,

ol < [ (Z|5Anf<x>|2) (DSAnaW) i

nez nez
1 1
2 2
< (Z |5Anfr2) (Z |sm!2)
nez LP(R) nez 174 (R)
1
2
N (ZISAanZ) 191l e ) -
nel LP(R)

This proves the left hand side inequality in (17).
Now we proceed to prove the right hand side inequality in (17). The proof is in two steps.
Step I : In this step, we consider an appropriate smooth square function and then prove
its LP? boundedness.

Let ¢» € S(R) ne a non-negative function such that supp ¢ C [—4,—1] U [$,4] and
¥ =1on [-2,—1]U]L,2]. For n € Z, define ¢n(§) = (277¢). Let T,, be the multiplier

operator associated with symbol 1, i.e., T, (f) Unf.
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We claim that that for all p, 1 < p < co we have

(18) (Z \Tn(f)|2> S fller@

nez LP(R)
When p = 2, inequality (18) is an easy consequence of Plancherel Theorem. For

1112

<Z ITn(f)!2> - / T, (f)(2)[2de

ner L2(R)
- / T (7))

ne”L

=Z/|wn )2 de

neE”Z
S 15

Here in the last inequality we have used that for each fixed £ € R, at most 3 of the 9,

are non-zero and hence > |1, (&> < C.
neEL
We think of the inequality (18) as an ly—valued inequality for the operator 7" : f —

{T,,(f)} from LP(R) into LP(l3). We claim that this operator T" is an ly—valued Calderén-
Zygmund operator. So we need to show the following

(1) T is bounded from L? into L*(l3), which we have already seen.
(2) The kernel of T, which is given by {#,}, satisfies the Hérmander condition in [y
sense.

Set ¥, = ,,, n € Z. From our previous discussion we know that in order to prove the
Hormander condition, it suffices to prove the following :

(19) W, (@) e = O 10, @)P)? < Clal ™.

neL

Since ¥ € S(R), we have |¥'(z)| < Cmin{1,|z|™®}. Let z € R be fixed. Choose i € Z so
that 27 < |z| < 27""!. Then we have

(Z !%(@!2) < D)

SIS

nel neZ
= ) 2|V (2")]
neL
< N ()| + Y2 (2"
n<i—1 n>i

Note that 2"~¢ < [2"z| < 2" ag 27 < |z| < 2771 Hence for n < i—1, min{1,|2"z| 3} =
1 and for n >4, min{1,|2"x|73} = |2"z|~3. Thus we have

(Z I\IJ;(:C)F) < Ol ) 2

n<i—1 n>i
< Cla|™2
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This shows that T"is an l—valued Calderén-Zygmund operator. Hence applying I, —valued
Calderén-Zygmund theorem we conclude that for all p, 1 < p < oo the operator 7" maps
LP(R) into LP(l3). This completes the proof of estimate (18).

Step II : Observe that Sa, T,f = S, f as ¢ = 1 on A,. Now, invoke lo— valued
extension result from Theorem 3.2 together with the estimate (18) to conclude that :

(Z |5An(f)|2> = (Z |SAnTn(f)|2)

LP(R) Lr(R)
3
< C (Z ITn(f)|2>
nez Lo (®)
S ey
This finishes the proof of Theorem 4.1. O

Exercise 4.2. Let {€,}nez be a random sequence of £1. Consider m(§) = Y €,1y,, where
nez
Uy 18 the same as in the proof of previous theorem. Set K = m. Prove that

(1) SUP¢cr Im(§)] < 1,
(2) |K(2)| < &,

(3) K@) < .

Exercise 4.3. Let {\,}nez be a lacunary sequence of positive real numbers, i.e., there
exists a number 6 > 1 such that )‘"“ > § for all n € Z. Consider A, = [—A\py1, —An] U
[An, Ans1]. Imitating the proof of Theorem 4.1, prove the analogue of Theorem 4.1 for this
sequence of intervals.

