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1 Banach Algebras

1.1 Definition and Examples

All vector spaces in this course will be over C.

Definition 1.1.1. 1. An algebra is a vector space A over C together with a bilinear
multiplication under which A is a ring. In other words, for all «, 8 € C, a,b,c € A,
we have

(ava + pb)c = afac) + f(be) and a(ab + Se) = a(ab) + B(ac)

2. An algebra A is said to be a normed algebra if there is a norm on A such that

a) (A,] -] is a normed linear space

b) For all a,b € A, we have ||ab|| < ||all|b]|

3. A Banach algebra is a complete normed algebra.

Remark 1.1.2. 1. If X is a normed linear space, then ||z + y|| < ||z|| + ||y||. Hence,
the map
(z,y) =z +y

is jointly continuous. ie. If x,, — = and y, — vy, then x,, +y, — = + y.
2. Similarly, if A is a normed algebra, then the map
(z,y) = xy
is jointly continuous [Check!|
Example 1.1.3. 1. A=C
2. A= CJ0,1]. More generally, C(X) for X A compact, Hausdorff space.
A = Cy(X), where X is a locally compact Hausdorff space.
3. A= Cy(X), where X is a locally compact Hausdorff space. [Exercise]
4. A = ¢, the space of complex sequences converging to 0.

Note: All the above examples are abelian.



5. A= M,(C) for any n € N with the operator norm
[A[] = sup{[[A(2)] - 2 € C", [l«]| <1}

6. A= B(X) for any Banach space X.

7. A= LY(R) with multiplication given by convolution
Proof. For f,g € A, we write

fgla) = / f(g(e — tydt
Now

1S * gl ) I/le*g(l’)ldx < /ﬂ{Alf(t)llg(I—t)ldtdx = [If1lllgl

by Fubini’s theorem. The other axioms are easy to check. O]

8. A = ((Z) with multiplication given by convolution (proof is identical to the
previous one). A is a commutative Banach algebra.

Definition 1.1.4. Let A be a Banach algebra.

1. A subset I C A is called a left ideal of A if it is a vector subspace of A and

acAbel=abel

2. A right ideal is defined similarly.
3. In this course, an ideal will refer to a two-sided ideal, for which we write I < A.
4. Anideal I < A is said to be proper if I # {0} and I # A.

5. A maximal ideal is an ideal that is not properly contained in any proper ideal.

Example 1.1.5. 1. A=C|0,1],then I ={f € C(X) : f(1) = 0} is a maximal ideal.
2. If A= M,(C), then A has no non-trivial ideals

Proof. Let {0} # J < A, then choose 0 # T € J, then 3T;; = a # 0. Let E}; be
the permutation matrix obtained by switching the &% row of the identity matrix
with the [* row. Then
T = EL]‘TEZ‘J eJ
and T | = a # 0. Now let F; be the matrix with 1 in the (1,1)"™ entry and zero
elsewhere. Then )
aFl,lT,Fl,l =F,€eJ

Similarly, Fy9, F53,...,F,, € J. Adding them up, we have Ic» € J and since J
is an ideal, this means that J = A. n



(End of Day 1)

3. If X is a locally compact Hausdorff space, then Cy(X) is an ideal in Cy(X), the
space of bounded continuous functions on X

4. Let X be a Banach space and A = B(X), then set
F(X)=A{T € B(X) : T has finite rank}
Then F(X) is an ideal in A.

5. If A= B(X), then the set K(X) of compact operators on X is a closed ideal in A.
In fact, if H is a Hilbert space, then K(H) = F(H)

Theorem 1.1.6. If A is a Banach algebra, and I <1 A is a proper closed ideal, then
A/l is a Banach algebra with the quotient norm

|la+ I|| = inf{|la+0| :be I}
Proof. 1. Clearly, A/I is an algebra.

2. Now we check that the axioms of the norm hold :

a) If |la + I]| = 0, then 3b,, € I such that ||a + b,|| — 0. Since I is closed, this
means that a € [ and hence a +1=01in A/I

b) Clearly, ||a + I|| > 0.
c) If a,b € A, then for any ¢,d € 1

la+b+ 1l <lla+b+ct+df <llatc]+[b+d]

This is true for any ¢, d € I, so taking infimum gives |la +b+ ]| < |la+I| +
16+ 1]

3. We now check that A/ is a Banach algebra: If a,b € A, then for any ¢,d € I we
have
(a+c)(b+d)=ab+ cb+ ad+ dc

where = := cb+ ad + dc € I. Hence
lab + 11| < flab + z|| < [la + c[|[|b + d]|
This is true for any ¢, d € I, so taking infimum gives ||ab+ I|| < |la + I|[||b + ]|

4. A is complete (See [Conway, Theorem I11.4.2])

Definition 1.1.7. Let A and B be Banach algebras.

1. A map p: A— B is called a homomorphism of Banach algebras if




a) ¢ : A — B is a continuous (ie. bounded) linear transformation of normed
linear spaces

b) ¢(ab) = p(a)p(b) for all a,b € A.

2. Recall that if ¢ is continuous, then
lell = sup{lle(a)ll - a € A, [lal] <1}

3. A bijective homomorphism whose inverse is also continuous is called an isomorphism
of Banach algebras.

Example 1.1.8. 1. If I < A is a closed ideal, then the natural quotient map 7 :
A — A/I is a homomorphism. Note that

Im(a)ll = lla+ I]] < lla+ 0] = [[a]
Hence ||| < 1. We will see later (Theorem 1.2.9) that ||7|| =1 if A is unital.

2. If A=C(X) and zy € X, then f — f(z0) is a continuous homomorphism.

3. Let A be any Banach algebra, and B(A) be the space of bounded linear operators
on A. Define p: A — B(A) by

x> L,, where L,(y) :==zy

Then ¢ is a continuous homomorphism, called the left regular representation of A.

4. Let X =[0,1], H = L*(X) and set A = C(X), B = B(H). Define
©:A— Bby f— M
where My (g) := fg. Then ¢ is a continuous homomorphism.
(End of Day 2)

Theorem 1.1.9. Let ¢ : A — B be a homomorphism of Banach algebras and let
I =Xker(p). Then

1. I =ker(p) is a closed ideal in A

2. There is a unique injective homomorphism @ : A/l — B such that pom = .
Furthermore,

12l = llll



Proof. We know from algebra that 3 a unique homomorphism of rings @ : A/l — B
such that ¥ o m = ¢ which is given by

Pla+ 1) =p(a)

It is easy to see that p is linear as well, and so is a homomorphism of algebras. Further-
more, for any ¢ €

[@(a+ DIl = lle(a)]l = llela + )l < llelllla+

Taking infimum, we see that @ is continuous and [|g|| < ||¢||. However, since ||| < 1
by Example 1.1.8(1),

lell = [z enll < [[@llixl < [l
Hence, [[2] = {[#]- O

1.2 Invertible Elements

Definition 1.2.1. Let A be a Banach algebra
1. A is said to be unital if de € A such that ae = ea = a for all a € A.
2. If A is unital with unit e, then we will write 14 = 1 = e, and assume that ||14] = 1.
3. If A is unital, then we may assume C C A via the map a +— aly

Remark 1.2.2. ([Arveson, Theorem 1.4.2]) Let (A, ||-||) be a complex algebra with a unit
e that is also a Banach space. Furthermore, assume that the multiplication map

(z,y) — xy

is jointly continuous. Then there is a norm || - ||; on A that is equivalent to || - || such
that (A, || - |/1) is a Banach algebra and |le]|; = 1.

Example 1.2.3. 1. If X is compact Hausdorff, then C'(X) is unital.
2. If X is non-compact, then Cy(X) is non-unital. In particular, ¢y is non-unital.
3. M, (C) is unital. So is B(X) for any Banach space X
4. L'(R) is non-unital

Proof. Suppose e € L'(R) is a unit, then for all € > 0,35 > 0 such that for any
measurable V' C R

m(V) < 5 = /V le()|dx < ¢



Let V = (—d/4,6/4), then m(V) = §/2 < §. Now if f = yy is the characteristic
function of V', then for any z € R

fla) =ex (o) = [

R

e(t)f(x —t)dt = / e(t)dt < e

z—V

However, if x € V, then
1=f(z)<e

so with € = 1/2, this gives a contradiction. ]

5. (*(Z) is unital with unit (e,) given by

6. L>°(X, u) is unital
Definition 1.2.4. Let A be a unital Banach algebra.

1. An element a € A is said to be invertible if 3b € A such that ab = ba = 14. The

inverse, if it exists, is unique, and is denoted by a~*.

2. The General Linear group of A, denoted by GL(A), is the set of all invertible
elements in A.

Theorem 1.2.5. If a € A is such that |1 —a|| < 1, then a € GL(A). Furthermore, a™!
18 given by the Neumann series

(1—a)

al=1+(1-a)+(1—-a)+...=
k—
Proof. Since the series on the RHS converges absolutely, the series

[e.e]

Z(l —a)"

n=0
converges to an element b € A (since A is a Banach space). Furthermore, writing
x = (1 — a), by continuity of multiplication,
— i _ k — i — k = i — gntl =
ab = nlggoza(l a) 711;1{)10 kz_%(l x)x lim (1 —2""") =1

n—oo

Similarly, ba = 1 as well. [

Corollary 1.2.6. 1. GL(A) is an open subset of A



2. The map x +— x~ from GL(A) to GL(A) is a homeomorphism.
In particular, GL(A) is a topological group.

Proof. 1. If a € GL(A) and b € A such that

1
la —b| <
[a=t|

Then |1 —a™'b|| < 1 and so a™'b is invertible, whence b is invertible.

2. WTS: a + a~! is continuous, so suppose a, — a in GL(A). Replacing a,, by
ana~t, we may assume WLOG that a = 1. Given § > 0,3N € N such that

la, — 1| <6 VYn>N
By Theorem 1.2.5,

a' =1+ Z(l —ap)”
k=1

Hence,

= )
lagt =1 < )1 —anl* <
2 =

So given € > 0, choose 0 > 0 such that §/(1 —¢) < e.

[l
(End of Day 3)

Theorem 1.2.7. Let A be a unital Banach algebra, then every ideal I <1 A is contained
i a mazximal ideal.

Proof. Same proof as in Ring theory (using Zorn’s Lemma). O
Theorem 1.2.8. Let A be a unital Banach algebra
1. If I < A is a proper ideal, then I is a proper closed ideal.

2. FEvery maximal ideal in A is closed.

Proof. If I is an ideal, then it is easy to check that I is an ideal. If I < Ais proper,
then ITNGL(A) = 0. Hence, I C (A\ GL(A)) which is closed, whence I C (A\ GL(A)).

Finally, part (2) follows from part (1). O

Theorem 1.2.9. Let A be a unital Banach algebra and I <1 A be a proper closed ideal.
Let m: A — A/I be the natural homomorphism, then 7 is continuous and

[l = =) = 1
Proof. We saw in Example 1.1.8 that 7 is continuous and ||7|| < 1. Since [|14]| =1,
La+ Il = [[r (L)l < 7 l[l1all = =] <1
However, for any b € I, |14+ || > 1 since I N GL(A) = ). Hence,
114+ ]| =inf{||]14 +b|| : b€ GL(A)} > 1



1.3 Spectrum of an Element
Throughout this section, let A denote a unital Banach algebra with unit 1 € A
Definition 1.3.1. Let a € A

1. The spectrum of a, denoted by o(a), is defined as

o(a) = {A € C: (a— \4) ¢ GL(A)}

2. The resolvent of a, denoted by p(a), is defined as
p(a) = C\ o(a)

Example 1.3.2. 1. If '€ B(C"), then o(T) is the set of eigen-values of T’
2. If X is a Banach space,

o(T)={X € C: (T — \) is not bijective}
3. If T e B(CI0,1]) be the operator

T(f)(x) = / " p(ndt

Then T is not surjective, because if g € Image(T'), then g is a C' function. Hence,
0 € o(T). However, 0 is not an eigen-value of T' [Exercise]

4. If f € C(X), then o(f) = f(X) is the range of f

5. If A = ¢>~(X) for some set X, then for any f € A, o(f) = f(X) is the closure of
the range of f in C

Theorem 1.3.3. For any a € A, o(a) is a compact subset of the disc
{zeC:|z] <|a|l} cC

Proof. 1. If |\| > |la||, then |la/\|| < 1, so (1 —a/\) € GL(A). Hence, A € p(a).
Hence,
o(a) C{z€C:[z| < al}

2. The function f : A — (A — a) is a continuous function C — A. Since GL(A) is
open,

pla) = [THGL(A))

is open, and hence o(a) is closed.

10



Remark 1.3.4. Let A be a Banach algebra, {2 C C be an open set and F': 2 — A be a
function.

1. We say that F' is analytic if 3G : Q0 — A continuous such that

F(z+h) — F(z)

I;
1m h

h—0

=0 Vze0

- G(z)

and in that case, we say that F'(z) = G(z)
2. Suppose F' is analytic, and 7 € A* is a bounded linear functional, then
H:Q—Cgivenby H=70F
is analytic (in the usual sense) and H' =70 G.
(End of Day 4)
Lemma 1.3.5. Leta € A and F : p(a) — A be given by
F(z)=(z—a)"

Then F is analytic and F'(2) = —(z — a) ™2

Proof. Let G : p(a) — A be given by z +— —(z —a)~2. Then G is continuous because it
is the composition of continuous functions. Now, for any x,y € GL(A)

e —y =y — )yt

Applying this to x = (z + h — a) and y = (2 — a), we have

F(z4+h)—F(z)=(z+h—a) ' (=h)(z —a)™"

—GE)| = [G+h—a) = (z—a) ]z —a)

h

Now use the fact that z — (z —a)~! is continuous. O

HF(erh) ~F(2)

Theorem 1.3.6 (Gelfand-Mazur). If A is a Banach algebra, then o(a) # 0 for any
a€A.

Proof. Let a € A, then we want to show that o(a) # (). Clearly, if a = 0, then 0 € o(a),
so we assume that a # 0. Suppose o(a) = (), then p(a) = C, so consider F': C — A by

F(z)=(z—a)"

By Lemma 1.3.5, F'is analytic and

11



As z — 00, (1 —a/z) — 1, so by Corollary 1.2.6(2), we have

F(z) =21 (1 - 9) 0 (1.2)

z

Hence, if 7 € A*, then consider
H(z)=70F(2)=7((z—a)™")

Then, H is entire by Equation 1.1 and bounded by Equation 1.2. So H is constant by
Liouville’s theorem. In particular,

H(0)=7(a"?)=0
This is true for all 7 € A*, which is impossible since a # 0 and so a2 # 0. m

Corollary 1.3.7. If A is a unital Banach algebra in which every non-zero element is
wnvertible, then A = Cly4

Proof. Let a € A, then 3\ such that a — A1, is not invertible. Hence, a — A1, = 0, so
a = )\1,4 ]

Definition 1.3.8. For a € A, the spectral radius of a is r(a) := sup{|A| : A € o(a)}

Remark 1.3.9. 1. By Theorem 1.3.3, 7(a) < ||a|
2. Since o(a) is compact, 3Ny € o(a) such that r(a) = ||

Example 1.3.10. 1. If X is compact, Hausdorff and A = C'(X), then r(f) = || ]|~
for all f e A

2 T = (8 é) € My(C), then r(T) = 0, while | T]| = 1

More generally, if T € M, (C) is nilpotent, then r(T") = 0 because the minimal
polynomial of T is z* for some k € N

3. Let H be a Hilbert space and A = B(H). Let T' € A be a unitary operator, then
a) 0 ¢ o(T) because T is invertible.
b) If A € o(T), then \ € o(T*) = o(T7Y).
¢) Furthermore, for any a € p(T') \ {0}, we have

T '—at=ala-T)T"
and so o™ € p(T™'). Hence, if A € o(T'), then Y le a(T).
d) Since |T|| = 1, it follows that
max{[A[, A7} <1

Hence, |A\| = 1. Thisis trueforall A € o(T),s00(T) CT:={2 € C: |z| =1}

12



e) Since o(T) # 0, it follows that r(T) =1 = ||T||

Theorem 1.3.11 (Spectral Mapping Theorem). Let A be a unital Banach algebra, a € A

and p € C[z], then
a(p(a)) = pla(a)) = {p(N) : A € o(a)}

Proof. Note that if p(z) = ag + a1z + ... + a,2", then p(a) = apla + am1a + ... + aa™.
Now, if a € C, then by the Fundamental theorem of algebra, 3+, 51, fs, ..., 8, € C such
that

p(z) —a=7(z = f1)(z = B2) ... (2 = Bn)
Hence,

pla) —a=v(a—Bi)(a—PB)...(a—pB)

Hence,

a€o(pla)) < fi€o(a) forsomel <i<n
< p(A)—a=0 forsome A € o(a)
& a € p(o(a))
O
(End of Day 5)
Theorem 1.3.12 (Spectral Radius Formula). For any a € A,
nHl/n

r(a) = lim [a

In particular, this limit exists.

Proof. 1. By Theorem 1.3.3, r(a) < ||a||. In fact, if A € o(a), then A" € o(a™) by the
Spectral Mapping theorem. Hence, |\"| < [la®|| = |A| < |la™||'/". Hence,

r(a) < liminf ||a"||*/"

2. Conversely, let D be the open disc in C centred at 0 of radius 1/r(a) [= 400 if
r(a) =0]. If A € D, then 1 — Aa € GL(A) [check!]. So if 7 € A*, consider the map

g: D — C given by g(A) :=7((1 — Xa)™")

As in Theorem 1.3.6, g is analytic, and so 3 unique «,, € C such that

g =) anA"
n=0

Now if |A| < 1/]|a]|, then A € D and ||Aa|| < 1, so by Theorem 1.2.5,

(1—Xa)™t = Z A"a”
n=0

13



Hence,

g =Y T(A\"a") = Ar(a”)

So by uniqueness of the a,,, we have

g(A) = iT(a”))\” VAe D

n=0

In particular, for fixed A € D, the series > - 7(a")A"™ converges, and so the
sequence {7(a™)A\"} converges to 0, and is therefore bounded. This is true for
all 7 € A*, so by the Uniform Boundedness principle, the sequence {A\"a"} is a
bounded sequence. Hence, 3M > 0 such that for all n > 0,

It < M = Jla” |V < MY

Taking lim sup on both sides, we get

1
lim sup [|a"||"/" < —

— A
This is true for all A € C such that |A\] < 1/r(a), and so

limsup ||a™||"/" < r(a)

Example 1.3.13. Let A = B(CI0,1]) and T" € A be

T(f)(x) = / it

Then

14



L) =1

2.
T(f) () = / ' / (s dsdr
= [T3(f)(@)] < Hfuoo/oz /0 dsdt

= 11£ll / vt
0

2

x
= 1/l
=177 < 5
2
3. More generally,
) < o
4. Hence,
1 1/n
r(T) < lim (—> =0
n—oo \ n!

Thus, o(7') = {0} even though 7" is not nilpotent.

1.4 Unital Commutative Banach Algebras

Throughout this section, let A denote a unital commutative Banach algebra

Definition 1.4.1. 1. A linear functional 7 : A — C is said to be multiplicative if
7(ab) = 7(a)7(b) for all a,b € A.

Note: We do not require it to be continuous - it will be automatically.

2. The Gelfand spectrum of A is defined as

Q(A) ={r: A— C: 7 is a non-zero multiplicative linear functional}

(End of Day 6)

Lemma 1.4.2. Let A be a unital commutative Banach algebra.
1. If T € Q(A), then 7(1) =1
2. If 7 € Q(A), then ker(7) is a mazimal ideal.

15



3. The map
w7 = ker(7)

defines a bijection between Q(A) and the set of all mazximal ideals of A
4. Every T € Q(A) is continuous and ||7|| = 7(1) =1

Proof. 1. Foralla € A,7(a) =7(a-1) = 7(a)7(1). Choose a € A such that 7(a) # 0,
then 7(1) = 1.

2. If 7 € Q(A), then 7 is surjective [Check!], and so 7 induces an isomorphism 7 :
A/ ker(r) — C. Hence, ker(7) is a maximal ideal.

