
Quantum Physics (PHY 201)
Assignment 3 (21-08-2010)

1. Prove that,
a) ∫ ∞

−∞
ei(k−k

′)xdx = (2π)δ(k − k′) .

b) ∫ ∞
−∞

ei(p−p
′)x/h̄dx = (2πh̄)δ(p− p′) .

[Hint for question 1a): Show that 1
(2π)

∫∞
−∞ e

i(k−k′)xdx satisfies the defining properties of

Dirac delta function. You would find the result
∫∞
−∞

sin(y)
y
dy = π useful in this problem.]

2. The wave function in the spatial domain, Ψ(x), is related to wave function in the
momentum domain, A(p), following,

Ψ(x) =
1√
2πh̄

∫ ∞
−∞

A(p)e
ipx
h̄ dp .

Show that, if Ψ(x) is a normalized wave function A(p) also is a normalized wave function.
(This is known as Parseval’s theorem.)

3. Assuming Ψ(x) is given by the relation as given in the question 2 above, show that,
a)

〈
p2
〉

=
∫ ∞
−∞

Ψ∗(x)

(
−h̄2 d

2

dx2

)
Ψ(x)dx ,

b)

〈x〉 =
∫ ∞
−∞

A∗(p)

(
ih̄
d

dp

)
A(p)dp ,

c)

〈
x2
〉

=
∫ ∞
−∞

A∗(p)

(
−h̄2 d

2

dp2

)
A(p)dp ,

[Assume that Ψ(x) and A(p) are normalized.]

4. The wave function of a particle is given by Ψ(x). Find the velocity expectation value
〈v〉.

5. A particle moving in one dimension has a De Broglie wavelength somewhere in the
range λ = λ0 ± ∆λ. Assuming ∆λ/λ0 � (∆λ/λ0)n for all n > 1 and n is an integer,
find the minimum spread, ∆x, of the wave associated with it.
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6. A wave function Ψ(x), in the range |x| ≤ 2 is given by,

Ψ(x) = x2

2
− x4

8
.

Given that Ψ(x) = 0 for |x| > 2,
a) Check if Ψ(x) is a normalized wave function and draw the normalized wave function
as a function of x.
b) Find the expectation values 〈x〉 and 〈x2〉. Using these results find uncertainty ∆x.

c) Using p̂x = h̄
i
d
dx

and p̂2
x = −h̄2 d2

dx2 find expectation values 〈px〉, 〈p2
x〉 and using these

results estimate uncertainty in the x component of momentum ∆px.
d) Using the results of b) and c) above, find the uncertainty product, ∆x∆px.

7. The momentum wave function A(p), in the range 0 ≤ p ≤ 1 is given by,

A(p) = p(1− p)(p− 0.5)2 .

Assume that A(p) is zero for p > 1 or p < 0.
a) Check if A(p) is a normalized wave function and plot the normalized wave function
as a function of p.
b) Using the results of question 3b) and 3c) find 〈x〉 and 〈x2〉 and hence the uncertainty
∆x.
c) Find 〈px〉, 〈p2

x〉 and hence ∆px. Finally estimate the uncertainty product, ∆x∆px.
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