Exercise 4.4. Let {¢,} be a random sequence of £1. Consider m(§) = >_ € xa,, where
nez
A, is a lacunary sequence of intervals as defined earlier. Prove that m is an LP—multiplier

forallp, 1 <p < oo.

Exercise 4.5. Let D denote the collection of dyadic rectangles in R?, i.e., D ={I x I':

Iand I' are dyadic intervals}. Consider S’f(&,fz) X[2n72n+1](§i)f(§1,§2), 1=1,2,n¢€
Z. Prove that for all p, 1 < p < oo, we have

<Z |S SQ ) ~ ||f||Lp(R2).

n,mez LP(R2)

5. CARLESON’S LITTLEWOOD-PALEY THEOREM

In 1967, Carleson considered the Littlewood-Paley square function associated with the
sequence I, = [n,n + 1], n € Z, and proved that :

Theorem 5.1. Let 2 < p < co. Then for all f € S(R), we have

(20) <Z |S[n,n+1](f)|2> S I leey

nez LP(R)
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Proof. When p = 2, this is an easy consequence of Plancherel theorem.
Our strategy is essentially the same as earlier. We will find an appropriate smooth

square function and then prove its boundedness.
Let ¢ € S(R) be such that supp ¢ C [~ 2] and ¢ = 1 on [0,1]. For n € Z, define

4’4

dn(§) = (€ —n). Note that supp ¢, C [n— 3 n+ 4] and ¢, =1 on [n,n + 1]. Let T}, be
the multiplier operator associated with ¢,,, i.e., T.(f) = ¢n f . Consider the smooth square

function :
= (ZITn(f)\2> :
neZ

Since Spnt1)(f) = Spnt11Tn(f), square function T'(f) is an appropriate one, i.e., in order
to prove inequality (5.1), it suffices to prove that for p > 2, we have

(21) 1T ze@) S (1 l|zoe)

In order to prove inequality (21), it is enough to prove that for almost every z €
R, T(f)(z) satisfies the following pointwise estimate :

(22) T(f)x) < C(M(fP)@)* = CMs()(x)

where M is the Hardy- Littlewood maximal operator and C'is a constant independent of
f. This estimate would give us the desired result using boundedness of the operator M.

Let a = {a, }nez € l2(Z) be such that ||a||;,, = 1. It suffices to prove that for a.e. = € R,
we have the following :

S Ma(f)(x),

S a () (@)

where C' is independent of a. Consider

Sah(f = P [ fa =6y

= | S = 9)d) 3 anem vy

- /f:c— h(y)dy,

where h is a 1—periodic function given by its Fourier series h(y) = Y a,e*™¥. Moreover,
n

for any ¢ € R, we have fCCH |h(y)|?dy = 1. Hence

S al(h) = [ 1= 0o

- ( /+ /\ ) v~ 9)()hly)dy
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Since ¢ € S(R), there exists a constant Cy such that |¢(y)| < for all N € N.

Using this decay property of ¢ and Holder’s inequality, we obtain

Cotin@] < e [ il
< izszTﬂ(A;Lﬂx—wP@QUQ
- ﬁfﬁ?‘"“v‘” (2—”L[;I\f<x——y>ﬁdy)l/2
222 M(fP) ()

< /\/lz(f )(x)
This completes the proof of Theorem 5.1. OJ

1+\ |

AN

Proposition 5.2. p > 2 is a necessary condition in Theorem 5.1.

Proof. For N € N consider fN = X[o,n]- Observe that for all n,0 <n < N — 1, we have
R
— / X[n,n-{—l} (§)€2ﬂl£$d£
R
— 627rinz / X[O,l] (5)627ri£xd£,
R

Hence,
St () @) = [F(@)], 0<n < N —1,

where F(z) = [5 xj0,1)(£)e*™*dE, is a fixed function (independent of n and N'). Moreover,
F e LP(R) p > 1. Then, for almost every x € R, we have

1

<Z|5[n,n+1}(fN)|2> > (Z |S[n,n+1](fzv)|2>

nez n=0

::(i]ﬂm@

= NY2P(z).
Applying inequality (20) to function fy, we get that

1/2
N2 (zw[n,nﬂmfwn?)
nez LP(R)
S N nllzem)
< NV

where the implicit constant does not depend on N. Choosing N large enough we conclude
that p > 2. 0
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Exercise 5.3. We have used the Hardy-Littlewood mazimal function to prove Theo-
rem 5.1. Try to prove it without using the mazximal function.