3. If 7 € Q(A), then ker(7) is maximal, so u is well-defined.

a) If 71 (a) # m(a), then a —m(a)-1 € ker(m) \ ker(m ), so the map p is injective.

b) If I < A is a maximal ideal, then I is closed, and so A/I is a Banach algebra.
Furthermore, if a + I # I, then W := {z +ab : z € I,b € A} is an ideal
(Check!) of A that contains I. Since W # I, it must happen that W = A.
Hence, 3z € I and b € A such that z+ab = 14. Hence, (a+1)(b+1) = 14+1.
Thus, every non-zero element in A/I is invertible.

Thus, by Corollary 1.2.6, there is an isomorphism ¢ : A/ — C. Let 7 : A —
A/I be the natural homomorphism then 7 := p o is an element of Q(A) and
ker(t) = I so p is surjective.

4. If 7 € Q(A) then 7 : A — C is a linear functional.

a) By part (2), I := ker(7) is a maximal ideal. By Theorem 1.2.8, I is closed.
Hence, m : A — A/I is continuous by Theorem 1.2.9. Furthermore, since
both A/I and C are finite dimensional, 7 : A/I — C as above is continuous.
Since

T=ToT

it follows that 7 is continuous.

b) Now for any a € A, 3a € C such that a+ 1 = o+ I and
[7(a+ )| = [F(a+I)| = |af

By Theorem 1.1.6, |a| = ||a + I|| and so ||7|| = 1. Hence, ||7|| < ||7||||=|| < 1.
Since 7(1) = 1, it follows that ||7] = 1.
[l

Theorem 1.4.3. Let A be a unital commutative Banach algebra and a € A. Then

ola) ={7(a): 7€ QA)}

16



Proof. Suppose A € o(a), then z := (a — A - 1) is not invertible. Let I be the principal
ideal generated by x, then [ is contained in a maximal ideal J by Theorem 1.2.7. Let
7 be the corresponding element of 2(A), then J = ker(7) so 7(z) = 0 and so A = 7(a).
Conversely, if 7 € Q(A), then z := a — 7(a) - 1 is in ker(7), which is a proper ideal.
Hence, = cannot be invertible and so 7(a) € o(a). O

Remark 1.4.4. Recall that A* carries the weak-x topology.
1. Banach-Alouglu theorem states that the set
Bi={pe A ol <1}
is compact in the weak-* topology.
2. Q(A) inherits the weak-* topology and is pre-compact since 2(A) C B by Lemma 1.4.2
Theorem 1.4.5. Q(A) is a compact Hausdorff space in the weak-x topology.

Proof. Tt suffices to show that Q(A) is closed in B. So suppose 7, — 7 with 7, € Q(A)
for all 7. In particular, 7,(1) = 1 for all a. Hence, 7(1) = 1 # 0. Hence, 7 # 0. Also,
for any a,b € A, we have

Ta(ab) = 74(a)T4(b) — 7(a)7(b)
Hence, 7 is multiplicative as well. O

Definition 1.4.6. Given a € A, the Gelfand Transform of a is defined by

a:QA) —C
by a(r) = 7(a)
Theorem 1.4.7. Let A be a unital commutative Banach algebra.
1. Forae Aa e C(QA))
2. |aflse = r(a)

3. The map
[y:A— C(QA)) given by a — a

is a homomorphism of Banach algebras. This is called the Gelfand representation

of A.

Proof. 1. Note that Q(A) has the weak-* topology, so for any net 7, € (A), we say
that 7, — 7 iff 7,(z) — 7(x) for all x € A. In particular, a(7,) = 74(a) — 7(a) =
a(t). Hence, a € C(Q(A))

2. Follows from Theorem 1.4.3.
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3. Note that, for any a,b € A and 7 € Q(A),
cﬁ)(r) = 7(ab) = 7(a)7(b) = a(r)b(7)

This is true for all 7 € Q(A), and so ab = ab. Hence, I is multiplicative. Similarly,
we see that I'4 is also linear. Finally, I"4 is continuous since

ITa(@)]| = llalloo = r(a) < lal]

by Theorem 1.3.3
O

(End of Day 7)

Definition 1.4.8. A is generated by {a,1} if A= {p(a): p € C[z]}

Theorem 1.4.9. Let A be a unital Banach algebra generated by {1,a}. Then A is
commutative, and the map

a:QA) = o(a), given by 7 — 7(a)
1s a homeomorphism.

Proof. That A is commutative is clear. The map @ is surjective by Theorem 1.4.3. Also,
if 71,7 € Q(A) such that 7 (a) = m(a), then since 71(1) = 1 = 7»(1), it follows that for

any p € C[2],
71(p(a)) = 72(p(a))

Since both 7 and 7 are continuous, it follows that 7, = 75. Hence, @ is also injective.
Thus,
a:QA) = o(a)

is bijective and continuous by Theorem 1.4.7. Since both sets are compact and Hausdorff,
it is a homeomorphism. O

Definition 1.4.10. Let A be a unital commutative Banach algebra
1. The radical of A, denoted by rad(A) is ker(I'4).

Note:
rad(A) ={a€ A:r(a) =0} ={a€ A:0(a) ={0}}

and rad(A) is the intersection of all maximal ideals of A.

2. A Banach algebra A is said to be semi-simple if rad(A) = {0}

Note: A is semi-simple iff I'4 is injective.
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1.5 Examples of the Gelfand Spectrum

Remark 1.5.1. Let X be a compact Hausdorff space and A = C(X). For any = € X,
the map
7. A — C given by f — f(z)

is a multiplicative linear functional. So we get a function X — Q(A) which is clearly
injective.

Theorem 1.5.2. Let I < C(X) be a mazimal ideal. Then 3xy € X such that
I = ker(7,,)
Proof. Let I < C'(X) be a maximal ideal, then we claim that 3z, € X such that

flwo) =0 Viel (x)

Suppose not, then for all z € X, 3f, € I such that f,.(x) # 0. Then 3 a neighbourhood
V, of X such that f,(y) # 0 for all y € V.. Now the family {V, : x € X} forms an open
cover of X, and so must have a finite subcover, say {V,,, V,,,..., Vs, }. Define

h = Z fwzf_xz
i=1

Then h € I since I is an ideal, and if x € X then 31 < ¢ < n such that z € V.
Hence, f,,(z) # 0 and so h(z) > 0. Thus, h > 0 on X. Hence, h € GL(C(X)) and so
I = C(X). This is a contradiction, and so the claim (x) is true. Thus, I C ker(7,,) and
since [ is maximal, it follows that I = ker(7,,). O

Theorem 1.5.3. Let A = C(X), then the map
X — Q(A) given by x — 1,
18 a homeomorphism.

Proof. By Remark 1.5.1, Lemma 1.4.2 and Theorem 1.5.2, the map p is bijective. Now
suppose z, — x in X. Then, for any f € C(X)

f(@a) = f(2) & Tuo (f) = 72(f)

Hence, 7,, — 7, in the weak-* topology. Hence, u is a continuous bijection between two
compact sets. Hence, i is a homeomorphism. O]

Remark 1.5.4. Let A = (*(Z), then for any A € T, define

7 : £Y(Z) — C given by (a,) — Z ap A"

n=0

Note that 7, is well-defined since the series on the right-hand side converges absolutely.
Furthermore, 7, € Q(A) [Check!]
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(End of Day 8)
Theorem 1.5.5. The map
pw:T — QA) given by A — 7y
18 a homeomorphism.

Proof. As before, p is injective and continuous. Since T and Q(A) are both compact, it
suffices to prove that p is surjective. So suppose 7 € Q(A) and let a € A be given by

1 :n=1
a, =
0 :n#1l
and let A := 7(a). Then

LA =lr(@)] <l =1

2. a € A is invertible with inverse b given by
1 :n=-1
by = "
0 :n#-1

1
3| = o<t <1

Hence,

Hence, |A| =1
3. Consider 7 € (A), then for A := 7(a), we have |\| = 1 as above, and

T(a) =X =7(a)

4. Now note that a* is the sequence

o)1 in=k
(a)n_{O n#k

and so A is generated by a as a Banach algebra. Since 7(a) = 7)\(a), it follows that
T = Tx
[

Definition 1.5.6. Let f : T — C be continuous, then we say that f has an absolutely
convergent Fourier series if

f(z) = Zanz” and Z lan| < oo
neL nez

The Wiener algebra W is the set of all such functions.
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Theorem 1.5.7 (Gelfand-Weiner). If f € W has no zeroes in T, then 1/f € W

Proof. Let A =(*(Z) and let
I'y: A— C(T)

be the Gelfand transform. Note that W = R(I'4). Hence, if f € W such that f has no
zeroes in T, then write f = a and note that

Ta(a) #0 VAeT

Hence, 7(a) # 0 for all 7 € Q(A). By Theorem 1.4.3, 0 ¢ o(a), and so a € GL(A). Let
b= a"! then g := b is the inverse of f in W. O

1.6 Spectral Permanence Theorem

Throughout this section, let A be a unital Banach algebra and B C A a subalgebra of
A such that 14 € B.

Remark 1.6.1. We say that b € B is invertible in B if 30’ € B such that b0’ = 1.

1. GL(B) C GL(A)
2. For b € B, we write
op(b) = {X € C: (b— Al,) is invertible in B}
and distinguish it from o 4(b)
3. By part (i), it follows that o4(b) C op(b)

Example 1.6.2. Let A = C(T) and B C A be the subalgebra generated by ¢ € A,
where ((z) = z. Hence,

B ={p(z) :p € Cl]}
Then

1. By Example 1.3.2(4), 04(¢) =¢(T) =T
2. Claim: 05(¢) = D :={z € C:|z| <1}. By Theorem 1.4.3,
op(¢) = {7(¢) : 7 € A(B)}
So we claim: Q(B) = D.

a) For each A € D, define 7)(p(z)) = p(A). By the Maximum modulus principle,

Ip(A)] < |S|u—p1 lp(2)| = |lpllB

Hence, 7, extends to a bounded linear functional on B, and is clearly multi-
plicative [Check!]
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b) Now given 7 € Q(B), let A = 7(¢). Then, |A] < ||{||p = 1. Also, for any
p(z) € C[2],
7(p(2)) = p(7()) = p(N) = 1a(p(2))
Since 7 = 7, on a dense set, it follows that 7 = 7, on B.
Hence, Q(B) = D and so o5(¢) = ((D) = D.
(End of Day 9)

Theorem 1.6.3. Let B be a closed subalgebra of a unital Banach algebra A containing
the unit of A. If b € B, then 0og(b) C o4(b)

Proof. Suppose not, then I\ € dop(b) \ 04(b). Hence, (b — ) € GL(A) and 3(\,) C
pp(b) such that A\, — A. Hence, (b —\,) € GL(B) C GL(A). But the continuity of the
inverse map in GL(A), we have

(b= )" = (b— N\ in GL(A)

But, (b — \,)™' € B for all n and so (b — A\)™' € B, whence A\ ¢ op(b). This is a
contradiction. ]

Definition 1.6.4. Let K C C be a compact set, then C \ K has exactly one un-
bounded component, which we denote by X.. List the other bounded components
X1, X5,...,X,, so that

C\K=X,UX;UXoU...UX,
Each such X;,1 <7 <n is called a hole in K.

Lemma 1.6.5. Let X be a connected topological space and K C X be a closed set such
that OK = (). Then either K = X or K = ().

Proof. If 0K = (), then X = int(K) LU X \ K can be expressed as a union of disjoint
open sets. Since X is connected, either int(K) =0 or X \ K = 0. If K # X, it follows
that int(K) = (). But then K = int(K) UJK = 0. O

Corollary 1.6.6. Let 1, € B C A as above and b € B. If X is a component of C\oa(b),
then either X Nop(b) =0 or X C op(b)

Proof. Since dog(b) C 04(b), it follows that the unbounded component of C \ o 4(b)
must intersect op(b) trivially. So suppose X is a hole in 04(b), then let K = X Nog(b)
as a closed subspace of X. The boundary dx(K) of K relative to X is

Ix(K)=KNX\K=KNX\K
Now note that K C op(b) and
X\K={rxeX:x¢op(b)}=XnNpsb) Cps(b)
But Theorem 1.6.3,

ax(K) C (‘303(1)) - O’A<b) C (C\X

But 0x(K) C X, so dx(K) = (. The previous lemma now implies that either K = () or
K = X as required. [
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Theorem 1.6.7 (Spectral Permanence Theorem). Let 14 € B C A as above and b € B.
Then og(b) is obtained from o4(b) by adjoining to it some (and perhaps none) of its
holes.

For instance, if o4(b) = T, then op(b) must be either T or D. Compare this with
Example 1.6.2.

Corollary 1.6.8. Let 1, € B C A as above and b € B. If o4(b) has no holes, then
op(b) = 0a(b). In particular, if c4(b) C R, then op(b) = oa(b).
1.7 Exercises

1. Let X = C[0,1] with the supremum norm, and let 7" : X — X be given by

15w) = [t
a) Prove that T € B(X)

b) Prove that T does not have any eigen-values. (See Example 1.3.2)

2. Let X be a Banach space

a) If A, B C X are two compact sets, then prove that
A+B={z+y:x€ Ajye B}
is compact.
[Hint: The operation + : X x X — X is continuous]
b) Prove that /(X)) is a subspace of B(X)

Also read [Conway, Theorem II1.4.2]. This proves that K(X) is a closed ideal
in B(X)

3. Let X be alocally compact Hausdorff space. Prove that Cy(X) is a Banach algebra.
(See Example 1.1.3)

4. Let {A,} be a sequence of Banach algebras. Define
B ={(an) :a, € A, Vn and sup ||a,|| < oo}

a) Prove that B is an algebra under the operations of component-wise addition,
scalar multiplication and multiplication.
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b) For any (a,) € B, define

[(@n)]] == sup [|an||
and prove that B is a Banach algebra with respect to this norm.

Note: B is called the direct sum of the A,’s and is denoted by
D4,
n=1
5. Let H = (*(N) and T' € B(H) be given by

T((x,)) = (0,21, 29, .. .)

and let A € C.
a) If |A| > 1, then prove that A ¢ o(T)
b) If |A] <1, then prove that e; = (1,0,0,...) is not in the range of (7" — \)
[Hint: Consider the case where A\ = 0 separately]
Conclude that o(T) = {z € C: |2| < 1}

6. Let A = C'0,1] be the space of all continuously differentiable functions on [0, 1]
with the norm

LA = 11 lloo + 17l

a) Prove that A is a Banach algebra under this norm.
b) Let f(z) = x, then prove that »(f) =1 and ||f]| = 2.

7. Let A= C'[0,1] as above. Let ¢ : [0,1] — C be the inclusion.
a) Show that ¢ generates A as a Banach algebra (See Definition 1.4.8)
b) For t € [0,1], define 7 : A — C by
7(f) = f(1)

Show that the map [0, 1] — Q(A) given by t — 7 is a homeomorphism.

c¢) Conclude that the Gelfand representation of Theorem 1.4.7 is not surjective.

8. Let A be the set of all 2 x 2 complex matrices of the form

a b

0 a
for some a,b € C. Think of A as a subset of B(C?), and equip A with the operator
norm.
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a) Show that A is a unital commutative Banach algebra
b) Determine (A)
¢) Show that the Gelfand transform I'y : A — C(2(A)) is not injective.

The next 3 problems indicate that the theory developed for unital commutative
Banach algebras translates to the non-unital case almost verbatim.

9. Let A be a non-unital Banach algebra, and set A = A x C. Define algebraic
operations on A by

a) (a,a) +(b,8) = (a+b,a+f)
b) Bla, @) = (Ba, Ba)
¢) (a,a)(b,8) = (ab+ ab+ Ba,ap)

and define
[(a, a)|| := [la]| + o

Then, prove that
a) A is a unital Banach algebra

b) The map a — (a,0) from A to A is an injective homomorphism.
A is called the unitization of A.
10. Let A be a commutative non-unital Banach algebra, and let 2(A) be defined as in

Definition 1.4.1.

a) Prove that Q(A) U {0} is a compact set in the weak-* topology. Conclude
that Q(A) is a locally compact, Hausdorff space.

b) For any a € A, define a as in Definition 1.4.6. Prove that a € Cy(2(A)) by
treating 0 € A* as the “point at infinity”.

11. Let A be a commutative non-unital Banach algebra and A its unitization.

a) For each 7 € Q(A) U {0}, define 7 € Q(A) by 7((a,«)) = 7(a) + . Prove
that the map
T T

defines a bijection from Q(A) U {0} to Q(A)
b) For each a € A, define o(a) = 04((a,0)). Prove that

o(a) ={7r(a): 7€ QA)} U{0}

Note: For each a € A,0 € o(a). This is one crucial difference between the
non-unital and unital cases.

12. Let A be a unital Banach algebra and a,b € A.
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a) Prove that the series
X n

a
2

n=0
converges in A. We denote its sum by e”
b) Prove that ||e?|| < ell

a+b

c) If ab = ba, then prove that e*™® = e%e’ [Hint: Prove the Binomial theorem in

this setting]
13. Let A be a Banach algebra.

a) Let {A,} be a family of Banach subalgebras of A. Prove that [, A, is a
Banach algebra.

b) Let S C A be any set. Prove that 3B C A such that
i. SCB
ii. B is a Banach algebra
iii. If C' C A is any Banach algebra such that S C C, then B C C.
B is called the Banach algebra generated by S

14. Let A be a unital Banach algebra and let B C A be a maximal commutative
subalgebra (ie. B is commutative, and if C' is any commutative subalgebra of A

such that B C C, then B = ().
a) Prove that 14 € B
b) For any b € B, prove that og(a) = 04(b)
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2 C*-Algebras

2.1 Operators on Hilbert Spaces

Throughout this section, let H and K be complex Hilbert spaces and B(H, K) be the
collection of bounded operators from H to K. We write B(H) for B(H, H).

Definition 2.1.1. 1. A function u : H x K — C is called a sesqui-linear form if, for
all z,y,z € H or K and for all o, 5 € C
a) u(az + By, z) = au(w, z) + Puly, z)
b) u(z, ay + B2) = Gu(x,y) + Bulx, 2)

2. A sesqui-linear form v : H x K — C is called bounded if 3M > 0 such that
lu(z,y)| < Mllz[|ly|| for all (z,y) € H x K

If T'e B(H, K), then u(x,y) := (Tx,y) is a bounded sesqui-linear form.

Theorem 2.1.2. Ifu: Hx K — C is a bounded sesqui-linear form with bound M, then
3 unique operators T € B(H, K) and S € B(K, H) such that

u(z,y) = (Tx,y) = (v, Sy)

Proof. For each y € K, define L, : H — C by L,(z) = u(z,y). Then L, is a bounded
linear functional on H. By the Riesz representation theorem, 3b, € H such that

Ly(z) = (,s,)

Define S : K — H by S(y) = s,. Then S is linear [Check!]. For any y € K such that
Iyl < 1, llsyll = 1 Lyl[ < M, then [[S]| < M. O

(End of Day 10)
Definition 2.1.3. If T € B(H, K) the unique operator S € B(K, H) such that
(Ta,y) = (z,5y)
is called the adjoint of 7" and is denoted by 7™

Example 2.1.4. 1. If H=C" and T' = (a;;) € B(H), then T* = (a;;)
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2. If H=L?0,1] and k € L?([0,1] x [0,1]), we define

T(f)(x) = / ke, ) f(y)dy

Then T € B(H) is called the Volterra integral operator with kernel k& and

171 < K]

In this case

Proof. For any f,g € H let h :=T*(g), then we have

// (o 9)f dydx_/f

By taking conjugates and using Fubini, we have

2)dzf(g)dy = / W) F(5)dy

This must be true for any f € H, so

3. If H=/(?and S € B(H) is given by
5(331,1)2,...) = (O,.ﬁlﬁ‘l,fﬂg,...)

S is called the right shift operator and

S*(x1, x9,...) = (x2,x3,...)
4. Let H = L?[0,1] and f € C[0,1]. Define Ty € B(H) b
Ty(g9) = f9g
Note that [|T%]] < ||f|ls (See Example 1.1.8(4)) and
(Ty)" =T5
Theorem 2.1.5. ForT,S € B(H) and o, € C

1. (aT + S)* =al* + §*
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2. (TS) =5*T*
3. (T*) =T
4. If T € GL(B(H)), then T* € GL(B(H)) and (T-1)* = (T*)~!
Proof. Obvious by definition. ]
Theorem 2.1.6. If T € B(H), then
||| =T = |7 T||**

Proof. For x € H with ||z|| < 1, we have

TTh|||[All < T

|Tal|? = (T, Tw) = (T*Th, h)
|
Iz

<l
<|
Taking sup gives ||T'|| < ||T*||. The reverse inequality is true since T** = T. Hence,
|T|| = ||T*||. But then the inequalities above show that
1T < |77 < |71
which proves the theorem. O
Definition 2.1.7. Let T' € B(H). We say that T is
1. normal if TT* = T*T
2. wnitary if TT* = T*T = [
3. self-adjoint if T"=T"
4. a projection if T = T* = T?