Exercise 5.4. Let {I,},cz be a sequence of intervals in R such that I,, C [n,n + 1] for
every n € Z. Prove that for all p, 2 < p < 0o, we have

<Z|51n(f)\2> S ler@, Vf € SR).

nez LP(R)

Exercise 5.5. Formulate the higher dimensional analogue of Theorem 5.1 and prove it.

6. RUBIO DE FRANCIA’S LITTLEWOOD-PALEY THEOREM FOR ARBITRARY INTERVALS

In both the previous Littlewood-Paley results, sequence of intervals have very specific
properties. In the first case, intervals are dilates of each other by a factor of 2, whereas
in the second case they are integer translates of each other. Now we consider arbitrary
sequences of disjoint intervals and prove boundedness of the associated Littlewood-Paley
square function. This was proved in 1985 by Rubio de Francia [3].

Theorem 6.1. Let {I,},cz be an arbitrary sequence of disjoint intervals in R. Then for
all p, 2 < p < oo, we have

(23) (Z \an(f)\2> S ller@ V5 € SR).

nez LP(R)

The proof of this theorem is quite involved. However, the mail idea of the is essentially
the same as in previous Theorems 4.1 and 5.1, i.e., to say, we will first find a suitable
smooth square function and then prove its boundedness. But, finding an appropriate
smooth square function is not as straight forward as earlier. Also, it is hard to prove
estimates for smooth square function in this general setting. We will be following the
original paper of Rubio de Francia [3].

Proof. Proof of Theorem 6.1 : The proof is done in several steps.

6.1. Step I- Reduction to the case of well-distributed collection. We first regu-
larize the given collection of intervals. This step is very crucial and allows us to define an
appropriate smooth square function.

Well-distributed collection of intervals : A collection of intervals {I};c7 is said to
be well-distributed if there exists a constant C' > 0 such that

ngf(x) <C, Vr e R,
Iez

where 21 stands for the dilated interval having the same center as I and |21| = 2||.
Consider the interval I = (0,1) and define the Whitney decomposition of I as follows :

2f(k+1) 9=k 1 2 9~k 27(k+1)
W(I) = i I el I R keNu{oyl.
() {[ g ,3],{3,3],[ - } c {}}

It is clear that intervals in W(I) are disjoint and form a covering of I. Moreover, the
collection W (I) has the following properties :

(1) 2J C I for every J € W(I) and

(2) >0 xo(z) <5, VxeR.
JEW(I)
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Proof of (1) : Let J € W(I). Then J is either [3, 3} or is of the form [27(';“), Z;k] or
1—— 1—% (kﬂ for some k € NU {0}. If J = [%, 2], then it is obvious that 2J C I.
33

Assume that J [2- (SH) 28] for some k € NU {0}. Then length of J, |J| = 2= (kH) and

the center of J, C(J) = (k”) Hence
2] = [C(J)=J,C(J) +|J]]

—(k+1 —(k+1

_ |:2(k+2) 2 (3 )’27(k+2)+ 2 (3 :
2—(k:+1) 2—(k+1)5
-

C [0,1], Vk € NU{0}.

2— (k+)

The proof is similar when J = [1 — %, 1- | for some k € NU{0}.

Proof of (2) : Note that if Jy, J, € W(I) are such that 2.J; N 2Jy # ¢, then both the

intervals necessarily sit either to right or to left of [1 35 g]

Assume that J; = [2- (gﬂ) Tk] and J, = [2 ;H) 23 | for some k,l € NU{0} and 2J,12.J, #

¢. We know that 2J; = [2 (SH), Z (?1)5} nd 2.J, = [27%“), 27(?1)5} . Without loss of

generality we may assume that J; sits to the left of J;. Then, we should have k > [. Since
2J1 N 2Jy # ¢, we must have that 27((1;1) < 295 which in turn implies that 28! < 10,

Note that for each fixed [, we have only four choices of k& > [, namely k = [, [+1, [+2, [+3,
such that 2! < 10.

This proves that for any J € W(I), 2J can have non-empty intersection with at most
four intervals in {2H : H € W(I)}. This completes the proof of (2).

Observe that the definition of Whitney decomposition is invariant under translation and
dilation. Hence, for an arbitrary interval I, we can define its Whitney decomposition W (I)
as previously. Moreover, the collection W (I) will have previously mentioned properties
(1) and (2).

Given an interval I, consider the operator :

(24) S'f@) = | Y. ISiNHP| . feS®).

Jew(I)

We would like to remark that S’f is a a variant of dyadic Littlewood-Paley square func-
tion. We have the following lemma :

Lemma 6.2. Let {I,},cz be a sequence of disjoint intervals in R. Then for all p, 1 <
p < 0o, we have

1
2

(25) (Z |sfn<f>|2) ~ (Z |SI”(f)|2>

nez
p p

Proof. Since the operators ST are uniformly bounded on L?(w) for all weights w € As,.
Then for all p, 1 < p < oo, we have the following vector valuued extension :

1 1

(26) (Z ISI”(fn)|2> S (Z |nt2>

neL neL
p p
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Set f, = S1,(f). Then by definition of S™ f (see (24))

N|=

Shfeo= | S 1Si)P

JEW(I)

o D RER

Jew(I)
= Sy

Applying vector valued estimate (26) to this choice of functions, we get
1
3

(Z |51”(f)|2) = <Z |SI"(anf)l2>

nez neL
p p

NG

N

S <Z |Sln(f)|2>

ne”L

p
This proves < inequality in (25). We use duality arguments to prove the opposite side
inequality in (25). Consider,

/stfn(f)(ﬂc)hn(x)dm = /stln(f)(l’)hn(x)dx
- /RZ Z SySr, (f)(@)Sy(hn)(x)d

nezZ JeW (In)

= /R Y SiH@)Ssh(x)da.

n€Z Jew(I,)

Applying Hélder’s inequality twice and using estimate (26), we get

< / S Y s (2 Z)|sj<hn><x>|2 da

n€Z JeW(I,) n€Z JeW (In

/RZ St (f)(@)hn(z)dx

- / (Z|Sf"<f><x>|2> (Dsfn(hn)(am?) dz

nez neL
} }
< (Z |51”(f)|2> <Z |SI"(hn)|2>
neE”L ne”L ,
P P
3 3
3 (Z |Sf"<f>|2> (Z |hn|2> .
nes nes ,
p p
This estimate allows us to deduce 2 inequality in (25) using duality. O

We have proved that LP norm of the square function associated with an arbitrary
sequence of disjoint intervals {I, },ez is equivalent to L norm of the square function as-
sociated with the collection of intervals W = {J : J € W (1,,) for some n € Z}. Moreover,
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we have proved that the collection W is a well-distributed collection of intervals. Thus it
suffices to prove Theorem 6.1 with an additional assumption of well-distributiveness on
the collection of intervals.

Now onwards we shall always assume that the collection of intervals under consideration
is a well-distributed collection.

6.2. Step II- Reduction to boundedness of smooth square function. In this sec-
tion we will find a suitable smooth square function. Then we will show that in order
to prove Theorem 6.1, it suffices to prove analogous L? estimates for this smooth square
function.

We start with W— well-distributed collection of intervals. We further regularize this
collection in the following sense : Divide each interval I € VW into seven consecutive
intervals of equal lengths, i.e., [ = U_,I" with |I'| = |I|/7 for all i = 1,2,3,...,7.