Note: Every projection T' € B(H) is associated to a unique closed subspace M =
T(H) C H. Conversely, if M is a closed subspace of H, then H = M & M~ so
there is a natural projection 7" € B(H) such that T(H) = M.

5. an isometry if | Tz|| = ||z|| for all z € H
Theorem 2.1.8. T € B(H) is self-adjoint iff (Tx,z) € R for allx € H
Proof. 1f T is self-adjoint, then for any x € H, we have
(Tx,z) = (x,T*z) = (x,Tz) = (Tz,z)
Conversely, if (Txz,z) € R for all x € H, then

(Tx,z) = (T"x, )
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as above. Consider S = (T'—T%), then S = S* and

(Sx,z) + a(Sz,y) + oSy, z) + |a*(Sy,y)
(Tx,y) —alx, Ty) + o(Ty, x) + a(y, Tx)
<T*Z‘, y> - a<T*y7 SL’>

0= (S(x+ ay),z+ay) =
=

= a(Tz,y) +o(Ty,z) =a
First put a« = 1 and then o = 7, to get

<T£L‘,y> + <Ty7 I‘> = <T*:L',y> - <T*ya {L‘>
—i(Tx,y) + 1(Ty,x) = —i(T"z,y) — i(T"y, )

Multiplying the first equation by i and adding gives that
(Tw,y) = (T"2,y)
which proves that T = T™. O
(End of Day 11)
Theorem 2.1.9. If T € B(H) is self-adjoint, then
IT|| = sup{[{Tz, )| - v € H,[lx]| = 1}

Proof. Let 8 := sup{|(Txz,z)| : « € H,||z|| = 1}, then by Cauchy-Schwartz, 5 < ||T||.
Conversely, since T' = T*, we have that for any z,y € H with ||z| = ||ly|| = 1,

(T(x +y),zty) = (Tx,z) = 2Re(Tx,y) + (Ty,y)

Hence,
ARe(Tx,y) = (T(x +vy),z+y) — (T(x —y),z —y)
< Bz +ylI* + |z — y[*)
= 26(|l«]* + lylI*)
= 45
Now if N(T'z,y) = [(T'z,y)| with |A\| = 1, we may replace = by Az to get the required
inequality. O

Corollary 2.1.10. If T € B(H) and (Tz,z) =0 for allx € H, then T =0

Proof. Since (T'x,z) € R forall x € H, T is self-adjoint by Theorem 2.1.8. Hence, ' =0
by Theorem 2.1.9. O

Corollary 2.1.11. T € B(H) is an isometry iff T*T =1

Proof. T is an isometry iff (Tz,Tx) = (x,x) for all x € H. This is equivalent to
(I*T — Iz, z) = 0, so the theorem now follows from the previous corollary. O
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Theorem 2.1.12. T' € B(H) is normal iff || Tx| = ||T*z|| for all z € H.
Proof. For all z € H,

|1 T]|* = || 7"
& (I'Tx,x) = (ITT"z, x)
< (T —TT")z,z) =0

The theorem now follows from Corollary 2.1.10.
Definition 2.1.13. Let A be a Banach algebra.

1. An involution on A is a map 6 : A — A such that for all a,b € A and a € C,
a) d(6(a)) =a
b) d(ab) = 6(b)d(a)
¢) 6(aa+b) =ad(a)+ 6(b)

2. We write a* := §(a)
3. A is called a C*-algebra if there is an involution a — a* on A such that

laall = [la]* Va € A

Remark 2.1.14. 1. By property (a), a — a* is bijective

2. If A is unital, then for any a € A,

a"=a"-1=(1"a)=a=1"a
and similarly, a = a - 1*. By the uniqueness of the identity, 1 = 1*

3. If A is unital, then for any o € C, o* := (a- 1)* =@

4. If A is a Banach algebra and a — a* is an involution such that ||a||* < ||la*a|| for

all a € A, then A is a C*-algebra.

Proof. We need to show that ||a*al| < ||a||*. Since A is a Banach algebra, we know

that ||a*al| < ||a*||||a]|, so it suffices to prove that ||a*|| < ||a]l.

But since [la*[|* < [|(a*)"a"|| = [laa|| < [|a]|[|a"], it follows that [la*[| < [[a].

Example 2.1.15. 1. If A= C with the usual norm. Then z +— Z is an involution on

C that makes it a C*-algebra.

2. If H is a Hilbert space, then B(H) is a C*-algebra by Theorem 2.1.6. In particular,

M, (C) is a C* algebra in which

(aig)" = (@)
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3. Similarly, K(H) is a C*-algebra [If T' € IC(H), then T* € K(H)]. Note that if H is
infinite dimensional, then IC(H) is non-unital.

(End of Day 12)

4. If X is a locally compact Hausdorff space, then Cy(X) is a C*-algebra with invo-
lution f*(x) = f(x). This is unital iff X is compact.

5. If (X, p) is a measure space, then L> (X, ) is a C* algebra with the same involution
as above.

6. Let A= C'[0,1] be the Banach algebra with norm

LI = 1 f oo + 11 o

(See section 1.7, §6) The map f + f* := f is an involution in A. However, if
f(x) = z, then

IFI2 = (1+1)2 =4, while | £f] = |2 =1+2=3
and so A is not a C*-algebra with respect to this involution and norm.

Lemma 2.1.16. If A is a C*-algebra, then for any a € A,

L lall = [la=]]
2. Jlaa*|| = flall®
Proof. 1. Note that ||a]|* = |la*a| < |la*||||la||. Hence, ||a|| < |la*||]. The other

inequality follows from the fact that (a*)* = a.

2. Note that [laa’|| = [|(a*)*al| = [|a*[|* = [lal|* (by part (i)).

Definition 2.1.17. Let T' € B(H), then consider

A :={p(T,T*) : p is a polynomial in two non-commuting variables }
1. Ais a subalgebra of B(H). Since A is closed, A is a Banach algebra.

2. If p is a polynomial as above, then p(T,7*)* € A since the latter is also a polyno-
mial in 7" and T*. So if a € A, then Jp,, as above such that p,(T,7*) — a. By
the previous lemma, p, (T, T*)* — a*. Hence, a* € A, and so A is a C* algebra.

3. If B C B(H) is any C*-algebra containing {1,7'}, then 7* € B. Hence, for any
polynomial p as above, p(T,T*) € B, whence A C B. Hence, A is the smallest C*
algebra containing {1, T'}.

Thus, A is called the C*-algebra generated by T" and is denoted by C*(T').
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Note: C*(T') is commutative iff 7" is normal, and in that case

C(T) ={p(T.T*) : p € Clz,y]}
Theorem 2.1.18. If A is a C* algebra, then for any a € A, we have

lall = sup{[laz|| - © € A, [[z]| <1}
= sup{|lzal| : 2 € A, [[z]] <1}
= sup{[|lz*ay| : z,y € A, ||z, [[yl| < 1}

Proof. Assume a # 0. Since A is a Banach algebra, ||az|| < ||a|| for all € A such that

|z|]| < 1. Furthermore, if = a*/||a||, then ||z|| =1 by Lemma 2.1.16, and ||az|| = ||a]|.
This proves the first equality. The second is similar and the third follows from the first
two. O

Definition 2.1.19. 1. A function ¢ : A — B between two C* algebras is called a
s-homomorphism if ¢ is a homomorphism of Banach algebras, and ¢(a*) = ¢(a)*

2. A bijective *-homomorphism is called an isomorphism of C*-algebras.

Example 2.1.20. 1. If A= C(X) and zy € X, then ¢ : A — C given by f +— f(x¢)
is a *-homomorphism.

2. If A =C(X) and {21, 29,...,2,} C X (with possible repeats). Define ¢ : A —

MH(C) by
s 0 f(x2) 0
0 0 . f(zn)

This is a *-homomorphism from A to M,,(C)

3. Conversely, if T = diag(A1, A, ..., Ay) € M,(C) be a diagonal matrix. Let X =
{A, A2, ..., A} = o(T), and define ¢ : C(X) — M, (C) by

fOu) 0 0
P B ’
0 0 f(An)

4. If A= CI0,1] and B = B(L?0,1]), then define ¢ : A — B by
f = Mg
(See Example 2.1.4). Then ¢ is a *-homomorphism.

(End of Day 13)
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Definition 2.1.21. Let A be a C*-algebra, then an ideal of A is an ideal I << A of A
such that a € I = a* € I.

Remark 2.1.22. If A is a C*-algebra and I <1 A is closed. Then
1. There is a well-defined involution on A/ given by
(a+ 1) :=a"+1

Since A/I is a Banach algebra by Theorem 1.1.6, by Remark 2.1.14, we need to

prove that
la+11* < |la*a + 1]

We will prove this later.

2. Furthermore, that will show that the natural map = : A — A/I is a *-homomorphism
(it is already continuous since |la 4 I|| < ||al|)

3. If p: A — B is a x-homomorphism, then I = ker(y) is an ideal in A. Hence, by
part (i), A/l is a C*-algebra, and there is an injective homomorphism

p: A/l - Bgiven by a+ I — ¢(a)
such that @ o™ = . Note that ¥ is a *-homomorphism.
Theorem 2.1.23. Let A be a non-unital C*-algebra, then 3 a C* algebra A such that
1. A is unital

2. There is an isometric x-homomorphism p @ A — A such that u(A) < A and
A/p(A) is a one-dimensional vector space.

3. If B is any unital C* algebra and p : A — B a x-homomorphism, then 3 a unique
x-homomorphism @ : A — B such that $(1;) = 1p and ¢ o u = .

4. If (/:i’,,u’)~ is a pair satisfying properties (i)-(iii), then there is an isomorphism
v : A— A such that Y op = p/

The algebra A is called the unitization of A

Proof. Let B(A) denote the space of bounded operators on A (treated as Banach space)
and let 1 : A — B(A) be the left-regular representation (See Example 1.1.8)

a +— L, where L,(b) := ab
Let A:={L,+ \-1p : a € A, X € C}, and define an involution on A by
(Lo+ A1) =Ly + -1

Now
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1. Note that the map from A — B(A) given by
a— L,

is isometric by Theorem 2.1.18. Hence, its image is closed in B(A). Now it follows
from [Conway, § I11.4.3] that A is closed. Since it is clearly a linear subspace, and
an algebra [Check!], it follows that A is a Banach algebra. It now remains to check
that

IX]1* < [ X*X|| VX e A

If X =L,+ \l, then

1X]12 = sup [[(La + ALa)(D)|]* = sup [|ab+ Ab|>

b <1 bl <1

= sup |[|(ab+ Ab)*(ab+ \b)||
lloll <1

= sup [|b"(X"X(b)]|
lloll <1

< sup [[X"X ()] < [|X"X]]
llol <1

2. By Theorem 2.1.18, [|L,|| = [la| and so p is an isometry. By Definition, p is a

s-homomorphism, and p(A) = {L, :a € A} < A [Check!]

We now need to prove that A/u(A) is one-dimensional : Now, A/u(A) has dimen-
sion atmost 1. If it had dimension zero, then u(A) = A, and so 1pay = Lg for
some a € A. But then, ab = b for all b € A. Taking *’s, we see that b*a* = b*, and
so ca = c for all ¢ € A. Hence, a = 14 which contradicts the assumption that A is
non-unital. Hence, A/u(A) is one-dimensional.

3. If p : A — B is a *-homomorphism with B unital, then define ¢ : A — B by
L, + M — @(a) + Mg

Then ¢ is well-defined (since the map p is injective) and satisfies all the required
conditions.

4. Exercise.
]

If A is already unital, then the map p constructed above is an isomorphism, so we just
write A = A in that case.
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2.2 Spectrum of an Element

Remark 2.2.1. Let A be a C*-algebra, then for a € A, we define o(a) = oj4(a) if A is
non-unital.

Definition 2.2.2. Let A be a C* algebra, then a € A is called
1. normal if aa* = a*a
2. self-adjoint if a = a*
3. positive if 3b € A such that a = b*b

Note:
a) Every positive element is self-adjoint.
b) If T € B(H) is a positive operator, then (T'z,z) > 0 for all x € H.
4. If A is unital, then a is unitary if aa* = a*a =1
5. a projection if a = a* = a?

(End of Day 14)

Remark 2.2.3. Let A be a C*-algebra and a € A, then 3 unique b, ¢ self-adjoint such
that a = b+ ic

Proof. Let b = (a + a*)/2,¢ = i(a* — a)/2, then a = b+ ic. Suppose a =V + ic, then
b'—b=1(c —c). Take *’s to note that ¥’ —b = —i(¢’ —¢),and so ' —b=¢ - =0. O

Theorem 2.2.4. Let 7 : A — C be a non-zero homomorphism, then
1. If a =a*, then 7(a) € R
2. 7(a*) = 7(a) for alla € A
3. If a € A is positive, then T(a) >0
4. If A is unital and u € A is unitary, then |T(u)| =1
5. If p € A is a projection, then 7(p) € {0,1}.

Proof. If A is unital, then 7(1) = 1 by Lemma 1.4.2. If A is non-unital, then we may
extend 7 to a map 7 : A — C such that 7(1) = 1. Therefore, we assume WLOG that A
is unital and that 7(1) = 1.
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1. By Lemma 1.4.2 ||7|| = 1. Hence, if t € R, then
m(at+it)? < [latit|* = [[(at+it)*(a+it)]| = [[(a—it)(a+it)]| = a*+] < [|a*[+£*
So if 7(a) = o + i3, then
o> + (B +1)* < [|a®]| +¢* = |a* + 2t < ||a’
If B # 0, then let t — 400 to obtain a contradiction. Hence, f = 0 and so 7(a) € R

2. If a € A, then write a = b + ic, where b, ¢ are self-adjoint as in Remark 2.2.3.
Then 7(b), 7(c) € R by part (i) and a* = b —ic. Hence, 7(a) = 7(b) + i7(c) and
7(a*) = 7(b) —iT(c) = 7(a)

3. If b € A, then 7(b*b) = 7(b*)7(b) = 7(b)7(b) = |7(b)|*> > 0.

4. 1=7(1) = 7(v*u) = 7(u*)7(u) = 7(u)7(u)

5. 7(p) = 7(p) = 7(p)?. The only two numbers in C that satisfy these properties are

]

Remark 2.2.5. Let A be a C*-algebra and a € A, then (as in Definition 2.1.17), we
consider

B :={p(a,a*) : p is a polynomial in two non-commuting variables}
Then, as in Definition 2.1.17, B is a C*-algebra, which we call the C*-algebra generated by a,
and is denoted by C*(a).

Note: If C is the Banach algebra generated by a, then C' C B. However, C' # B in
general.

Theorem 2.2.6 (Spectral Permanence Theorem). Let B C A be a subalgebra such that
14 € B. Foranyb e B, op(b) = 04(b)

Proof. 1. Suppose b € B is self-adjoint, consider C' = C*(b) to be the C*-algebra
generated by {1,b}. Then C is commutative since b = b*. Hence,

oc(b) ={7(b): 7 € Q(C)}

by Theorem 1.4.3. By Theorem 2.2.4, o¢(b) C R. In particular, o¢(b) = doc(b).
Hence by Remark 1.6.1 and Theorem 1.6.3, we have

O'A<b) C Uc<b) = adc(b) C UA(b) = O'A<b> = Uc(b)

Similarly, og(b) = oc(b).
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2. Now suppose b is not self-adjoint. By Remark 1.6.1, we need to show that op(b) C
oa(b). Let A € op(b) and let ¢ := b — Al. If ¢ is invertible in A, then 3d € A such
that c¢d = 1 = dc. Hence, ¢*d* = d*c¢* = 1. Hence,

(d*d)(cc*) = (ec”)(d*d) =1

So (cc*) is invertible in A. Since cc* is self-adjoint, it follows from the first part
that cc* is invertible in B. Hence, d¢ € B such that cc*¢’ = 1. Hence, c is right-
invertible in B. Similarly, ¢ is left-invertible in B. Hence, ¢ is invertible [Why?],
and A ¢ op(b). This is a contradiction.

m

Corollary 2.2.7. Let A be a C* algebra and a € A
1. Ifa=a*, then o(a) CR
2. If a is unitary, then o(a) C T
3. If a is a projection, then o(a) C {0,1}
Proof. In all cases, let B := C*(a) (which is commutative). By Theorem 1.4.3,
og(a) ={7(a) : 7 € Q(B)}
But by Spectral Permanence, 04(a) = og(a). Now apply Theorem 2.2.4. ]

Remark 2.2.8. Tt is also true that if a is positive (as in Definition 2.2.2), then o(a) C
[0,00). However, the proof is much harder as we do not know that the element b € A
(which satisfies b*b = a) is an element of C*(a), and so we cannot apply Theorem 1.4.3
directly.

Lemma 2.2.9. Ifa € A is self-adjoint, then r(a) = ||a||

Proof. Since a = a*, ||al|* = [|aa”|| = ||a*||. Now note that a* = (a®)*, so
la*]l = ll(a®)*(a®)| = l|a*||* = [lall*
So by induction, ||a?"|| = ||a||*" for all n € N. So by Theorem 1.3.12,
— T n||l/n _ 71; 2m 12
rla) = T a7 = T [l 2" =

[
(End of Day 15)

Theorem 2.2.10. There is atmost one norm on an involutive algebra making it a C*
algebra.
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Proof. 1f || -|| and || - || are two norms under which A is a C*-algebra, then for any a € A,
we have
lall* = lla*all = r(a*a) = |la*ally = ||a]|”

Theorem 2.2.11. Let ¢ : A — B be a x-homomorphism. Then
1. If (14) = 1p, then og(p(a)) C oa(a) for alla € A
2. (@)l < llal for alla € A
3. If ¢ is injective, then ||p(a)| = ||a|| for all a € A.

Proof. 1. If A ¢ o4(a), then 3b € A such that (a — A14)b = b(a — A14) = 14. Apply
¢ to this expression to see that A & og(p(a)).

2. If A is non-unital, extend ¢ to a map ¢ : A — B such that p(14) = 1p. If A is
unital, then set C' := Image(p). Note that ¢(14) is the unit in C. Hence, if a € A,
then set b := a*a (so that b is self-adjoint), and note that

oc(p(b)) C oa(b) = ro(p(b)) < ra(b)
= [le®)[| < [[bll (by Lemma 2.2.9)
|

= lle(@)|” = le(a*a)]| < [la*a]| = [lalf*

3. Suppose ¢ is injective, define a new norm on A by

lall” == lle(a)]

Then || - || satisfies all the requirements to make (A, || - ||") a C*-algebra [Check!].
By uniqueness of the norm, we have

le(@)ll = flall” = llall Va € A

2.3 Unital Commutative C* algebras

Lemma 2.3.1. Let A C C(X,R) be an closed subalgebra of real continuous functions
such that

1. A contains the constant functions
2. Forall x,y € X,z #y,3f € A such that f(x) # f(y).

Note: If this happens, we say that A separates points of X

Then, for any f,g € A
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1. |fle A

2. max{f, g} min{f, g} € A
Proof. Since, for any f and g in C'(X), we have

max{f,g} = 31 + g+~ gl

min{f, g} = %[f+9— |f = gl]

it suffices to prove part (i).

Let f € A, then there is m > 0 such that |f(z)| < m for each x € X. Then defining
g(x) = |f7(n_x)| for each x € X we see that g(x) € [0,1] for each x € X. Since A is a
subspace of C'(X) it is enough to prove that g € A. By the Weierstrass approximation
theorem, there is a sequence p,, of polynomials such that p, — /- uniformly on [0, 1].

Hence,
f? f?
P (W - m2 g

uniformly on [0, 1]. Since A is an algebra containing the constants,

2

Dn (—2> € A for each n € N
m

Since A is closed, ¢ is in A as required. H

Lemma 2.3.2. Let A and X satisfy the hypotheses of Lemma 2.53.1, then for any pair
of real numbers «, f and any pair of distinct points x,y € X, there is a function g € A
such that g(x) = a and g(y) = B

Proof. Since z # y we can choose and f € A such that f(z) # f(y). Then the function

g defined by
_o(f(u) = fy) — B(f(z) — f(u))
g9(u) =
f(x) = f(y)
is an element of A since A is an algebra, and it satisfies the required properties. O

Theorem 2.3.3 (Stone-Weierstrass). Let A C C(X,R) be an closed subalgebra of real
continuous functions such that

1. A contains the constant functions
2. A separates points of X
Then A = C(X,R)
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Proof. Let f € C(X), and € > 0 be given. For any 7,0 € X, by Lemma 2.3.2, there is
a function f,, € A such that f,,(7) = f(7) and f,,(0) = f(c). Define

Uro = {t €X: fTU’(t) < f(t> + 6}
Vig = {t €X: f’TU(t) > f(t) _6}

Then U, and V,, are open sets containing 7 and o respectively. By the compactness of
X, there is a finite set {¢,ts,...,¢,} such that {U;,,}", covers X. Let f, := min{f;,, :
1 <i < n} then f, is an element of A (by Lemma 2.3.1) and satisfies

fot)<f(t)+e V teX

fot)> f(t)—e V teV, ::ﬁl/;m
i=1

We now select a finite subcover {V;, }72, from {V,} for X and define g := max{f,, : 1 <
j <m}. Then g is in A by Lemma 2.3.1, and it satisfies

f)—e<gt) < f(t)+e (t e X)

Hence, to every € > 0 there is an element g € A such that ||f — g|lcc < €. Since A is
closed, we see that f is in A. This is true for every f in C(X) and hence the theorem
is proved. [

(End of Day 16)

Theorem 2.3.4 (Stone Weierstrass). Let A C C(X) be a closed subalgebra of the space
of complex-valued continuous functions on a compact Hausdorff space X. Suppose that

1. A contains the constant functions
2. A separates points of X
3. If f e A, then f*e€ A

Then A= C(X)

Proof. Let B := {Re(f) : f € A} C C(X,R). Then B satisfies all the hypotheses of
Theorem 2.3.3. If f € C(X), then write f = g + ih, where g, h are real-valued. By
Theorem 2.3.3, g,h € B, and so f € A. H

Theorem 2.3.5 (Gelfand-Naimark). Let A be a unital commutative C* algebra, and let
Q(A) denote its Gelfand spectrum. Then the Gelfand transform

Ly:A— C(QA))
s an isometric isomorphism of C* algebras.

Proof. Let A:= R(I'4), then
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1. T'4 is isometric: Suppose a € A, we want to show that [|a|| = [|d|lec = r(a). As

in Lemma 2.2.9, it suffices to prove that ||a*"| = ||a]|*" for all n € N. Since A is
commutative,

la®[| = ll(@®)"a?|['* = [|(a*a)(a*a)[|* = ([la"a|*)"* = ([lal|*)/* = [la]®
By induction, we may show that |[a?"|| = ||a||*" for all n € N, so "4 is injective.

2. T'4 is surjective:
a) A is closed since A is complete and I'4 is isometric.
b) Since A is unital, A contains 1¢(x). Hence, A contains the constant functions.

c) If 7, € Q(A) are two different element, then Ja € A such that 7(a) # p(a).
This is equivalent to the fact that a(7) # a(u). Hence, A separates points of
X

d) Suppose a € A, then a* = a* € A.

So A satisfies all the hypotheses of the Stone-Weierstrass theorem. Hence, I'4 is
surjective.

]

Theorem 2.3.6. Let A be a unital C* algebra and a € A be such that A = C*(a). Then

the map
a:QA) — o(a) given by T — 7(a)

18 a homeomorphism.
Proof. Note that a is clearly continuous.

1. a is injective: If a(7) = a(p), then 7(a) = p(a). By Theorem 2.2.4(2), this implies
that 7(a*) = p(a*). Since 7(1) = p(1) = 1, it follows that 7(p(a,a*)) = p(p(a,a*))
for any polynomial p in two non-commuting variables. Hence, 7 = u on A.

2. a is surjective: Follows from Theorem 1.4.9.

Since Q(A) and o(a) are compact, a is a homeomorphism. O

Note: This is different from Theorem 1.4.9 since the Banach algebra generated by a may
be strictly smaller than C*(a).

Remark 2.3.7. Let a € A be as in Theorem 2.3.6, then there is an isomorphism
p: Clo(a)) = C(UA))
given by f— foa

(End of Day 17)
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Theorem 2.3.8. Let A be a C*-algebra and a € A be normal. Then there is an isometric
x-1s0morphism

©:C(o(a)) = C*(a)
such that

O(p(z,2)) = pla,a”)
for any polynomial p € Clz,y|. This map © is called the continuous functional calculus
and we write

for any f € C(o(a)).

Proof. By Remark 2.3.7, there is a x-isomorphism p : C(o(a)) — C(2(A)). Further-
more, if p(z) = z, then

p(p)() =poa(r) =p(r(a)) = 7(a) = a(7)

Hence, pu(p) = a. Now, by the Gelfand-Naimark theorem, we have a #-isomorphism
I'y:C*(a) —» C(QA)) given by a — a

Note that I';'(a) = a, so the map

0 :C(o(a)) = C*(a) given by © =T o p
is a x-isomorphism such that

O(p) = a
Similarly, if ¢(z) = Z, then ©(q) = a*. Hence, for any polynomial p € C[z,y|, we have
O(p(z,%)) = pla,a”)
O

Theorem 2.3.9 (Spectral Mapping Theorem). Let A be a C*-algebra and a € A be a
normal element. Then for any f € C(o(a)),

Proof. Note that f +— f(a) is an isometric x-isomorphism from C' := C(o(a)) to B :=
C*(a). Hence,
op(f(a)) = oc(f)

By the Spectral Permanence theorem,

op(f(a)) = aa(f(a))
By Example 1.3.2, oc(f) = f(o(a)). O

Corollary 2.3.10. Let a € A be a normal element, then ||a|| = r(a)
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Compare this with Lemma 2.2.9
Proof. Let f € C(o(a)) be the function f(z) = z, then ||f||s = r(a). But f(a) = a, so

llal| = || f||o since the continuous functional calculus is isometric. O
Theorem 2.3.11. Let A be a unital C* algebra and a € A be a normal element.

1. Ifo(a) C R, then a = a*

2. If o(a) C [0,00), then a is positive

3. If o(a) C T, then a is unitary

4. If o(a) C {0,1}, then a is a projection
Compare this with Corollary 2.2.7

Proof. Let f — f(a) denote the functional calculus from C(o(a)) — C*(a) C A. In
particular, if p(z) = z, then
a = p(a) and a” = p*(a) = P(a)
1. If o(a) C R, then p =p in C(o(a)), so a = a*
2. Let f(t) = t'/2, then b := f(a) is normal and o(b) = f(c(a)) C R, so b is self-
adjoint. Now, b*b = b? = a, so a is positive
3. Note that pp =pp =1 on C(o(a)), so aa* = a*a =14

2

4. Again, p = p? = p*, so a = a® = a* is a projection.

2.4 Spectrum of a Normal Operator

The goal of this section is to understand the spectrum of a normal operator, and under-
stand what it can say about the operator in light of the continuous functional calculus.
We begin by analyzing the spectrum of any bounded operator in B(H). For T' € B(H),
we write ker(T") and R(T") to denote the kernel and range of 7" respectively.

Definition 2.4.1. We say that an operator 7' € B(H) is bounded below if 3¢ > 0 such
that ||T(x)|| > c||z|| for all x € H

Lemma 2.4.2. Let T € B(H) be bounded below, then
1. T is injective
2. R(T) is closed in H

Proof. 1. This is trivial from the definition.
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2. If (y,) C R(T) such that y,, — y, then write y,, = T'(z,,). Since (y,) is Cauchy and

Hyn - ymH > CHxn - xm”

implies that (z,) is Cauchy. Since H is complete, 3x € H such that x,, — . Since
T eB(H), T(x,) = T(x), and so y = T(x) € R(T) as required.
[l

Theorem 2.4.3. Let T € B(H), then TFAE:
1. T s bounded below
2. T is left-invertible in B(H) (ie. 3S € B(H) such that ST = 1)

Proof. 1. If T is left-invertible with left-inverse S € B(H), then for all x € H
[zl = IST ()|} < [ISIIT ()]
so ¢ := ||S||7* works.

2. Conversely, if T" is bounded below by a constant ¢ > 0, then 7' is injective, and
R(T) is closed. So let M < H such that H = R(T') & M. Then define S: H - H
by

S(T(x),m) :=x

One can check that this map is well-defined and it is bounded since
[2]* < 2T ()]* < 2T @) + 2|lm||* = 2(|(T(2), m)||?

Hence, S € B(H) and clearly, ST = I holds.
[

Theorem 2.4.4. Let T € B(H), then T is invertible if and only if T is bounded below
and R(T) is dense in H.

Proof. If T is invertible, then ¢ = ||T~!||~! works, so T is bounded below. Furthermore,
the range R(T) is H, so it is, in particular, dense in H.

Conversely, if T" is bounded below and R(T') is dense, then T is injective, and R(T) = H
because it is closed. Hence, T is surjective. By the bounded inverse theorem, T is
invertible. O

Definition 2.4.5. Let T' € B(H).

1. The point spectrum of T, denoted by o,(T), is the set of all eigen-values of T'.

2. The approximate spectrum of 7" is the set

0up(T) ={A € C: (T'— \) is not bounded below}
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Note that
0p(T) C 04p(T) C o(T)

The following example shows that these inclusions may be strict. Before we do that, we
show that o,,(T") is always non-empty.

Theorem 2.4.6. For any T € B(H), 00(T) C 0,,(T). In particular, oq,(T) #

Proof. Suppose A € 00(T') \ 04,(T), then 3\, € p(T) such that A\, — A, and (T — \)
is bounded below, say by ¢ > 0. Since A € o(T), (T — \) is not invertible. Hence, it
must happen that R(T — )) is not dense in H. Equivalently, 3z € R(T — \)* which is
non-zero. Now define

T
P =) @)l

Then (T — \,)z, is a scalar multiple of z, and so

(T = An)(wn) L (T = N)(2n)
Hence, by Pythagoras’ theorem,

(T = M) (@) < (T = N (@a)[I? + (T — Aa) (@) [|?
= [[(A = An) (@) [
=A== 0

This contradicts the fact that (7" — X) is bounded below. O
(End of Day 18)
Example 2.4.7. Let S : /2 — (2 be the right-shift operator
S((xy)) = (0,21, 22, .. .)
We wish to determine o(S5), 0,,(S) and 0,(S). Note that S* is the left-shift operator
S*((zn)) = (z2,3,...)

1. If |A] < 1, then we claim that A € o(S). To see this, note that S is not surjective,
so 0 € o(5). So it suffices to consider the case where A # 0. Then,

A€ o(S) e Xea(SY)
But if z = X then |z| < 1, so if 2 = (2, 2%,2%,...), then z € /2, and
S*(x) = (24,2°,...) = 2z
and so z is an eigen-value of S*, whence z € o(S*). Hence,

A€ a(S)
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2. In fact, this shows that if D = {z € C: |z| < 1}, then
D cCo(S*)= D Co(S)
However, o(S) is closed, and ||S|| = 1, so by Theorem 1.3.3

o(S)=D={z€C:|z| <1}

3. Now if A € C with |A\| < 1, then
1S = Naf| = [[[Sz|| — [[A] = (1 = A)]]

so (S — A) is bounded below, whence A ¢ o,,(S5). By the previous theorem, it
follows that
op(S) ={2€C:|z| =1}

4. Finally, 0,(S) =0 (HW). Hence,

o(S)={z€C:|z| <1}
oup(S) ={z€C:|z| =1}
op(S) =10

We now examine the case of a normal operator. But before that, we need a rather useful
lemma.

Lemma 2.4.8. For any A € B(H),

1. ker(A) = R(A*)*

2. R(A*) = ker(A)*
3. R(A*A) = ker(A)*
Proof. 1. For any x,y € H, we have

x € ker(A)
& (Az,yy =0 Yye H
s (x,A'y) =0 Yye H
& x € R(AYT
2. Follows from part (i) and the fact that for any subspace W C H

W= (Ww)*
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3. By part (i), R(A*A) C R(A*) = ker(A)*, so it suffices to prove that
R(A") C R(A*A)
Let y € ran(A*) and write y = A*(x) for some x € H. Express
r = u+ v where u € ker(A*),v € ker(A*)*
Then y = A*(v). Now by part (ii) applied to A*, Jw € ran(A) such that
lo —wl| <e
Write w = Au for some v € H. Then

ly = A" Au|| = [[A" — A"w]| < €]|A]

Theorem 2.4.9. If T € B(H) is a normal operator, then o(T') = 04,(T)

Proof. Since one inclusion is trivial, we show that o(T") C 04,(T). So fix A ¢ 04,(T),
then we wish to show that A ¢ o(T"). Since A ¢ 0,,(T), (' — A) is bounded below. By
Theorem 2.4.4, it now suffices to show that R(T — \) is dense in H. Equivalently by
Lemma 2.4.8, we wish to show that

R(T — \)* = ker((T — \)*) = {0}
But since (7" — \) is normal, by Theorem 2.1.12,
(T =)@ = (T =A@ vVeeH

Since (7" — A) is bounded below, it follows that (7" — \)* is also bounded below, and
hence injective. This completes the proof. O

Theorem 2.4.10. Let T € B(H) be a normal operator. If X\ € o(T) is an isolated point
of o(T), then X is an eigen-value of T'.

Proof. Since X is an isolated point, let f = xpy € C(o(T)) and P = f(T). Since
f = f = f?, it follows that P is an orthogonal projection and P # 0 since f # 0.

Furthermore,
(z=Nf(z)=0 Vzeal)

and so (T'— \)P = 0. Hence, any non-zero vector in P(H) is an eigen-vector associated
to A. O

Definition 2.4.11. Let 7' € B(H) and M C H a closed subspace of H
1. M is said to be invariant under 7" if T (M) C M

2. M is said to be reducing for 7" if M is invariant under 7" and T
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For a general T" € B(H), the existence of a non-trivial invariant subspace is an open
problem. However, for normal operators, the problem is more tractable because of the
functional calculus. We give one such example.

Theorem 2.4.12. If T' € B(H) is a normal operator such that o(T') is disconnected,
then T has a non-trivial invartant subspace.

Proof. HW. m

(End of Day 19)

2.5 Positive Operators and Polar Decomposition

Recall that a complex number z € C can be expressed in the form z = rw where r € R
is a positive real number and w € S'. We now prove the existence of a polar decompo-
sition of an operator in B(H), where the role of r is played by a positive operator, and
¢ by a partial isometry (both of which are defined below).

Throughout this section, for an operator 7' € B(H), we write ker(T) and R(T") for its
kernel and range respectively.

Lemma 2.5.1. An operator T € B(H), then TFAE:
1. 35 € B(H) such that T = S*S
2. (Tx,x) >0 for allx € H

If either of these conditions hold, then we say that T' is a positive operator (See Defini-
tion 2.2.2)

Proof. If T is positive, then 35 € B(H) such that "= S*S, and so
(Tz,z) =||Sz||* >0 VoeH

Conversely, if (T'z,z) > 0 for all x € H, then T is self-adjoint (and hence normal)
by Theorem 2.1.8. By Theorem 2.3.11, it suffices to show that o(7") C [0,00). By
Corollary 2.2.7, o(T) C R, so we show that if A € R, A\ < 0, then A ¢ o(T'). To see this,
fix x € H, and note that

(T = Nal|* = | Tz||* — 2M(Tw, z) + M| z]*
> —2MT'z, ) + Njz*
> Nl

since A < 0 and (Txz,z) > 0. Hence, (T' — \) is bounded below. Since (T — \) is
self-adjoint and hence normal, it follows from Theorem 2.4.9 that A ¢ o(7T'). O
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Note that every positive operator is self-adjoint by Theorem 2.1.8. Furthermore, if
A€ B(H), then T := A*A is a positive operator, and hence we may apply the continuous
functional calculus to T. Since o(T) C Ry, we may apply the square root function
t — v/t to T, which leads to the following definition.

Definition 2.5.2. 1. Let A € B(H), then we define
4] = (A4r4)2

Note that if A is normal, then this coincides with applying the modulus function
to A.

2. An operator W € B(H) is called a partial isometry if

v € ker(W)™ = |[W(z)|| = |||

The space ker(WW)? is called the initial space of W and R(W) is called the final space
of W. Note that both are closed subspaces of H.

Note: A partial isometry is an isometry iff its initial space is H

Lemma 2.5.3. Let W be a partial isometry, then W*W and WW™* are projections onto
the initial and final space of W respectively.

Proof. Let p := W*W | then
1. For x € ker(W)* and y € ker(W), we have

Hence, p(z) € ker(W)*.
2. Furthermore, for x € ker(W)*, then
(W(z), W(x)) = (z, )
So by the polarization identity,
(W (@), W(y)) = (z,y) Vo,y € ker(W)™

Thus, if 2 € ker(W)*, then for any y € H, we write y = v + y” where ¢/ €
ker(W),y" € ker(W)*, then

Hence, p(z) = x, so p is a projection.
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3. If p(z) = x, then for any y € ker(W),

(,y) = (W(z),W(y)) =0

so z € ker(W)*, so p is a projection onto ker(W)=.

The argument for ¢ := WW* is similar. [

Theorem 2.5.4 (Polar Decomposition). Let A € B(H), then 3 a partial isometry W €
B(H) such that
A=WI|A]|

Furthermore, if A = UP with P positive and U a partial isometry such that ker(U) =
ker(P), then P = |A| and U = W must hold.

This unique expression A = W|A]| is called the polar decomposition of A.

Proof. For x € H, we have
|Az||* = (Az, Az) = (A"Az,2) = (|Af'z,z) = (|Alz, |A]z) = [||A]]®

Hence,
W : R(|A]) — R(A) given by W (|Alz) = Az

is an isometry. By Lemma 2.4.8(3),

R(A*A) = ker(A)*+
But since A*Ax = |A|(|A]z), it follows that

R{IA] = ker(4)*
Hence W extends to an isometry

W ker(A)* — R(A)

Now extend W to ker(A) to be zero, so we get a partial isometry. And clearly, W|A| = A
holds.

As for uniqueness, note that A*A = PU*UP and U*U is the projection E onto the initial
space of U, ker(U)* = ker(P)* = R(P). Thus, A*A = PEP = P2. By the uniqueness
of the positive square root, it follows that P = |A|. Since

Az = UlAlx = W|Alz

it follows that U and W agree on R(|A|), which is a dense subset of both their initial
spaces. Hence, U = W must hold. [

One simple example of how the polar decomposition may be used is the following rather
useful result.
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Corollary 2.5.5. For any T € B(H),T € K(H) if and only if T*T € K(H)

Proof. It T € IC(H) then T*T € K(H) since KC(H ) is an ideal. Conversely, if S :=T*T €
K(H), then S™ € K(H) for all n > 1. Hence, p(S) € K(H) for any polynomial p(z) €
C|z] such that p(0) = 0. Now, since S is self-adjoint, o(S) C R, so by the Weierstrass
approximation theorem, f(S) € K(H) for any f € C(o(S)) such that f(0) = 0. In
particular,
|T| =VT*T € K(H)

Now it follows that T € K(H) because of the polar decomposition and the fact that
K(H) is an ideal. O

(End of Day 20)

2.6 Exercises

1. Let A be a unital C*-algebra, then prove that ||[14]] =1

2. Let H be a Hilbert space. Prove that T € B(H) is left-invertible iff ker(7") =
{0} and T'(H) is a closed subspace of H. [Hint: Every closed subspace has an
orthogonal complement]

3. Let ¢ : A — B be a *-homomorphism between two commutative C*-algebras.
Prove that the transpose

" Q(B) — Q(A) given by 7+ 7o ¢
is continuous. Furthermore, if ¢ is an isomorphism, then prove that ¢! is a home-
omorphism.

4. Let X and Y be two compact Hausdorff spaces. Prove that X is homeomorphic
to Y iff there is a *-isomorphism C(X) = C(Y).