For each 7 = 1,2,3,...,7, we consider the collection W; = {I* : I € W}. We will
prove Theorem 6.1 for each collection W;. Since all the seven collections W; have same
properties, it is enough to prove the result for one such collection. Let us fix one such
collection of intervals and denote it by Z. Observe that we have

(27) ngl(x) <5, Vx € R.
IeT
We label the intervals in Z according to their sizes. For each integer k € Z, let 7y
denote the collection {I}}; = {I € T : 2% < |I| < 2"}, With this new notation, we
need to prove that for all p, 2 < p < 0o, we have

1

2

(28) (Z ISIg(f)(x)V) Sl

P

For every k and j, choose ni to be the first integer such that niZk el ,i This is possible
because of the definition of I3.

Let 1 € S(R) be such that x_,, < D <x ;- Define

3

k

[-3,
wi(l’) _ ka(2kx)€2m'ni2 z
Then the Fourier transform of wi is given by
DiE) = D27 = n)).
Usie the size condition 2¢ < [I]| < 2¥! together with the choice of n], to show that
I} C [2%(n], — 2),2%(n], + 2)]. Also, show that supp 1 C 817 and 1] =1 on I3.

We now consider the smooth square function associated with the sequence 1% defined as
follows :

2

(29) T(f)(zx) = <Z |T;§(f)(fv)l2> :

where TV is the convolution operator given by T7(f) = Yl % f. Observe that T'(f) is
the appropriate smooth square function as S 1 (f)=25S I T7(f). Hence using vector valued

arguments as earlier, we know that in order to prove inequality (28), it suffices to prove
that for all p, 2 < p < 0o, we have

(30) TNl < 111l
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Next two sections are devoted to prove estimate (30) for the smooth square function.

6.3. Step III- A key vector valued lemma. This section is devoted to establsih a
general result for vector valued operators and in the next section, we will show that the
smooth square function under consideration falls into the setting of this result.

We consider the following setting : Let E be a Hilbert space and let K(z,y) be an
E—valued function defined on R? such that |K(z,.)| g is locally integrable for each fixed
x € R. We consider the following E'—valued operator :

(31) T(f)(x) = / f)K (@

It is easy to check that 7 is well defined for functions f € C2°(R).
Given z,z € R and m € Z, denote

In(z,2) ={y €R : 2Mx — 2| < |y — 2| < 2" |z — 2|.

Observe that |I,(x, )| = 2|z — 2.
Then, we have the following important result for the operator 7T :

Lemma 6.3. Let T be the operator given by (31). Suppose that T is bounded from L*(R)
into L*(R, E). Further, assume that for some positive constants A > 0 and o > 1, the
kernel K (z,vy) satisfies

2™ Al
|z — 2|

(32) / M)~ K(e), )y < 4

for everyx,z e R, A€ E, and m > 1.
Then, the E—wvalued operator G(f)(x) := ||T(f)(x)||g satisfies the following :
(33) MAG(f)) (@) < C(A, ) Ma(f)(2).

Proof. Given an x € R and an interval I centered at x, define the vector h; € E as

hr = y¢21f(y)K(x,y)dy-
Consider,
TN~ = [ SR Eud = [ s
= yeﬂf(y)K(z,y)dy+ wa(y)(K(z,y) — K(x,y))dy.
= T(fi)(2) + y@lf(y)(K(z,y)—K(m,y))dy,

where f; = fxor. This implies that

1
m/ IT(HE) = hillsdz < 7 / 1T () (=) iz

1
_ K - K d d
+m/I” | o T O @y = K y)dylldz
= [1+[27

where [; and I, are first and second terms in RHS of the above expression.
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We will estimate both these terms separately and show that each of them is dominated
by My (f), which in turn would give us the desired result. Then,

1
ho= g / 1T () ()] 2

< (7] ||T<f1><z>|ﬁgdz)é

< (i / \fl(Z)FdZ);

- (i1 /ﬂ|f<z>|2dz)é
M)

<

~Y

Now we proceed to estimate I5. Let g(z) denote E—valued function with ||g(z)||gz < 1 for
all z € 1. Then using duality we know that