5. Let H be a Hilbert space, T' € B(H), W < H a closed subspace of H. W is said to
be invariant under T if (W) C W, and W is said to be reducing with respect to T
if W is invariant under T" and T™

If P € B(H) be the orthogonal projection onto W, then prove that
a) W is invariant under 7" ifft PTP = TP

b) W is reducing with respect to 7" iff TP = PT

6. Let T' € B(H) be a normal operator such that o(7") is disconnected. Prove that T’
has a non-trivial invariant subspace.
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3 The Spectral Theorem

3.1 The Finite Dimensional Case

Let H be a finite dimensional complex Hilbert space

Definition 3.1.1. An operator 7' € B(H) is said to be diagonalizable if H has an
orthonormal basis consisting of eigen-vectors of 7.

()

is diagonalizable in the sense that it is similar to a diagonal matrix. However, it is not
diagonalizable in the sense of the above definition because the basis of eigen-vectors are
not orthogonal.

Remark 3.1.2. Note that the matrix

Lemma 3.1.3. [f T € B(H) is diagonalizable, then T is normal.

Proof. Let B C H be an orthonormal basis consisting of eigen-vectors of 1. For any
v,w € B suppose Tv = v, Tw = pw. If v # w, then

(T*v,w) = (v,w) =0 = v, w)

and if v = w, then B
(T v, w) = \Nv,w)

In either case, we see that 7*(v) = Av. Hence,
TT*v = [M*v =T*Tv
This is true for all v € 8, so TT* =T*T. n

Lemma 3.1.4. If T € B(H) is normal and v € H is an eigen-vector of T corresponding
to the eigen value X\, then v is an eigen-vector of T* corresponding to the eigen value \

Proof. Suppose Tv = Av, then ||(T'— A\)v|| = 0. But (T — A) is normal, so by Theo-
rem 2.1.12, B
(T = Avll =0

and so T*v = \v O
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Lemma 3.1.5. Let T € B(H). If W C H is a subspace such that T(W) C W, then
T*(WH) c W+

Proof. If x € W+, then for any y € W, we have Ty € W, so

(Iz,y) = (z,Ty) = 0
Hence, Tz € W+ as required. O
Theorem 3.1.6 (Spectral Theorem). Let T € B(H) be normal, then T is diagonalizable.

Proof. We induct on dim(H). Since H is a complex Hilbert space, T has an eigen-value
and a corresponding eigen-vector v. Then the subspace (v) spanned by v is invariant
under 7% (by Lemma 3.1.4). Hence, W := (v)* is invariant under 7' (by Lemma 3.1.5).
Similarly, 7*(W) C W. Hence,

T|we B(W)
is a normal operator. By induction, W has an ONB 3’ consisting of eigen vectors of T
Then, ' U {v} forms an ONB for H consisting of eigen-vectors of T m

Lemma 3.1.7. If T is normal, and X\ # p € o(T), then the corresponding eigen-spaces
are orthogonal.

Proof. Suppose T is normal, and = € E\,y € E,, then T*y = fiy (by Lemma 1.3), so
Mz, y) = (T, y) = (2, T"y) = (z, y) = n(z,y)
Since A # p, it follows that (z,y) =0 O

Theorem 3.1.8. T' € B(H) is diagonalizable iff there exist mutually orthogonal projec-
tions { Py, ..., P,} and complex numbers {\1,..., \,} such that

I:if’i and T = i)\iﬂ-
i=1 i=1

Proof. 1. Suppose T is diagonalizable, then T is normal by Lemma 1.2. Let {\1,... A, }
be the distinct eigen-values of 7" and let E), be the corresponding eigen-spaces.
Then the E), are mutually orthogonal spaces by Lemma 1.6. Since 7" is diagonal-
izable, they span H, so

H= @’?:1E>\i

Let P; denote the projection onto Ej,. Then

-3
i=1
and the {P;} are mutually orthogonal (P,P; = P;P, =0 if i # j). Furthermore,

T:Z/\,Pi

clearly holds.
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2. Conversely, if T = > AP, for some mutually orthogonal projections, then for
E; .= P,(H), we have

H=I(H)=) FE
i=1
and E; N E; = {0}, so the above sum must be a direct sum. Also,
To=TPx=Y» \NPPx=\z Vrck

Let (; be a basis for E;, then
b= Uybi

forms a basis for H (since H = ) E;) and ( consists of eigen-vectors of T
[

Theorem 3.1.9. Let H be a complex Hilbert space of dimension n, let Hy = C" and
{e1,...,en} be the standard ONB for Hy. Then T € B(H) is diagonalizable iff 3 a
unitary operator

U:H— H,

such that S := UTU ' € B(H,) satisfies
S(GZ) = )\Z‘Gi
for some sequence (A1, Aa, ..., \,) € C". Furthermore, in that case

sup{|\:i|} < |||

Proof. 1. Suppose T is diagonalizable, then there is an ONB {xy, 2, ..., 2,} of H
such that

Define U(x;) = e;, and extend U to a linear operator H — Hy. Now note that
(Ulx:), e5) = 015 = (i, U (e;))
Hence, U*(e;) = x; for all 1 < j < n. Hence,
vour=0"'U0U=1
Furthermore, if S = UTU™! € B(H,), we have
S(e;) =UTU *(e;) = \ie; V1<i<nm
And finally, for each 1 <17 < n,

il = [eill = 1S (el < [[SI| = IUTU| < |77
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2. Conversely, suppose S = UTU™! as in the statement of the theorem, then let
z; == U (e;). Since U is a unitary, {z1,zs,...,7,} forms an ONB for H. A
simple calculation shows that T'(z;) = A\;x; as required. Furthermore, each \; is
an eigen value of T, so sup{|\;|} = r(T) < ||T.

O

Definition 3.1.10. Let H and H, be two Hilbert spaces. Two operators T' € B(H) and
S € B(H,) are said to be unitarily equivalent if 3 a unitary operator U : H — H, such
that S = UTU !

Note:
1. Unitary equivalence is an equivalence relation. We write S ~y T
2. If S~y T, then o(5) = o(T)
Proof. S— X =U(T —XI)U™! O

(End of Day 21)

3.2 Multiplication Operators

Definition 3.2.1. Let (X, 1) be a o-finite measure space.

1. For two measurable function f,g: X — C, we say that f = g a.e. if

p{r € X2 f(z) # g(2)}) =0
This defines an equivalence relation on the set of measurable functions on X.

2. For any 1 < p < oo, we say f is p-summable if

J1r@r <o

The equivalence classes of measurable p-summable functions forms a vector space,
denoted by LP(X, u). Furthermore, the function

1= ([ 1ror) W

defines a norm on LP(X, u) under which it is a Banach space.

3. Note that L?(X, u) is a Hilbert space with respect to the inner product

(frg) = /X fgdy
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4. For any ¢ : X — C be measurable and M > 0, we define
Ay i={x € X : |p(z)| > M}

We say that ¢ is essentially bounded if M > 0 such that

1(Apr) =0

5. We define L>(X, ) to be the vector space of (equivalence classes of) essentially
bounded functions. The function

plloe == Inf{M >0 p(An) = 0}
defines a norm on L(X, p).

6. Note that L*™(X,u) is a C*-algebra with respect to this norm and point-wise
multiplication.

Theorem 3.2.2. Let p: X — C be essentially bounded, then we define
M, : L*(X,p) — L*(X, ) given by f — of
Then
1. M, € B(L*(X, n))
2 1M, ) < llell
3. If o =9 a.e., then M, = M,
Proof. For any f € L*(X, u), let M > 0 such that u(Ay) = 0, then we have

I = [ le@i@Pde= [ le@f@P < [ |fa)Pde < MR

\An X\Aum
Hence, M, € B(L*(X, u)) and
M|l < M
This is true for all M > 0 such that p(Ay) = 0, and so
Ml < [l¢lloo
This proves (i) and (ii). Part (iii) follows from the definition. O

Example 3.2.3. A multiplication operator should be thought of as a generalization of
a diagonal matrix.

1. If X ={1,2,3,...,n} and pu is the counting measure, then
a) L?(X,p) = C" with the usual inner product.
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b) A multiplication operator M, : C* — C™ corresponds to a diagonal matriz
My(e,) = Mnen
where A, = ¢(n)

2. If X = N and p is the counting measure, then
a) ¢ : X — C is essentially bounded iff the sequence A, := ¢(n) is bounded.

b) The multiplication operator M, : {2 — ¢* corresponds to an infinite diagonal
matrixc

My(e,) = Mnen

Definition 3.2.4. Let H be a Hilbert space. T' € B(H) is said to be diagonalizable if 3
a o-finite measure space (X, ) such that 7" is unitarily equivalent to the multiplication
operator on L?(X, ).

In other words, Jp € L>(X, 1) and a unitary operator U : H — L*(X, i) such that
M,=UTU!

Theorem 3.2.5. Let (X, u) be a o-finite measure space. The map
Ao — M,

from L (X, u) to B(L*(X, p)) is an isometric *-homomorphism.

Proof. A is clearly a *-homomorphism. We need to show that || M, || = ||¢]/c. We know
that ||M,|| < ||¢|le. To prove the reverse inequality, consider 0 < ¢ < ||¢]|s, then

Ao ={z € X : |p(x)| > ¢}

has positive measure. Choose E C A, such that 0 < pu(FE) < oo (this is possible since
(X, p) is o-finite). Now yz € L*(X, u) and

lp(x)xp(z)| > cxp(z) VaeX
Hence by squaring and integrating

[Moxsll2 = cllxell

and so ||M,|| > ¢ since ||xg| # 0. This is true for all 0 < ¢ < ||¢||, and so

M || = ol
as required. N

Corollary 3.2.6. If T € B(H) is diagonalizable, then T is normal.
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Proof. Choose aunitary U : H — L*(X, u) and a ¢ € L*(X, u) such that M, = UTU*,
then
T=U"'M,U

and so T = U‘lM;U since U = U*. By Theorem 3.2.5, M7 = Mg, so
TT* =U '"M,MzU and T*T = U MzM,U
Since ¢ and » commute, T is normal. O]
(End of Day 22)
Definition 3.2.7. If ¢ € L>°(X, ), A € C and r > 0, define
B\ r):={z€C:|z= )<}

The essential range of ¢ is defined as

ess-range(p) == {A € C: u(e " (B(\, 7)) >0 Vr >0}
In other words, A € C is not in the essential range of ¢ iff 3r > 0 such that
pfr e X o [f(x) = Al <r}) =0
Equivalently, A ¢ ess-range(y) iff 3r > 0 such that
lp(z) — Al > 1 ae.

Note that the essential range does not depend on the choice of representative in the
equivalence class of .

Theorem 3.2.8. Let (X, p) be a o-finite measure space, then
o(M,) = ess-range(yp)
Proof. Suppose A ¢ ess-range(p), then Jr > 0 such that
lp(z) — Al > 1 ae.

Let £ :={z € X : |p(z) — M| <1}, then p(E) =0, so define

1
_ s w ¢ E
vla): {g z el

Then |[¢(x)| < 1/r for all z € X, so ¢ € L®(X, ) and for any f € L*(X, i), we have

(M, = MMy f(z) = [(x) Yo g E
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Since p(E) = 0, this means that (M, — \I)My = I. Similarly, M, (M, — XI) = I and
so A & o(M,). Hence,
o(M,) C ess-range(yp)

Now if A € ess-range(y), then we construct a sequence (f,) C L*(X, ) of unit vectors
such that
(Mg = AL full =0

For each n € N, the set
E, ={ze X :|p(x) =\ <1/n}

has positive measure. Since p is o-finite, choose F,, C E,, such that 0 < u(F),) < oo and
define f,, := u(F,)""/?xF,, so that

[(o(x) = A) fu(2)] < %Ifn(x)] Vre X

Squaring and integrating gives
1
(M, = A fulla < - 0

[]

Remark 3.2.9. We have proved that if ¢ € L>(X, ) is such that M, is invertible, then
M_' = My for some ) € L®(X, ). This is a reflection of the fact that

A={M,:peL™(X p)}
is a maximal Abelian subalgebra of B(L?*(X, 1)) [See Problem 14 of Section 1.7]
Definition 3.2.10. 1. Let S C B(H) be any set. The commutant of S is defined as
S":={T e€eB(H):Ta=al VYaeS}

Note that S’ is a linear subspace of B(H) that is closed under composition. Fur-
thermore, if S is closed under taking adjoints, then so is S’. Hence, if S is a

C*-subalgebra of B(H), then so is S’
2. If S C B(H), then S” := (5")". Note that S C S”.
Lemma 3.2.11. A C B(H) is a mazimal Abelian subalgebra if and only if A= A’
Proof. Omitted. O
Definition 3.2.12. A C*-algebra A C B(H) is called a von Neumann algebra if A = A”

Remark 3.2.13. We have just shown that if A C B(H) is a maximal Abelian subalgebra,
then A is a von Neumann algebra. In particular,

L¥(X, p) = B(L*(X, )

is a von Neumann algebra.
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3.3 The Spectral Theorem

Definition 3.3.1. Let X be a compact metric space and p be a positive measure on X
defined on a o-algebra M on X.

1. p is called a Borel measure if the domain of p includes all Borel sets (equivalently,
all the open sets)

2. p is called inner regular if for any A € M, we have
p(A) = sup{u(K) : K C A compact }
3. p is called outer regular if for any A € M, we have
p(A) =inf{p(U) : A C A open }

4. p is called Radon if p is a Borel measure that is both inner and outer regular and
u(K) < oo for any compact set K C X. [Equivalently, pu(X) < o<

Remark 3.3.2. Let X be a compact metric space and p a Radon measure on X.

1. Then every continuous function f : X — C is measurable and

[l < 1) < o0
Hence, the map
Ay fes / Fdu
b
defines a bounded linear functional on C'(X).

2. Furthermore, if f > 0 in C(X), then A(f) € [0,00). Such a linear functional on
C(X) is called positive.

Theorem 3.3.3 (Riesz Representation Theorem). Let X be a compact Hausdorff space
and

A:C(X)—C
be a positive linear functional. Then 3 a unique Radon measure 1 on X such that

M) = [ g ¥p e o)

Proof. Omitted. O]

(End of Day 23)
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Definition 3.3.4. Let H be a Hilbert space and T' € B(H) a normal operator. Recall
that

C(T) = {p(T.T*) : p € Clz,y]}
is the smallest C*-algebra containing T'. A vector e € H is called cyclic with respect to

T if the set
C*(T)e:={Ae: Ae C*(T)}

is dense in H
Example 3.3.5. 1. Let H = L?[0,1] and T € B(H) be given by
Tf(x)=af(x)
Then take e(z) = 1, then e € H is a cyclic vector for T'.

Proof. Note that Te(z) = x, so C*(T)e contains all polynomials. By Weierstrass’
theorem and Lusin’s theorem, the polynomials are dense in L?[0, 1]. O

2. Let H=C? and T(z,y) = (z,0), then
a) For any e € H, C*(T)(e) C C & {0}, and so T" does not have a cylic vector.

b) However, if H; := C & {0}, and Hy = {0} & C, then T(H;) C H; and
T|u,€ B(H;) has a cyclic vector each.

Theorem 3.3.6 (Spectral Theorem - Special Case). Suppose T' € B(H) is a normal
operator which has a cyclic vector, then T is diagonalizable.

Proof. Let e € H be a cyclic vector for T'. Let X := ¢(T'). Define
A:C(X)—=Chby f— (f(T)e,e)

Since the map f +— f(T') is linear, A is a linear map. Furthermore, if f > 0 in C(X),
Jg € C(X) such that g =g and ¢*> = f. Hence,

9(T) = g(T)" and g(T)* = f(T)
Thus,

(f(T)e,e) = (g(T)e,g(T)e) > 0
Thus, A is a positive linear functional on C'(X). Hence by the Riesz Representation
theorem, 3 a unique Radon measure p on X such that

(D)= [ fau
b
Now consider C'(X) as a subspace of L*(X, u1). For any f,g € C(X), we have
(t9) = | fodu
X

= /Xﬁfdu

= {g(T)"f(T)e, e)
= (f(T)e, g(T)e)
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So we define U : C(X) — H by
U(f) = f(T)e
Then

1. U preserves inner product. Since C'(X) is dense in L*(X, i) by Lusin’s theorem,
U extends to a unitary from L*(X, ) to its range.

2. The range of U contains C*(T")e. Since this is dense in H, the range of U is all of
H.

Furthermore, let ¢ € L*(X, u) be the function ¢(z) = z, then for any g € C(X), we
have

UM,(g) = Ul(pg) = p(T)g(T)e =Tg(T)e =TU(g)

Hence,
T=UMU"

since the two operators agree on C(X) which is dense in L*(X, ). O

Remark 3.3.7. Let { H,} be a sequence of separable Hilbert spaces and A,, € B(H,,) such
that
sup || Al < o0

Then let - -
H:= @Hn = {(zn) : ¥, € H, and Z iz, < oo}
n=1

n=1
1. H is a Hilbert space with inner product given by

((@n): (yn)) = D (T Yn)
2. The operator A : H — H defined by
A((zn)) = (An(zn))

is a bounded linear operator. We denote this operator by
A=A,
n=1

Lemma 3.3.8. Suppose {H,} is a finite or infinite sequence of Hilbert spaces and A,, €
B(H,) such that sup ||A,|| < oco. If each A, is diagonalizable, then A := @2 A, is
diagonalizable.
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Proof. For each n € N| there is a o-finite measure space (X,,, My, i,), unitaries U, :
H, — L*(X,, pin) and ¢,, € L=(X,, u,) such that

A, =U; "M, U,
Now set X := LUX,, be the disjoint union with the o-algebra
M={ECX EnX,eM, VneN}
and measure p given by

W(E) = ua(ENX,)

Then p is clearly a measure on X, and it is o-finite since each p,, is. [Check!].

LA(X, 1) = P LA(Xo, 1)
n=1

Then, U := @ U, defines a unitary operator from H := &H, to L*(X,u) and define
p: X —Chby

90|Xn: Spn
Then ¢, is u-essentially bounded. And

A=U"'M,U
O

Lemma 3.3.9. Let H be a separable Hilbert space and T € B(H) be a normal operator,
then 3 closed subspaces {H,} of H such that

1. Fach H, is reducing for T
2. T\|u, has a cyclic vector x,, € H,
3. Ifn#m, then H, 1. H,
J. H=@H,
Proof. For any x € H, define

H,:=C*(T)x

Define
F={SCH:Vz,ye S, H, L H,}

Then F can be partially ordered by inclusion. If C is a chain in F, then the union

T::US

SeC
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is also a member of F and is an upper bound for C. Hence, F satisfies the conditions of
Zorn’s lemma, and so must have a maximal element F.

We claim that H =) __ H.. For if not, then 3x € H such that 1 ) _, H.. Then,

eck "€
E U {x} would be a member of F contradicting the maximality of E. Hence,

H = @He
eck

Since H is separable, ¥ must be countable, thus proving the theorem. O

Theorem 3.3.10 (Spectral Theorem - General Case). If H is a separable Hilbert space
and T € B(H) a normal operator, then T is diagonalizable.

Proof. Theorem 3.3.6 + Lemma 3.3.8 + Lemma 3.3.9. O]

3.4 Exercises

1. Let T € IC(H) be a compact normal operator. Show that every non-zero spectral
value is an eigen-value of T'.

[Hint: If A € o(T) \ {0}, by Theorem 2.4.9, there is a sequence of unit vectors
(zn) C H such that ||T'(z,) — Az,|| — 0. Choose a subsequence (z,,) such that
T'(xy,) converges. Show that this limit vector is, in fact, an eigen-vector of 7]

2. Let T € KC(H) be a normal operator. Show that H has an orthonormal basis
consisting of eigen-vectors of T'.

[Hint: Use the ideas of Theorem 3.1.6. Use the previous problem, and replace the
induction argument by Zorn’s lemma.]

3. Let X be a compact metric space and A : C(X) — C be a positive linear functional
(as in Remark 3.3.2). Without using the Riesz Representation theorem, prove that
A is bounded and that
A= A1)

where 1 denotes the contant function 1.

4. Let X be a compact Hausdorff space and u a positive Borel measure on X. For
any ¢ € C(X), prove that

ess-range(y) = o(X)
For the remaining problems, let H be a Hilbert space, T € B(H) a normal operator

with a cyclic vector e € H. Furthermore, set X := o(T") and let x be the (positive)
Radon measure obtained in the Spectral Theorem (Theorem 3.3.6).
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5. If f € C(X) is such that f(T)e = 0, then show that f =0 in C'(X).
6. For any A € X and any open neighbourhood U C X of A, show that u(U) > 0

Note: For any positive Borel measure p on a set X, the support of u is defined to

be
supp(p) :={x € X : (U) >0 V open U such that x € U}

The above problem shows that if i is the measure obtained in Theorem 3.3.6, then
supp(p) = o(T)

7. Show that A € C is an eigen-value of T" iff u({\}) # 0.

Note: Let (X, 1) be a o-finite measure space.
a) A point x € X is called an atom of the measure p if u({x}) >0

b) Note that if A € o(T') is an isolated point, then u({\}) > 0 by the previous
theorem. Hence we have obtained Theorem 2.4.10.

8. Prove that for any ¢ > 0 there exist a normal operator S € B(H) with finite
spectrum such that ||S — T|| < e.

[Hint: If ¢ is a simple function, then prove that the induced multiplication operator
M, € B(L*(X, u)) has finite spectrum]

3.5 Complex Measures

This section sketches the theory of complex measures. For details, see [Rudin, Chapter
6]

Definition 3.5.1. Let M be a o-algebra on a set X.

1. If E € M, a partition of F is a countable family {F;} C M of mutually disjoint
sets such that £ = UE;.

2. A complex measure on X is a function

pw:M—C

such that for any £ € M and any partition {E;} of F, one has

p(E) =3 u(E)

where the RHS is a convergent series in C.

Remark 3.5.2. If i is a complex measure on X
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1. If E € M, then for any partition {E£;} of F, the series

ZM(Ez’)

converges in C. In particular, any rearrangement of that series converges, and so
the series must converge absolutely (by Riemann’s theorem). Hence,

Z [u(Ei)| < oo

2. We want to find a positive measure A on X such that
[W(E)| < ME) VEeM

In particular, for any partition {F;} of E, one must have

AE) > Z (B3]

Therefore, we define a set function A : M — [0, 00) by

A(E) := sup Z |(E)]

where the supremum is taken over all partitions of E.
(End of Day 24)

Theorem 3.5.3. Let pu be a complexr measure on X. Then the function A defined above
1S a positive measure on X.

Proof. Clearly,
AME)>0 VEeM

and A(0) = 0. Hence it suffices to prove countable additivity. So let {E;} be a partition
of E € M. We WTS:

AE) =) NE)
i=1
1. Suppose t; € R such that ¢; < A(E;) for all i. Then each E; has a partition {4, ;}

such that
[1(Ai )| >t

M

1

<
I
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Since {4, ;} forms a partition for E, it follows that

Zti < Z [1(Aig)] < A(E)

Taking supremum over all possible {¢;} proves that

o0

Z AME:;) < ME)

i=1

2. Conversely, let {A;} be a partition of E, then for each j € N, {4, N E;} is a
partition of A;, and for each i € N, {A; N E;} is a partition of E;. Hence,

S (A=D1 D uA N E)

J J (
<Y N AN E))|

i
=S AN E)

i

< Z A(E;)

This is true for any partition {A;} of E, and so taking supremum gives

ME) <) ME:)

]

Remark 3.5.4. 1. The measure A defined above is unique in the following sense: If v
is any other positive measure on X such that

w(E)| <v(E) VEeM

Then A(E) < v(E) for all E € M

Proof. 1f v is any other measure as above, then for any £ € M, and any partition
{E;} of E, we have

Z \n(E)| < ZV(E’L) =v(E)

This is true for any partition {E;}, so taking supremum gives \(E) < v(FE) for all
EeM. [

This measure A is called the total variation of x and is denoted by |u|
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2. If p is a complex measure and o € C, then apu is a complex measure defined by

(ap)(E) == ap(E)
Now we claim that |ap| = |o||u]

Proof. Let v := au, and let E € M and {E;} be a partition of E, then
ZW i)l = MZ\M )| < el (E)

Taking supremum gives that
V(E) < allp|
Replacing a by 1/a gives the reverse inequality O]

3. Similarly, if 4 and ~ are two complex measures, then
(h+)(E) := u(E) +~(E)
defines a complex measure such that
[+ I(E) < |ul(E) + I(E) VEeM
Theorem 3.5.5. Let u be a complex measure on X, then |u|(X) < oo.
Proof. Omitted. n
Theorem 3.5.6. Let M(X) be the set of all complex measures on X. Define
(1 + N(E) i= u(E) + A(E) and (ap)(E) = ap(E)
Then M(X) is a vector space under these operations. Furthermore, The function
[l = 1l (X)
defines a norm on M(X).

Proof. By Theorem 3.5.5, || - || is a well-defined real-valued function on M (X') such that
||l = 0 for all p € M(X). Furthermore,

1. If ||u|| = 0, then, for any F € M, we have

((E)] < [ul(E) < [ul(X) = |lpll = 0= pu(E) =0 VE e M

2. The other two conditions of the norm follow from Remark 3.5.4.
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Definition 3.5.7. Let p be a positive measure on X and A € M(X). We say that \ is
absolutely continuous with respect to p if

VEe M,u(E)=0= \E)=0

If this happens, we write A <
Example 3.5.8. 1. Let u be any measure on X and ¢ € L'(X, ). Define

AE) ::/godu
E
Then A € M(X) and A <

2. If p any complex measure, then pu < |p|

Theorem 3.5.9 (Radon-Nikodym Theorem). Let pu be a positive measure on X and
A € M(X) such that A\ < p. Then 3 unique p € L*(p) such that

A(E) = / pdp
E
Proof. Omitted. n

Proposition 3.5.10. Let pu be a complex measure on X, then 3h € L' (X, |u|) such that
|h(z)| =1 for all x € X and

u(E) = / hdlu| VE C X measurable
E

Furthermore, this h is unique a.e. [|u|]
Proof. Omitted. m
Definition 3.5.11. Let p be a complex Borel measure on X, then

1. We say p is regular if |u| is regular (as in Definition 3.3.1). Write Mp(X) for
the set of all regular complex Borel measures on X, and we think of Mp(X) as a
subspace of M(X).

2. For any f : X — C measurable, we define

/X fp = /X fhlul

where h is as above. This is well-defined by the uniqueness of h.

3. The map A, : C(X) — C given by

fH/deu

defines a bounded linear functional on X with

[Aull = Tl

70



Proof. Clearly,

/f@%é/LMWMSﬂﬂ@WW@
X X

since |h| = 1 on X. Hence, A, is bounded and [|A,|| < [|u]|. Now since h € L*(X, |u|),3(fn) €
C(X) such that B
fa— hin LH(X, |ul])

Replacing f,, by f./| fx|| if need be, we may assume that || f,|| = 1. Since h € L*>°(X, |ul),
it follows that

zwm:AﬁMW+Awwmﬂmm=wu

Hence, [[A,| = ||| -

Theorem 3.5.12 (Riesz Representation Theorem). Let X be a compact Hausdorff space
and A : C(X) — C be a bounded linear functional. Then 3 a unique complex Borel

measure (1 on X such that
A=A

m
In other words, the map
Mp(X) = C(X)" given by pp+— A,

1 an isometric isomorphism of normed linear spaces.

Proof. Omitted. n

(End of Day 25)

3.6 Borel Functional Calculus

Given a normal operator T' € B(H ), we would like to define f(7') when f : o(T) — C is
not necessarily continuous.

Definition 3.6.1. Let X C C be compact. Set
B(X)={f:X — C: f Borel-measurable and bounded}

Note that

1. B(X) is a normed linear space under the supremum norm. It is a Banach space
(because the pointwise limit of a sequence of measurable functions is again mea-
surable and the uniform limit of a sequence of bounded functions is bounded)

2. B(X) is a C*-algebra under the point-wise operations
3. C(X) C B(X).
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4. C(X) # B(X) in general, since B(X) contains characteristic functions y g for any
Borel set £ C X, and these may not be continuous (unless X is discrete).

Given f € B(X), we wish to make sense of
1(T) € B(H)
We do this by constructing a *-homomorphism
©: B(X) — B(H)
which extends the continuous functional calculus.

Definition 3.6.2. 1. Let A bea C*-algebra and H a Hilbert space. A *-representation
of Aon H is a x-homomorphism 7 : A — B(H). We write (H, ) for the represen-
tation.

2. A x-representation m: A — B(H) is called cyclic if de € H such that the set
{m(a)(e) :a € A}
is dense in H

3. A x-representation 7 : A — B(H) is called non-degenerate if the set

{r(a)x:a€ A,z € H}
is dense in H.

Example 3.6.3. 1. Any cyclic representation is a non-degenerate representation.

2. Let T € B(H) be a normal operator, then if A = C(o(T)), then the continuous
functional calculus defines a representation of A. If T" has a cyclic vector, then this
is a cyclic representation.

3. If T € B(C?) is given by T(x,y) = (z,0), then this is not a non-degenerate
representation of C(o(T"))

4. Let X C C and p be a Borel measure on X. Let H := L*(X, u) and define
7 C(X)— B(H) given by f — M;
Then 7 is a cyclic representation because the set

{m(/)(A): feC(X)}

is dense in H.
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Definition 3.6.4. 1. A sequence of operators (7},) € B(H) is said to converge strongly
to T € B(H) if, for each z € H

T.(z) = T(z)
If this happens, we write T}, = T

2. A sequence of operators (7,,) € B(H) is said to converge weakly to T € B(H) if,
for each x,y € H

(Tn(x),y) = (T, y)
If this happens, we write T}, — T

Example 3.6.5. 1. If T, — T in the norm of B(H), then T}, > T
2. If T, = T, then T, = T by Cauchy-Schwartz.
3. Let S € B(¢?) be given by the left-shift operator
S((x1,xa,...)) = (v, 23, ...)
Then let T,, := S™. Note that
T.((z1,22,...) = (Tny1, Toto,-- )

a) || T,]| = 1 for all n (Exercise)

b) However, for any = € H, we have

Z |z, | < 00

So .
ITu(@)* = > | =0
j=n+1
Thus, T,, = 0

4. Let H = (*(N) and let S be the right-shift operator
S((I’n)) = (0, T1,Tg, .. )
Let T;, := S", so that

T((z,)) =(0,0,...,0,21,23,...)

n times

a) T, does not converge strongly to 0 because each T), is an isometry.

b) Claim: T,, = 0
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Proof. If x,y € H, and € > 0, choose N € N such that

(o.¢]
D vl <€
n=N

Then, for any n > N, we have

00 0o 1/2
(To(a), ) = 1D 2 nTl < 2 (Z !yn!2) < ell]]
n=N n=N

by the Cauchy-Schwartz inequality Hence, (T),(x),y) — 0 O

Definition 3.6.6. A representation 7 : B(X) — B(H) is called a o-representation if for
every uniformly bounded (f,,) € B(X)

fn — 0 pointwise = 7(f,) = 0

Lemma 3.6.7. Let 7 : B(X) — B(H) be a representation such that for every uniformly
bounded (f,) € B(X)
fn — 0 pointwise = 7(f,) = 0

Then T is a o-representation.

Proof. Suppose this condition holds, and (f,) a uniformly bounded sequence such that
fn — 0 pointwise. Then for any x € H, consider

IF(f) @) = @£ fo) (@), 2)

But, (f*f.) is a uniformly bounded sequence converging pointwise to 0. Hence by
hypothesis, the RHS converges to 0, and hence

F(f) (@) =0 VoeH

as required O

Theorem 3.6.8. Let X be a compact metric space and H a Hilbert space. Fvery non-
degenerate x-representation m : C(X) — B(H) extends uniquely to a o-representation
7 :B(X)— B(H)

Proof. We prove this using the following lemmas. m
(End of Day 26)

Solved Exercises 1,2,5,6, and 7 from section 3.4
(End of Day 27)

Lemma 3.6.9. Let S(X) denote the set of all simple Borel-measurable functions on X.
Then S(X) is dense in B(X)
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Proof. Clearly, S(X) is a subalgebra of B(X) that is closed under taking adjoints. Sup-
pose f € B(X) and ¢ > 0 are given, then f(X) C C is bounded. Hence, f(X) is
pre-compact. Thus, 3 disjoint Borel sets {V;, V4, ..., V,} of C such that

diam(V;) <e Viand f(X) C UVi

=1

Assume WLOG that f(X)NV; # (), so for 1 <i < n, choose ; € f(X)NV;, and define

9= Y ax
=1

then g € S(X) and ||g — f|| < € [Check!] O

Lemma 3.6.10. Let 7 : B(X) — B(H) be a o-representation, then for any x,y € H,
define
pey(E) = (T(xg)z,y) Y Borel sets £

Then
1. pgy ts a complex measure on X

2. For all f € B(X),
/X fdiey = F(Nz,y) (¥

Proof. 1. We need to check countable additivity. Since 7 is linear, p,, is clearly
finitely additive. So suppose E € M has a partition {F,}, then consider

F,=FE UFEU...UE,
Then .
Ha(Fn) = ) tay (E;)
i=1
However, xr, is a sequence of uniformly bounded functions such that
XF, = XE
Since T is a o-representation, it follows that

T(xr,) = T(xe)

Thus, ji;4(F,) = ey (E) which means that

fhey(E) = Z fhey (E)

Hence fi,, is a complex measure.
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2. Note that (x) holds if f is a characteristic function by definition. Hence, it holds
for all f € S(X) by linearity. Now if f € B(X), then 3(f,) € S(X) such that
fn — f uniformly (by Lemma 3.6.9) and so

w(fa) = 7(f)

since 7 is a o-representation. Hence,

@)z, y) = @)z, )

But by the dominated convergence theorem,

/ oty — / fdpigy
X X

and hence the result.
O

Theorem 3.6.11 (Uniqueness part of Theorem 3.6.8). Let 7 : C(X) — B(H) be a
non-degenerate representation, and suppose m and mw : B(X) — B(H) are two o-
representations extending m. We WTS that m(f) = mo(f) for all f € B(X).

Proof. For any z,y € H, it suffices to prove that
(mi(f)z,y) = (m(f)z,y)

Let p,, and A, , be the associated complex measures from Lemma 3.6.10, then we want
to show that

/X fapis,y = /X fd\., Vfe B(X)

Since 71 (g) = ma(g) for all g € C(X), we know that this equality holds in C'(X). Thus,
Hzy and A, define the same linear functional on C'(X). By the uniqueness part of the
Riesz Representation theorem (Theorem 3.5.12), it follows that

poy(E) =X y(E) VE €M

Hence, the required equality holds for all f € S(X). Using the fact that both m and o
are o-representations, it follows that

m(f) = m(f) Vfe B(X)

Note: We have just prove that if ;1 and A are two complex measures such that

/dep:/xfd)\ VfeCX)

Then the same equality holds for all f € B(X). We will use this fact repeatedly in the
following arguments.
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Lemma 3.6.12. Let g € B(X), and {1, 2, ..., in} be a finite collection of complex
Borel reqular measures on X. Then for all e > 0,3f € C(X) such that

/|f—g\dui<e Vi<i<n
X

Proof. Let v := |u1| + |p2| + - .. + |in|, then v is a positive Borel measure. By Lusin’s
theorem, 3f € C(X) such that ||f|le < ||g]lcc and if

N:={r e X: f(x) # g(x)} = p(N) <e
Hence, [1;(N)] < || (N) < p(N) < e for all 1 < i < n. Hence,

[ 15 = gl = [ 17 = glaus < 2€lgl

X N

This is true for all 1 < i < n, proving the result. O
(End of Day 28)

Theorem 3.6.13 (Existence part of Theorem 3.6.8). Let w : C'(X) — B(H) be a non-
degenerate representation, we want to define a o-representation 7 : B(X) — B(H) which
extends .

Proof. 1. Once again, fix z,y € H and consider
Ay C(X) — Cgiven by f— (n(f)z,y)

This is clearly a linear functional. Also, since ||7(f)| < |||, it follows that it is
bounded and

[Awyll < [l [yl

By the Riesz Representation theorem, 3 a complex Borel measure p,, on X such
that

/fduul (Hx,y) Vfel(X)

and
[zl < [zl

Now since fi,, is a Borel measure, we may define
[ fdney i€ B
b's
2. For any f € B(X) fixed, define a map

ng: H x H— C given by (z,y) — / fdpig
X

Then we claim: 7y is a sesqui-linear form
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Proof. Given x1,x9,y € H and € > 0, then by Lemma 3.6.12, g € C(X) such
that

/ |f - g’dﬂ <e Vpe {Mm,yaﬂxz,yaﬂerxz,y}
X

Hence,

g (w1 + 22, y) = np(21,y) — np(w2,y)| < 3+ |ng(w1 + 22, y) — (21, Y) — Ng(22,9)|

But
ng(z,y) = (m(g9)z,y)
and so the last term is zero, whence

Inp(21 + 22,y) = np(21,y) — np(22, )| < 3€

This is true for all e > 0 and so

N1+ x2,y) = ny(21,y) + np(22, )

Similarly, one can prove the other conditions to ensure that n; is a sesqui-linear
form. 0

3. Also, since ||pizy]| < ||lz]|]]y]|, it follows that

/ Fdp,
X

So by Theorem 2.1.2, 3T, € B(H) such that

s (2, y)| = < LAl

ny(w,y) = /X fdpey = (Ty(x),y)

and
1 T¢l < |1 £]l

So we define
7:B(X)—B(H) by f—1T1}

and we claim that 7 is a o-representation. Suppose we prove this, then it is clear
that 7 extends 7 since for all f € C(X) and =,y € H, we have

R (f)z,y) = /X fdpiny = (7(f)z. )

4. Note that by construction
17 <11 flloo

5. Claim : 7 is linear
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Proof. Given f1, fo € B(X), we have

Nf1+f2 (:Il',y) = /);(fl + f2>d,u:v,y = /X fld,ua:,y + /X deNx,y =N (xvy) + Nfa (33', y)
Hence,
<Tf1+f2IL’,y> = <Tf1x7 y> + <Tf2x7 y)
and so 7(f1 + fo) =7(f1) + 7(f2)

Similarly,
m(af)=an(f) VfeB(X),aecC

6. Claim: 7(f) = 7(f)*

Proof. a) If f € C(X) is a positive function, then 3k € C(X) such that hh = f,
and so for any x € H

(w(f)a,x) = (x(h)z,m(h)x) = 0

/fdum>0

and so (i, is a positive measure (by the Riesz Representation theorem).
b) Thus, if f = f, then

Hence,

(Tyx,x) = / fdu,., e R Vre H
X
By Theorem 2.1.8, Ty = T7.
¢) Now for any f € B(X), write f = g + ih where g, h are real-valued. Hence,
Ty =T, +1iT}

SO
T; =T —il; =T, —ily = T}

Hence, 7(f) = 7(f)*

7. Claim:
m(fg) =7(f)m(9) Vf, g€ B(X)
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Proof. a) Note that if f,g € C(X), then 7(fg) = 7(f)7(g) holds since 7 is an

extension of . Now recall that: if u, A are two complex measures on X such
that

/deu:/xfd)\ Vfed(X)

Then the same equality is true for all f € B(X).
For any f,h € C(X), and z,y € H fixed

| fhdiey = (w(hhag) = w(7()0) = [ S
X X
Thus,
/ Jhdpy = / fdpznyey V€ B(X)
X X
In other words, Vf € B(X),h € C(X)

(T(fh)e,y) = @(Fm(h)z,y)

and so 7(fh) =m(f)7w(h).
Now for f € B(X),g € C(X), and z,y € H fixed

/X gfdpley = /X fodpsy = (T(fg)x,y)
= (@(f)7(g)z,y) by (b)
= (m(g)x, 7(f)"y)
= (@(g)x,7(f)y) by (6)

Again by the uniqueness part of the Riesz Representation Theorem, it follows
that

X X
In other words, for all f, g € B(X)
(7(f9)r,y) = ®(9f)x,y) = ®(g)x, 7(Fly) = @7 (9)x,y)

Hence, 7(fg) = 7(f)7(g) as required.

8. Claim: 7 is a o-representation
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Proof. Suppose (f,) € B(X) is a uniformly bounded sequence such that f,, — 0
pointwise. By Lemma 3.5, it suffices to prove that

A(fu) =0

So for any x,y € H, the dominated convergence theorem implies that

<ﬂﬁnw%iénwm—w

Hence the result.