= s [0, [ ) ) = K )an)s

yg2l
where supremum is taken over all functions g defined as above. Let g be a fixed function
described as above. Note that for all z,z € I and y ¢ 2/, we have ‘x 4l < |y — z|. Then

e

dz,

), fW)(K(zy) — K(z,y))dy)p| dz

yg2l

= 1] //@I'f K(z,y) — K(z,y))p|dydz

- ’I| / 1/yelm(z ) {9(2), K(2,y) — K(z,y))pldydz

“ Imzl(/zmu,x)' v dy)é(/fm@,x)'@(Z)’K(Z’y)—K<w,y>>E|2dy>%dz
ONAS Ag-om/2

<

L e e

om 2
_ A2~ am/2< y 2oly) dz
m/Z 2= 2] Jp oy !
< o [ Sz (L |f(y)|2dy)§dz
= ) 1.

2 l‘)' Inm(z,x)
< CMs(f)(x)

Here we have used that o > 1 and hence the sum in the above is finite. This establishes
inequality (33) and hence the proof of Lemma 6.3 is complete. O

6.4. Step IV- Boundedness of the smooth square function. The choice of wi is
such that for some constant C' > 0, we have

ZW P <c
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Hence by Plancherel theorem we get,

(34) IT(Hllz < Cllfll-

Our objective is to prove inequality (30) for all p, 2 < p < oo. In order to do this, we
shall show that for almost every = € R, we have

(35) MAT(f))(@) S Ma(f)(@),

where M*(T(f)) is the sharp maximal function of T'(f).
Once we have the above estimate, the desired result for square function may be obtained
as follows :

S IMAT)y
S M)l
S Al 2 <p < oo

1T

Thus we only need to establish the inequality (35). In order to prove this we will prove
a general result for singular integral operators in vector valued setting. Now we need to
prove that the square function under consideration falls into the setting of Lemma 6.3.
Recall that square function is given as :

1
2

(@ = (X |Tz<f><x>|2>

=

2

= (X i f(w)!2>

1
2\ 2
k7j )
We view the operator 7" as an [;—valued operator and observe that its kernel is given by
(36) K(z,y) = {2°9(2" @ — y)e ).

We already know that 7" is bounded from L?(R) into L?(RR,[5). So, in order to apply the
result of Lemma 6.3, we only need to establish estimate (32) for the kernel K (z,y). Let
A ={M\;} € Iy be such that ||\l = 1. Then, we have

(K(x,9),\) = Z o (2F (2 — 1))y e 2T Y
k.j

/R 25p(28(z — y))e 2T f () dy

(37) = ) 2M(2%(x — ) hi(2"y),

k

where for each k, hy is a 1—periodic function given by its Fourier series : hy(z) =
Zxk .6727rinix

7] :
J

Note that the choice of integers nfe tells us that ni #+ nf: if 7 2 j'. This implies that

a+1
(38) / \h(z)]Pde < 1, Ya € R,k € Z.
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We would like to remark that we only need the above property of function hy, in the
proof. Recall that we are interested in proving the following :

A22—am
|z — 2|’

(39) / M) = Gy Py <

for some A > 0 and o > 1.

It suffices to prove the above estimate assuming z = 0 because this only amounts to
translating hy by a factor of 28z and we know that inequality (38) is invariant under
translation. Thus our job is reduced to prove that

A22—am
||

(40) / MU G) = K(0,9). 3Py <

Further, observe that the above inequality does not change, if we replace x by 2x, and
thus, we can assume that 1 < |z| < 2. Using estimate (37), we have

</Ivm(:c70) (K (z,y) — K(0,y), )\>‘2dy>é
froo
< ZQk (/Im (@.0) 02" (x — ) — B(—2"y))he(2"y) | dy)

= ) 2 (/ (25 — y) — Y(—y)hi ()|’ dy)

k Im+]€(CC,O)

2 2 —y) = (= hi(y)|*d
S T
< CZ 9k/29(k+m)/2 < sup |w(2kl’ . y) _ w(_@/)o

D=

2

IN

22’% (2"(x —y)) — Y(=2"y)h(2"y)| dy

[N

1
2

IN

yEIm+k($,0)

= <_nz Z) [2’“/22 k2 ( sup 92" — y) —w(—y)!>] ,

k=—oco k=-—n Y€k (2,0)

where n = [22].