[l
[l

Corollary 3.6.14. Let T € B(H) be a normal operator, then there is a unique o-
representation

© : B(o(T)) — B(H)

which extends the continuous functional calculus
©:C(o(T)) = B(H)
This is called the Borel Functional Calculus and we again write

f(T):=6(f) Vfe€ B(a(T))

(End of Day 29)

Remark 3.6.15. If T € B(H) is normal and A C B(H) is a C*-algebra containing T,
then the continuous functional calculus gives a map

©:C(o(T)) -C*(T)C A
However, the range of the Borel functional calculus
O : B(o(T)) — B(H)

may not lie in A. For instance, suppose H = L?[0,1] and T' € B(H) given by

Then o(T) = [0,1], so if A= C*(T'), then we get an isomorphism
Cl0,1] — A

In particular, A has no non-trivial projections. However, B([0,1]) has many projections
(in fact, the linear span of projections is dense in B([0, 1])). Thus, the range of © must
be strictly larger than A.
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3.7 Spectral Measures

Definition 3.7.1. Let (X, M) be a measurable space and H a Hilbert space. A
spectral measure (or a resolution of the identity) on X is a map

E: M — B(H)
such that
1. E(0)=0,E(X)=1
2. B(w) = E(w)? = E(w)* for all w € M
3. E(w1 Nws) = E(wy)E(ws) for all wy,ws € M
4. If {w,} are disjoint sets in M, then
E({Jwa) =D E(wn)
n=1 n=1

where the series converges strongly (See Definition 3.6.4). In other words, for all

re H N .
B wa)(@) = Jim 3 B(w,) ()

Remark 3.7.2. Let E: M — B(H) be a spectral measure.
1. If {w,} are disjoint sets in M, then by condition (iii)
B(w)B(w;) =0 Vi ]

Hence, the E(w;)’s are a family of mutually orthogonal projections. Condition (iv)
implies that

E(|J wa)(H) = D E(wa)(H)

2. If z,y € H, then the map
Epy(w) = (BEW)z,y)
defines a complex measure on X [Check!|

3. If © =y above, then
Eyo(w) = (E(w)z,2) = (E(w)*z,2) = | E(w)z|® > 0

and so I, , is a positive measure.
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4. Each measure E, , is automatically regular [Rudin, Theorem 2.18]

Example 3.7.3. 1. Let H = C" and T € B(H) a normal operator. Write X :=
o(T) ={ M, A2, ..., A} and let M = P(X). Define £ : M — B(H) by

E({Ai}) = P

where P; is the projection onto ker(7" — A\;I) (Exercise). Now, for any z,y € H,
E,, is a measure. We consider

n

[ B, = S BN

i=1
But

S NE(NY) =) AP =T
i=1 i=1
by Theorem 3.1.8. Hence
/ ME, , = (Tz,y)
b's

2. Let (X, M) be a measurable space and p be a positive Radon measure on X. Let
H := L*(X, ) and define
E: M — B(H) by E(w) =M

Xw

Now for any =,y € H, we have

Buy() = (M) = [ o
X
Hence,
/ XwdEyy = By y(w) = / XoZYdp
X X
Hence, for any f € B(X),

[ faEu, = [ fovau=(tyz.0)
X X
In particular,
/ MNE,, = (Mcx,y)
X
where ((z) = z

Theorem 3.7.4. Let X C C compact, H a Hilbert space, and 7@ : B(X) — B(H) a
non-degenerate o-representation. Then the map

Ew) :=7(xw)

defines a spectral measure on X. Furthermore, for any f € B(X) and any x,y € H, we
have

/X fdE,, = F(f)z.y)
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Proof. Exercise. Use the same ideas as in Lemma 3.6.10. O

Definition 3.7.5. Suppose 7 is a o-represention of B(X) and E is the corresponding
spectral measure, then, for any z,y € H and any f € B(X), we have

/X fdEe, = G(Hey) ()

Therefore, we write

/deE —7(f) Vfe B(X)

| sie

does not have any intrinsic meaning since E is not a complex measure. It only means
that (%) holds for any z,y € H.

Note: The symbol

Theorem 3.7.6. Let X C C be compact and 7w : C(X) — B(H) be a non-degenerate
representation, then 3 a unique spectral measure E on the Borel o-algebra of X such
that

w(f)= [ faE vfecw)
X
Proof. Theorem 3.6.8+Theorem 3.7.4 O

Theorem 3.7.7 (Spectral Theorem). Let T € B(H) be a normal operator, then 3 a
unique spectral measure E on o(T) such that

T = / AE
o(T)

Proof. Apply Theorem 3.7.6 to the continuous functional calculus of T'. O

(End of Day 30)

3.8 Compact Normal Operators

Lemma 3.8.1. Let T' € B(H) be a normal operator with spectral measure E. For any
A € C,\ is an eigen-value of T iff E({\}) # 0. Furthermore, in that case, E({\}) is
the projection onto ker(T — AI).

Proof. Let X := o(T),7 : B(X) — B(H) be the Borel functional calculus. Then, if
¢ € B(X) is the function ((z) = z, then

T =7(()



Also if w C X is a Borel set, then

E<W) = %(Xw)

Furthermore, for any f € B(X) and z,y € H,

[ fiE., = G (1)
b
1. Hence, if P = E({)\}), then

TP =7(Cxqn)) = T(Axqay) = AP
Thus, if P # 0, then any element of P(H) is an eigen-vector with eigen-value \.

2. Conversely, suppose A is an eigen-value with eigen-vector x, then we claim that

E{AN(z) =
which would imply that E({\}) # 0.
a) Define
Ani={z€C:|z =) z%}

Write E,, := E(A,), then

E,T =7(xa,.0) =7(Cxa,) = TE,
Hence,
(T —N)E,(z) = E,(T — X))z =
But
0= [(T = M)En(2)|* = (T = M) En(x), (T = M) Ey())
= (E (T —X)*(T — AN)E,(x),x)
= (T(xa,(C = M)(¢ = M)xa, )z, z)

:/ XA“|Z—)\|2dE9m
X

1
Z _2/ XAndEa:,ac
n° Jx

= L (F (). 7)
= o {Bae) )

_ #(En(x),En(x» = %I!En(:v)\l2

Hence, E(A,)(z) = E,(z) =0foralln e N
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b) Now observe that if
An C AnJrl

and
Ao\ ) = A
Since 7 is a o-representation, it follows that -
E(A)(z) = lim E(A,) () = 0
But then
r = E(X)(x) = B(A)(@) + E(A) (@) = B}
Hence, E({\}) # 0 as required.

3. Finally, we observe from the proof that E({\})(z) = z iff x € ker(T — A\I) as
required.

O

Lemma 3.8.2. Let T € B(H) be a normal operator with spectral measure E. Then T
s compact iff
P..=E({ze€a(T):|z| >¢€})

1s a finite rank projection for each € >0
Proof. 1. Let X :=o(T), and set
B.:={z€ X :|z| > ¢} and F. = X \ B,
then
TP = / ME — / Mo, (NE = / My dE = f(T)
b b be
where f(z) = zxr.(z). Hence,
IT = TF| = l[flloc = sup{lz|: z € Fe} <€

So, if P. has finite rank for all € > 0, then TP, € K(H), so T is a limit of finite
rank operators. Hence, T' € IC(H)

2. Suppose T is compact, then define

o(2) 1= x5 (2)

Then g € B(X) and g(z)z = xp.(z). Hence,
9(T)T = P € K(H)

But P. is a projection, so P. has finite rank (Why?)
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Theorem 3.8.3 (Spectral Theorem for Compact Normal Operators). Let T € IC(H) be
a compact normal operator. Then

1. o(N) is either finite, or is a countable set with 0 as the only limit point.
Write o(N) \ {0} = {1, Ao, ...}, and set
Hy = ker(T — M\ 1)
and let Ej. be the projection onto Hy. Then
2. Fach Hy is non-zero, finite dimensional, and mutually orthogonal.

3.
T = Z e B
k=1

where the series converges in the operator norm.
Proof. 1. Fix € > 0, and consider
B.:={z€0a(T):|z| > ¢}

By Exercise 1 of section 3.4, every element of B, is an eigen-value. Furthermore,
if A\, u € B, are distinct, then by Lemma 3.8.1 and Lemma 3.1.7,

E({A}) L E({u})

Hence, if P, = E(B.) as above, then P, has finite rank by Lemma 3.8.2. Together,
these facts imply (why?) that B, is a finite set (In fact, |B| < rank(F,)).

2. Fix A\, then each Hj is non-zero because each such )\, is an eigen-value. For
€ > |Ag|, P. has finite rank. But

FeBy = E(B)E({M}) = E(Ben{Ar}) = E{M}) = B

So Hy = Ex(H) = P.(Ex(H)) C P.(H) is finite dimensional. Finally, the Hj, are
mutually orthogonal by Lemma 3.1.7.

3. We WTS that .
T = Z e B
k=1

Suppose that o(7') is infinite, as the finite case is similar (easier). By part (1),
U(T) = {O, )\17 )\27 .. }

where \j are a sequence of non-zero complex numbers converging to 0. Since each
B, is finite, each A is an isolated point of ¢(7"). Hence,

Xy € Co(T))
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and furthermore,
Ep = X{)\k}(T)
Define

Sp 1= Z)\kX{Ak}
k=1
Then s,(z) = z for all z € {A\, Ay, ..., \u}, s0
1€ = sulloo < sup [yl
k>n

But this term converges to 0 by hypothesis. Hence, s, — ( in the sup norm.
Therefore,

T =lims,(T) = > MEx
k=1

and the sum converges in the norm topology.
O

Remark 3.8.4. If T € B(H) is a normal operator with countable spectrum o(7T) =
{A\1, A2, ...}, then for any x,y € H, we have

Tag) = [ MEey = Y B () = DB )
Hence,
T= Z AE({Ai})

where the convergence is in the weak operator topology. However, in the above theorem,
because T is compact, we get norm convergence because the spectral values converge to

0.
(End of Day 31)

Theorem 3.8.5. Let H be a separable Hilbert space and J <t B(H) be a two-sided ideal
that contains a non-compact operator, then J = B(H)

Proof. Let A € I be non-compact, then T := A*A € J is normal. Furthermore, T is
not compact by Corollary 2.5.5. By Lemma 3.8.2, de > 0 such that P. has infinite rank.
Furthermore, in the proof, we saw that 35 € B(H) such that

P.=ST
Hence, P. € J. Let M := P.(H), then M is a closed subspace of H and
dim(H) = dim(H) = N
Hence, there is a surjective isometry U : H — M, so that
I =U"PU
Since P. € J, it follows that [ € J, so J = B(H). O

88



Definition 3.8.6. Let H be a Hilbert space and =,y € H. Define ©,, € B(H) by

O.4(2) == (2,2)y
Then ©,, is a rank one operator.
Lemma 3.8.7. Every finite rank operator is a linear combination of these O,
Proof. Exercise m

Theorem 3.8.8. If H is a separable Hilbert space, then the only non-trivial closed,
two-sided ideal of B(H) is K(H)

Proof. Let J # {0} be a closed ideal, then by Theorem 3.8.5, it suffices to show that
KK(H) C J. Choose T € J non-zero, then Jzg, ;7 € H such that T(xy) = x; # 0. For
any yo, 1 € H of norm 1, consider two operators

A= 0y, 4 and B := 0, ,,
Then for any z € H,

BT A(z) = BT ({z,y0)x0) = (2,40) BT ()
= (z,50)B(21) = (2, 50)01

= 63107?41 (Z)
Hence, every O, , belongs to J. By the previous lemma, all finite rank operators belong
to J. Since J is closed, it follows that IC(H) C J. O

3.9 Exercises

1. Let X be a compact Hausdorff space, and H a Hilbert space, and suppose 7 :
C(X) — B(H) is a non-degenerate representation. Let 1 denote the constant
function 1, then prove that

a) m(1) is a projection in B(H)
b) Conclude that m(1) =1

2. Let T' € B(H) be a normal operator.
a) If o(T) is finite, then show that 7" is a linear combination of projections.

b) If o(T) is a singleton, then show that 7" is a scalar multiple of the identity.

3. Show that an element U € B(H) is unitary iff there is a self-adjoint operator
T € B(H) such that U = e

4. Show that the space U(H) of unitary operators on H is path connected.
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5. Let (X, M, u) be a o-finite measure space, H = L*(X, ) and let ¢ € L>®(X, )
be fixed. We define £ : M — B(H) by

B(w) =My,
Then prove that
a) F is a spectral measure on X
b)
M, = / AE
X

6. Let U : Hy — H be a unitary, and (X, M) a measurable space. Suppose
E: M — B(Hy)
is a spectral measure, then define
E:M — B(H) by w— UE(w) U™

a) Prove that E defines a spectral measure on X

b) If z,y € H, set £ = U '(z),5 = U '(y), then prove that for any f € B(X),

/ fdE,, = / fdE; 5
X X

7. Let m : C(X) — B(H) be a non-degenerate representation and E be the associated
spectral measure from Theorem 3.7.6. Prove that 7 is injective iff E(w) # 0 for
all open w C X.

[Hint: Use Remark 3.7.2 and Corollary 2.1.10]

8. Let T € B(H) be a normal operator with spectral measure F on o¢(7"). Show that,

for any Borel set w C o(T),
E(w)T =TE(w)

Conclude that, if dim(H) > 1, then 7 has a non-trivial invariant subspace.

9. Let T" € B(H) be a normal operator with spectral measure E. Suppose that T’
satisfies the following properties:

a) o(T) is a countable set with 0 as the unique limit point.

b) For each A\ € o(T') \ {0}, E({\}) is a finite rank projection.

Show that 7' is a compact operator.
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4 Additional Topics

4.1 Quotients of C* algebras

Remark 4.1.1. Recall that if A is a C*-algebra and I < A is a closed two-sided ideal,
then A/I is a Banach algebra (Theorem 1.1.6) with the quotient norm

|la+I|| =inf{|la +b| : b€ I}
We now wish to define an involution on A/I by
(a+ 1) :=a"+1
and show that A/ is a C*-algebra with this involution and norm.

Lemma 4.1.2. Let A be a C*-algebra and I <1 A be a closed ideal in A. For anya € 1,3
a sequence of self-adjoint e, € I such that o(e,) C [0,1] and

lim ||a —ae,|| =0
n—oo

Proof. By adjoining a unit to A if need be, we assume WLOG that A is unital.

1. Suppose a = a*, then o(a) C R so if

nt?
n(l) i= ——

then f, € C(o(a)). Hence, we may define e, := f,(a).
a) Since f, = fn, €, = €

b) Now f, € C(o(a)) is a limit of polynomials in p, x(a). Furthermore, since
fn(0) = 0, we may choose these polynomials p,, ; such that p, x(0) = 0 (See
also Corollary 2.5.5). Hence, p, x(a) € I for all k, so that e, € I because [ is
closed. Since the RHS is a limit of polynomials in a, e, € I since [ is closed.

c¢) Since f,(t) € [0,1] for all ¢ € o(a), it follows from the spectral mapping
theorem, that o(e,) C [0, 1]. In particular,

o(l—e,) C[0,1]

and so ||1 —e,|| and [le,|| <1
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d) Hence
la — ae,|* = lla(l — en)[I* = [[(1 — en)a®(1 — ea) || < [la*(1 — en)]

Now, ¢,(t) := 1+ nt* € C(o(a)) is an invertible function because o(a) C R.
Hence, (1 + na?) is invertible in A, and

1 1 1

21_n — 21 2\—1 S 21 2\—1 :_1_n<_

la™(1 = ea)ll = lla”(1 + na”) ™| = ~[lna”(1 +na”) ™~ = ~[l1 —ea] < ~

and so |jae, —al| — 0

2. Now if a is not self-adjoint, let b := a*a € I. By part (i), there is sequence e, of
self-adjoint elements such that o(e,) C [0, 1] and

|la*a(l —e,)|| — 0

Hence,
laen = all* = ||(1 = en)a"a(l — e,)|| < fla"a(l = ey)[| — 0

[
(End of Day 32)

Example 4.1.3. 1. Let A= B({?) and I = K(¢?), and let E,, be the projection onto
the subspace spanned by {e1,es,...,¢e,}. Then for any T € I,

|T = TE,| — 0
2. Let A = C[0,1] and I = Cy((0,1/2)), then we may choose e, € I such that
en(x)=1if1/n<2x<1/2—1/nand 0 <e, <1. Then for any f € I,
If = feal =0
Proof. Exercise. m

Corollary 4.1.4. Let A be a C*-algebra and I <1 A a closed ideal. Then for any a € A
la+ I|| = inf{|la —azx|| : x € I,z = z*,0(x) C [0,1]}
Proof. Fix a € A and recall that
la+ I|| = inf{|la —b|| : b€ I}
Let E={z €I,z =z 0o(zx) C[0,1]}, then since ax € I for each z € E, it follows that
la+ 1] < B :=inf{|la —azx| : 2z € E}

Now suppose b € I, then choose e,, € I such that ||b—be,|| — 0, then since ||(1—e,)|| < 1,
we have

la+bll = [[(a+b)(1—en)|| = [[(a—aen) = (ben=b)[| = [la—aen||—|[ben —bl| = 5—I|ben —b]

Taking limit, we see that
la+0ll = 5

This is true for all b € I, so ||a + I|| = (8 as required. O
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Corollary 4.1.5. Let A be a C*-algebra and I <1 A a closed ideal in A. For any
acl,a*el

Note: This shows that if I is closed, then the second half of Definition 2.1.21 is redundant.

Proof. Let a € I, choose e,, € I self-adjoint such that |lae,, — a|| — 0, then
(ae,)" = ea™ — a”

since the map a — a* is continuous (Lemma 2.1.16). Since e, € I, it follows that
en,a® € I for all n. Since [ is closed, a* € I. O

Theorem 4.1.6. Let A be a C*-algebra and I <1 A a closed ideal in A. The involution
(a+ 1) :=a"+1

is well-defined, and A/I is a C*-algebra with respect to this involution and the norm as
above.

Proof. By Remark 2.1.14, it suffices to check that
la+ 11 < lla*a + 1|
But by Corollary 4.1.4,
la+ I||* =inf{||a — az|*: z € [,x = 2%, 0(z) C [0,1]}
and for any x as above ||1 — z|| < 1, so
la — az[|* = ||(a — az)"(a — az)| = [|(1 — )a*a(l — 2)|| < [la*a(l —2)]|
Taking infimum, we get the required inequality. O]

Example 4.1.7. The Calkin algebra is defined as

O(H) := B(H) /K(H)
By Theorem 4.1.6, Q(H) is a C*-algebra.
Theorem 4.1.8. Let p: A — B be a x-homomorphism, then
1. ker(yp) < A is a closed ideal
2. Consider the quotient map m: A — A/ ker(p), then the induced map
@ : A/ ker(¢) — B
given by Theorem 1.1.9 is an isometric x-isomorphism from A/ ker(p) to ¢(A)

3. ©(A) is a C*-subalgebra of B
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Proof. 1. ker(yp) is clearly an ideal, and ker(y) = ¢~*({0}) is closed since ¢ continu-
ous.

2. Consider the map @ : A/ ker(¢) — B given by
a+1— ¢(a)

Then it clearly a *-homomorphism that must be injective by Theorem 1.1.9. By
Theorem 2.2.11, this implies that ¥ is isometric.

3. Hence, ¢(A) = p(A/I) must be a closed C*-subalgebra of B since it is the isometric
image of a C*-algebra [Check!]
[l

4.2 Positive Linear Functionals

Let A be a C*-algebra.
Remark 4.2.1. 1. Define

Ay ={a€A:a=a",0(a) C[0,00)}

Note that, by Theorem 2.3.11, A, C {b*b : b € A}. We will soon show that, in
fact, these two sets are equal. Elements of A, are called positive elements in A.

2. Write A,, for the set of all self-adjoint elements of A.
Lemma 4.2.2. Leta,be A, thena+be A,

Proof. Note that ¢ € A, iff A\c € A, for all A € [0,00). Therefore, we may assume
WLOG that [|a|| < 1 and [|b]| < LIf z := %f*, then WTS: z € A,. Note that z is
self-adjoint. Since a € A, and ||a|| < 1, it follows by functional calculus that

ocl—a)C[-L1]=|1-a||=r(1—-a)<1

Similarly, |1 —b| <1, so

=1

1= z] =

<1+1
—2 2

(1—a)+(1—0)
2

Hence, if t € 0(z), then |1 —¢| < 1. Since ¢ € R, this implies t > 0, so

o(z) C [0,00)

as required. N

Lemma 4.2.3. Let a € A, such that —a*a € Ay, then a =0
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Proof. 1. We first show that if a,b € A, then o(ab) U {0} = o(ba) U {0}: Suppose
A €¢ o(ab) U {0}, then by rescaling, we may assume that A = 1. Now, 1 — ab is
invertible, with inverse ¢, say. Then ¢ — 1 = cab. Define x := 1 + bca, then

z(ba — 1) = (14 bca)ba — x = ba + b(cab)a — x = ba + b(c — 1)a — x

=ba+bca —ba —x =bca —z =1

Similarly, (ba — 1)z = 1, and we are done.
2. Now suppose —a*a € A, then o(a*a) C (—00,0]. By part (i),
o(aa™) C (=00, 0]
Hence, —aa* € A;, so —(a*a + aa*) € A, whence
o(a*a+ aa*) C (—o0,0]
Write a = b + ic, where b,c € A,,, then
a*a+ aa* = (b—ic)(b+ic) + (b+ic)(b — ic) = 2b* + 2¢*
Hence, —(b? + ¢?) € A,. But ¢? € Ay, so by the previous lemma,
—b* € AL = o(b*) C (—o0,0]

But b is self-adjoint, so o(b?) C [0, 00), so this implies

o(b®) C {0}

But this implies ||b]| = r(b) = 0, so b = 0. Similarly, ¢ = 0, so a = 0 as required.
[

Theorem 4.2.4. Fora € A, TFAE:
1. a=a* and o(a) C [0,0)
2. db € A such that a = b*b
3. Jc € A,, such that a = ¢?

Proof. (i)= (ii) follows by Theorem 2.3.11, and (iii)=- (i) follows by the spectral mapping
theorem, so it suffices to prove (ii)= (iii): If @ = b*b, then a = a*, so o(a) C R. Define
f,g:0(a) = R by

o=y Zgman = {0 12

Let z := f(a),y := g(a), then x and y are self-adjoint. Furthermore, by the functional
calculus,
a= 2% — >
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Furthermore f(t)g(t) = 0, so zy = yz = 0, so that

(by)*(by) = yb*by = yay = yz*y — y* = —y*

By Lemma 4.2.3, it follows that y* = 0. By the continuous functional calculus, this
implies y = (y*)'/* = 0. Hence, a = 22 as required. O

Definition 4.2.5. A linear functional 7 : A — C is said to be positive if 7(a) > 0 for
all a € Ay.

Example 4.2.6. 1. Let X be a compact Hausdorff space and A = C(X). If pis a
positive Borel measure on X, then 7: A — C given by

fH/deu

is a positive linear functional. By the Riesz representation theorem, these are all
the positive linear functionals on C'(X).

2. For instance, if 2o € X, then f +— f(x() is a positive linear functional.
3. f A=B(H) and x € H, then 7 : A — C given by
7(T) := (Tx, )
is a positive linear functional.

4. If A= M,(C), then the trace is a positive linear functional on A because

n

Tr(T) =) (T(e:),e:)

i=1
(End of Day 33)

Definition 4.2.7. Let a € A,,, then o(a) C R, so define f : o(a) - R by

Then f € C(o(a)), so we define

a; = f(a)
Similarly, we define a_ := g(a), where
0 :t>0
t) = -
9(t) {—t <0
Note that a;,a_ € A, and
a=ay—a_
Furthermore, [lay]| = /(@) = |flle < llall, and similarly, fla_|| < Ja].
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Lemma 4.2.8. Let S := {a € A, : ||a|| < 1}. Suppose T is a linear functional such that
T s bounded on S, then T is bounded.

Proof. For any a € A with ||a|| < 1, consider

a-+a* a—a*

b:= and ¢ := -
27

Then b,c € Ag, and a = b+ ic. Furthermore, ||b]], ||c[| < 1. Then b ,b_,ci,c_ € S, so
if M > 0 such that
IT(x)] <M VxelS

we have

(@)l < [T(O)] + I7(c)| < |7 (o) + |7 (b-)| + [T(c)| + [7(c)| < 4M
Hence, 7 is bounded and ||| < 4M. O
Theorem 4.2.9. FEvery positive linear functional on A is bounded.

Proof. By the above lemma, it suffices to show that 7 is bounded on S := {a € A, :
la|| < 1}. Suppose not, then for each n € N, 3a,, € S such that

I7(an)| = 7(an) > 4"

Consider the series
oo

an
on

n=1

Then the series converges absolutely, so it converges to a point a. Now, note that

Each term of the limit is in A, by Lemma 4.2.2. Thus, a — a,, /2" € A4, so
a>a,/2" = 1(a) > 7(a,)/2" > 2"
This implies that 7(a) ¢ R, which is impossible. ]

Theorem 4.2.10. Let A be a unital C*-algebra and T a positive linear functional on A.
Then

1. For any a,b € A,
IT(b*a)| < 7(a*a)*7(b*b)1/?

2. 7(a*) = 7(a)

3. Ir(@)]* < |I7lim(a"a)
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4. The set
N, ={a€ A:7(a"a) =0}

s a closed left-ideal of A.
Proof. 1. The map u : A x A — C given by
(a,b) — 7(b*a)

is a bounded sesqui-linear form. So the result follows from the Cauchy-Schwartz
inequality.

2. Ifae Ay, then a = a4 —a_, so 7(a) = 7(as) — 7(a—) € R. Hence, if a € A, we
write a = b+ ic for b,c € Ay,. Then

at=b—ic

so 7(a*) = 7(b) —ir(c) = 7(b) + iT(c) = 7(a)

3. If a € A, then by part (i)
I7(a)]* = 7(1*a)? < 7(a*a)T(1%1)

But 7(1*1) = 7(1) < |7 since ||1]]| =1

4. If a € N,, then for any = € A,
I7(za)| < 7(za")?r(a*a) = 0
Hence, 7(za) = 0. Also, 7(a*z) = 7(z*a) = 0. Hence, if a,b € N,, then
T((a+b)"(a+b)) =71(a"a+a"b+b'a+b"b) =0

Hence, a+b € N,. Hence, N, is a vector subspace of A. Furthermore, if c € A, a €
N, then
7((ca)*(ca)) = 1(a*c*ca) =0

Finally, observe that if a,, = a, then a’a, — a*a. Since 7 is continuous, we can
conclude that N, is closed.
O

Example 4.2.11. 1. Let 7: B(H) — C be given by 7(T") := (T'ey,e1). Then
N, = {T € B(H) : Te, = 0}

This is a left-ideal, but not a right-ideal (Why?).
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2. Let p be a positive Borel measure on a compact Hausdorft space X and let 7 be
the positive linear functional
frs [ s
X

N, ={feC(X): f=0ae.|u]}

Then
Theorem 4.2.12. If 7 is a bounded linear functional on a unital C*-algebra A, then T
is positive iff ||| = 7(1)
Proof. 1. Suppose 7 is positive, then for any a € A, then for any a € A,

m(@)]* < 7(a"a)r(1)
If |a|| < 1, then ||a*al| = ||a]|* < 1. Hence,
o(a*a) C [0,1] = a*a <1
Thus, 7(a*a) < 7(1). Hence,
m(@)]* < 7(1)* = |r(a)] < 7(1)

This is true for all @ € A such that [ja]| <1, so

Il < 7(1)
But ||1|| = 1, so the reverse inequality holds as well.
(End of Day 34)
2. Conversely, suppose 7 is a bounded linear functional such that ||7|] = 7(1), then
WTS: 7 is positive. We prove this in two steps. By scaling, we may assume that
Il = (1) = 1.
a) For any a € Ay,, we show that 7(a) € R. We may assume that ||a|| < 1. First
write
T(a) = a+1if

WTS: g = 0. Suppose not, then replacing a by —a if necessary, we may
assume that g < 0. For n € N|

la —in|l* = [|(a — in)*(a — in)]
= l[(a +in)(a —in)[| = [|a® + n*|
< lla®|| +n®

Since ||a|| < 1, we have
la —in||* <14 n?

99



Since 7(1) =1,
la+if — 2'n|2 = |7(a — m)\2 < |I7|lIm((a — in)*(a — in))
<|I7lPlla —in|* < 14 n?

Hence,
A+ —mp+n<1+n*=>2mB+1>a+ 52

This cannot happen if 8 < 0. This contradicts our assumption. Hence, 5 =0
must hold, so 7(a) € Rif a € Ag,.

b) Now suppose a € Ay, WTS: 7(a) € R;. Assume WLOG that ||a|| < 1, then
by the previous lemma, 1 — a < 1, so since 7(a) € R,

lL—7(a) =7(1—a)=|r(1 —a)| <[]l —af <1

Hence, 7(a) > 0
O]

Definition 4.2.13. Let A be a C*-algebra. A state on A is a positive linear functional
of norm 1. We write S(A) for the set of all states on A.

Lemma 4.2.14. Let A be a unital C*-algebra and B C A be a sub-algebra such that
14 € B. If 7 : B — C a positive linear functional on A, then T extends to a positive
linear functional T : A — C such that ||T|| = |||

Proof. By Hahn-Banach, there is an extension 7 : A — C such that ||7|| = ||7||. However,
7(1a) = 7(1a) = lI7ll = lI7l
so T is positive by Theorem 4.2.12. ]

Theorem 4.2.15. Let A be a C*-algebra and a € A be a normal element. Then 37 €
S(A) such that |1(a)| = ||all

Proof. Consider the unitization A and think of A as an ideal of A. Then « is normal in
A and A is unital, so define
B:=C*(13,a)

Then B is a commutative C*-algebra, so if X := (2(B), there is an isometric *-isomorphism
T's:B— C(X) given by b b
In particular,

lall = [all« = sup [7(a)]
TEQ(B)

Since Q(B) is compact, 37, € (B) such that

I (a)] = [lal]
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By Lemma 1.4.2,
n(ly) =lnl =1

Therefore, 71 is positive. By Lemma 4.2.14, 7, extends to a state 75 on A. Clearly,
m2(a)| = |m2(a)| = [|af

Now we may restrict 7 to a linear functional 7 on A. Clearly, 7 is positive because
Ty is positive. Furthermore, ||7|| < ||| = 1. However, |7(a)| = ||al|, so ||7]| > 1, so
T € S(A). O

(End of Day 35)

4.3 The Gelfand-Naimark-Segal Construction

Remark 4.3.1. 1. Given a C*-algebra A and a representation ¢ : A — B(H), we may
use this to construct positive linear functionals on A: If { € H, define7: A — C
by

a— (p(a)g,¢) (1)

The Gelfand-Naimark-Segal (GNS) construction is a converse to this - given a
state 7 € S(A), we use it to construct a representation such that (1) holds for
some ¢ € H. Furthermore, the triple (H, ¢, () will be uniquely associated to 7 in
a certain sense.

2. The idea is similar to the following : Let X be a compact Hausdorff space and p a
positive Borel measure on X. Let 7: C(X) — C be the positive linear functional

fH/deu

We set H := L*(X, u), which is the completion of C'(X) in the norm induced by
the inner product

= gdy = q
()= [ fadu=(73)
For every f € C(X), we define My € B(H) by

My(g) := fg

Then the map ¢ : f — My defines a representation of C'(X). Furthermore, if
¢ :=1€ C(X), then for any f € C(X),

()0 = (f.0) = /X fdu=r(f)

Throughout this section, fix a unital C*-algebra A. What follows can be done in the
non-unital case, but needs a little more work.
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Lemma 4.3.2. If 7 € S(A), define N, :={a € A: 7(a*a) = 0}.
1. If a € N,, then for any b € A,
7(ba) =0 and 7(a*b) =0
2. For any a,b € A,
T(b*a*ab) < ||a*a||T(b*D)

Proof. 1. The first statement follows from Cauchy-Schwartz. The second follows from
the fact that

7(a*b) = 7((b*a)*) = 7(b*a)

2. Fix b € A. If 7(b*b) = 0, then the inequality is true by Cauchy-Schwartz. So
suppose 7(b*b) > 0. Define p : A — C by

Note that if ¢ € A, then dd € A such that ¢ = d*d, so
b*chb = b*d*db = (db)*db € A,
Hence, p is a positive linear functional. Furthermore,

p(1) =1 = lpll

Hence, p € S(A), and
pla*a) < [la*af

which gives the required result.

Lemma 4.3.3. If 7 € S(A), define
K = A/N,
Then K is a vector space. Define u : K x K — C by
u(a + N-,b+ N;) — 7(b*a)

Then u is a well-defined inner product on K.

Proof. 1. Well-defined: If a + N, = ¢+ N,, then
7(b*a) — 7(b*c) = 7(b*(a —¢)) =0

Similarly, if b+ N, = d + N, as well.
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2. Bounded sesqui-linear form on K: because for any =,y € N,
T(b+y)(a+z) =7ba+bz+y a+y'z) =71(b"a)
Hence by Cauchy-Schwartz,
[r(v*a)| < ll(a+ ) (a+2)[I"210+9) G+ )1 = o+ z][|b+yll
Taking infimum, we see that

[r(0%a)| <lla+ N[[[[b+ N-|]

3. Positive definite: If a + N, € K is such that

7(a*a) =0=a+ N, =0

We define H, to be the Hilbert space completion of K.

Theorem 4.3.4 (Gelfand-Naimark-Segal). Let K as above, and a € A. Define M, :
K — K by
M,(b+ N,) :=ab+ N,

Then
1. M, uniquely defines a bounded linear operator on H.,.
2. The map ¢, : A — B(H,) given by
a— M,

15 a unital representation of A.
3. If (:==14+ N, € H., then C is a cyclic vector for the representation.

4. For each a € A, we have
7(a) = (¢-(a)¢, ¢)
5. (Uniqueness) Suppose (L,1,n) is a triple such that
a) ¥ : A— B(L) is a representation
b) n is a cyclic vector for the representation

c) For alla € A,
7(a) = (¥(a)n, )
Then there is a unitary U : H. — L such that

U '(a)U = p,(a) Vac A
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The triple (H,, p;,() is called the GNS-representation associated to .

(End of Day 36)

Proof. 1. If a € A, then by Lemma 4.3.2,

IMa(b+ Np)|I* = [lab + N-||* = 7((ab)"ab)
= 7(b*a*ab) < ||la*al|T(b*D)
= [lal*lb + N-|1*

Hence, M, defines a bounded operator on K with ||M,|| < ||a||. Thus, M, extends
uniquely to a bounded operator M, on H..

2. If a,b € A, then
M My(x + N,) = M,(bx + N;) = abx + N, = My (xz + N;)
Furthermore, if a € A, then

(My(b+ N;),c+ N;) = (ab+ N,,c+ N,)
= 7(c*ab) = 7((a*c)*d)
=(b+ N,,a"c+ N, = (b+ N,, M,-(c+ N;))

Hence,
(Ma)* = My

S0 @, is a x-homomorphism. Note that M; = idg, so ¢, is unital as well.
3. f ( =14+ N,, then
er(A)(C) ={a+ N;:a € A} = K = ¢, (4)(C) = H;
as required.

4. Finally, if a € A,

(or(a)C,C) = {a+ Np,1a+ Ny = 7(1a) = 7(a)

5. For uniqueness, suppose (K,1,n) is a triple as above, note that K = A/N, is a
dense subspace of H,., so define U : K — L by

Ula+ N;):=1(a)n

Then
a) U is well-defined: If a,b € A are such that ¢ :=b — a € N;, then

[o(enl* = (W(e)n, b(c)n) = (W(cen,n) = 7(c'e) = 0
Hence ¥(c)n = 0 whence ¥ (a)n = ¥ (b)n as required.
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b) U preserves the inner product: If a,b € A, then
{a+ N b+ Np) = 7(b%a) = (p(b%a)n,n) = (¢(a)n, Y(b)n)

c) Hence U extends to an isometry U : H, — L. Note that U is surjective
because the range contains {¢)(a)n : a« € A} which is dense in L. Hence, U is
a unitary.

d) Finally, note that for all a,b € A
U p(a)U(b+N;) = U~'(a) (@ (b)n) = U™ "d(ab)(n) = ab+N; = o, (a)(b+N;)

Hence, U~ '(a)U = ¢, (a)
[

Example 4.3.5. Let u be a positive Borel measure on a compact Hausdorff space X
and let 7 : C(X) — C be the positive linear functional

fH/deu

N, ={feC(X): f=0ae.[u]}

Now H. is the completion of

Then

K = C(X)/N,

Hence, H, = L*(X, ). Furthermore, the GNS representation associated to 7 is precisely

the map
¢ : C(X) — B(L*(X,p)) given by f s M;

Definition 4.3.6. 1. We say that ¢ is faithful if it is injective.
2. Let {H) : A € I} be a possibly uncountable family of Hilbert spaces. Define
K :={(z)) : )\ # 0 for only finitely many A € I}

Then K is an inner product space with the usual inner product. The completion
of K w.r.t this inner product is a Hilbert space, denoted by

H::QBHA

Ael
3. For each \ € I, if Ay € B(H,), then as in Remark 3.3.7, we may define

A:=ED A\ €B(H)

el

provided sup, ||Ax]| < oo.
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4. For each A € I, if (H), ) is a representation of A, then for each a € A, by
Theorem 2.2.11, |[¢x(a)|| < ||la||. Hence, we may define ¢ : A — B(H) by

p(a) == P eala)

This is a representation of A, and is denoted by

SOZ@SDA

el

Definition 4.3.7. Consider all GNS-representations {(H,, p,) : 7 € S(A)}. Define

H::@HT andgp::@%

The pair (H, @) is called the universal representation of A.

Theorem 4.3.8. The universal representation is injective (faithful).

Proof. Suppose a € A such that ¢(a) = 0, then for any 7 € S(A), p,(a) = 0. Hence,

o;(a)la+N,)=a+ N, =0+ N,
=a € N,
= 7(a*a) =0 V7 e S(A)
= ||a*al| =0 (by Theorem 4.2.15)
=a=0

]

Corollary 4.3.9. Every C*-algebra is isometrically isomorphic to a subalgebra of B(H)
for some Hilbert space H.

Proof. Every injective x-homomorphism is isometric by Theorem 2.2.11, so the universal
representation sets up the required isomorphism. O

(End of Day 37)

Review for the Final Exam

(End of Day 38)
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5 Instructor Notes

1. The course went well, and the students seem interested and responsive, which was
good.

2. The goal of the course was as before, to do the spectral theorem in the spirit of
[Arveson]. On advice from other faculty, I decided to add the GNS construction
at the end, which was nice.

3. The only thing that I left out that would be nice to include is many theorems in
the context of non-unital C*-algebras, starting from Gelfand-Naimark, all the way
to the GNS construction. One needs to include approximate units, but other than
that, it should be an easy change for the next time.

107



Bibliography

[Conway| J.B. Conway, A Course in Functional Analysis (2nd Ed.)
[Murphy] G.J. Murphy, C* Algebras and Operator Theory (Academic Press Inc., 1990)
[Arveson] W.A. Arveson, A Short Course in Spectral Theory (Springer 2002)

[Douglas] R.G. Douglas, Banach Algebra Techniques in Operator Theory (2nd FEd.)
(Springer 1998)

[Davidson] K.R. Davidson, C* Algebras by Example (Fields Institute Monograph, AMS
1996)

[Rudin] W. Rudin, Real and Complex Analysis

108



	Banach Algebras
	Definition and Examples
	Invertible Elements
	Spectrum of an Element
	Unital Commutative Banach Algebras
	Examples of the Gelfand Spectrum
	Spectral Permanence Theorem
	Exercises

	C*-Algebras
	Operators on Hilbert Spaces
	Spectrum of an Element
	Unital Commutative C algebras
	Spectrum of a Normal Operator
	Positive Operators and Polar Decomposition
	Exercises

	The Spectral Theorem
	The Finite Dimensional Case
	Multiplication Operators
	The Spectral Theorem
	Exercises
	Complex Measures
	Borel Functional Calculus
	Spectral Measures
	Compact Normal Operators
	Exercises

	Additional Topics
	Quotients of C algebras
	Positive Linear Functionals
	The Gelfand-Naimark-Segal Construction

	Instructor Notes