We estimate both the terms separately. For the first sum, we see that k+m <m —n <
m/3, as —oo < k < —n — 1. Now we estimate using mean value theorem to get the
following majorization :

IA

sup (2" —y) — ¥(—y)| C(¥)2"x|

yEIm_,_k(z,O)

< C(¢)2k+1.
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In the above, we have used that 1 < |z| < 2. Hence we get

n

—n—1
> okt ( sup  [¥(2Fz —y) —w(—y)l> S ) 2falkmagh

k=—o0 Y€lm11(2,0) k=—00

—n—1

S Z 23k/22m/6

S 2
= (0276
Now we need to estimate the second sum. Note that for y € I,,,;x(,0), we have 28z <
y < 2MmFly This implies that |28z — y| ~ 2¥™xfor all y € I,,,x(x,0) with a constant

independent of y, m, and k. Also, we have that 1)(y) < C|y|~2. Using these observation
we get the following estimate for the second term :

1 1
swp @ —y) gy S sup (—m+—)
YE€Lm4k(2,0) Y€ m4k(2,0) 22(ktm) g y?
< 272(k+m)'
Hence,
D 2L sup (2 —y) (g | S Y 2r2mrgRi
h——n, Y€Im4k(2,0) k=—n

= O i 2—k2—3m/2

k=—n
< 22m/3273m/2
S
Substituting the estimates for both the terms we get,
(41) [ ) — K93 Pdy < 02
In(z,0)

This proves the required estimate (32) for the kernel K (z,y) with o = 2 > 1. Thus we
complete the proof of Theorem 6.1. ([l

7. APPENDIX

The Radamacher functions are defined as follows :

[ -1, 0<t<1/2
7’0@_{1 1/2<t<1,

and for n > 1, r,(t) = r9(2"t). The Rademacher functions form a orthonormal system in

L3([0,1]).

Lemma 7.1 (Khintchine’s inequality). Let 1 < p < oo. Given a sequence a = {a,},
consider the function

F(t) =) anra(t).
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Then, we have

(42) 1E oo S (Z Ian|2> :

and

1
2
(43) <Z |an|2> S EF e o)

n

N[

where 1, 1s the Radamacher function. More importantly, the implicit constant depends
only on the parameter p.

Proof. First, observe that using orthogonality property of Rademacher functions, we have

1
(44) 1 F | 2017 = (Z \an|2>

Using the above estimate together with the fact that ||.||r(j0.1]) increases with p, we can
easily see that inequalities (42) and (43) hold for 1 < p < 2 and 2 < p < oo respectively.
Further, we see that inequality (43) for 1 < p < 2 can be deduced if we have inequality (42)
for 2 < p < oo. For p, 1 <p < 2, choose 6 € (0,1) such that % = % + %. Then,

[ Fll 2oy < HFHLp(m )||F||i4([0.1])

S IF (o 1 F Il 2oy

This proves inequality (43) for 1 < p < 2. Thus, we only need to prove inequality (42)
for all 2 < p < co. We proceed as follows : Without loss of generality we may assume
that ||F'[|12(j0.1) = 1. Further, we observe that it is enough to prove inequality (42) for all
integers bigger that 2.

We know that |z|P < plel*l < pl(e® + e®), z € R. Therefore,

1
1FWgoy = [ |3 aara(olat
0 n

1 anrn(t — anTn(t
p!/ (e; © L% ())dt
0
1 1
= pl / [[e®adt+ / [[em®at
0 5 0 5
1
= QP!H/ e gt
n YO
ean + e_an
= 2p!Heai

= 2ple.

IN

Here we have used that Rademacher functions are independent variables and the inequality
e“te " < 6:82 OJ
- <",
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