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Symmetries of a Square

[Gallian, §2.1]

0.1.

0.2.

0.3.

0.4.

Definition of a symmetry of a square with vertices labelled {1,2,3,4}: A transfor-
mation that maps the object to itself.

List of all such symmetries. Proof that there are exactly 8 such symmetries.

Proof. We list them down as
{Ry, Roo, Ris0, Ro70, H,V, D, D'}

where
e Ry is a rotation by 6 degrees.
e [ is the flip about the horizontal axis.

e V.D, D are flips about the vertical axis, the leading diagonal, and the off
diagonal axes respectively.

1 4

Each of these are distinct symmetries. There are 8 total because there are 4 pos-
sible spots for 1, and two possible spots for 2. Once those are fixed, 3 and 4 are
automatically fixed as as well. O

Definition: Dy is the set of all symmetries of a square. We can compose two elements
of D, to obtain a third. We denote this by

ooT

Properties of Dy, :
(i) Closure: Given 0,7 € Dy,c07T € Dy

(ii) Existence of Identity: § = Ry has the property that 0 0§ = § o 0 = ¢ for all
o€ D4.

(iii) Existence of Inverses: Given o € Dy, there is a ¢’ € Dy such that coo’ =6 =
o' oo.



. Groups

1. Definition and Basic Properties

Definition 1.1. Let G be a set.

1.1. A binary operation on G is a function

f:GxG—G

1.2. A group is a set GG, together with a binary operation f : G x G — G such that the
following axioms hold:

(i) Associativity: For any a,b,c € G,
f(f(a,b),c) = f(a, f(b,c))
(ii) Identity: Je € G such that

fla,e) = f(e;a) =a Va€ed
(iii) Inverse: For any a € G,3a’ € G such that
fla,d') = f(a'a) =e
Notation: Given a group (G, f) as above, we write
ab:= f(a,b)

Hence the first axiom reads: (ab)c = a(bc) for all a,b,c € G. Note that the operation
may not be multiplication in the usual sense.

Example 1.2. 1.1. (Z,+) is a group. (Z,—) is not a group. (N, +) is not a group.
1.2. (Q,-) is not a group, but Q* = (Q \ {0}, -) is. Similarly, R* and C* are groups.

1.3. (R™,+),(C", +) are groups. More generally, any vector space is a group under
addition.

1.4. The Dihedral groups D,, = the group of symmetries of a regular n-gon
Proposition 1.3. Let (G, *) be a group

1.1. Uniqueness of Identity: Suppose ey, es € G are such that ae; = aes = a = eja = esa,
then e; = eq



1.2. Cancellation laws: Suppose a,b,c € G such that ab = ac, then b = c. Similarly, if
ba = ca, then b= c

1.3. Uniqueness of inverses: Given a € G, suppose by, by € G such that ab; = aby = e =
bia = bya, then by = by
Proof. 1.1. By hypothesis, e; = e1e5 = e5.
1.2. If ab = ac, then choose a' € G such that aa’ = a’'a = e, so
a'(ab) = d'(ac)
By associativity,
(d'a)b = (d'a)c
But a’a = e and eb = b. Similarly on the RHS, so b = ¢. The right cancellation law
is similar.

1.3. Suppose ab; = abs, then by left cancellation, by = bs.

Definition 1.4. Let G be a group, a € G

1.1. For n € Z, define

at:=a-a-a...q
N————

n times

Note that by associativity, we may write this expression without any parentheses.

Furthermore,
ata™ = an+m7 and (an)m = "™

1.2. A group G is said to be cyclic if da € G such that, for any b € G,3In € Z with
b = a™. Such an element a is called a generator of G (note that it may not be

unique).
(End of Day 1)

Example 1.5. 1.1. (Z,+) is cyclic with generators 1 or —1
1.2. (Z x Z,+) is not cyclic
Proof. Suppose a = (a1, az) generated Z x Z. Then In, m € Z such that

(1,0) = n(ay,az) and (0,1) = m(ay, as)

But n(ai,az) = (nai, nas), so this would imply that nas = 0, whence n = 0 or
as = 0. But if n = 0 this equation cannot hold, so a; = 0. Similarly, from the other
equation a; = 0, so (a,az) = (0,0). But this contradicts the first equation. O

1.3. For k € N, define Gj, = {¢ € C: ¢ = 1}. G} is cyclic with generator & = ¢>™/*



Note: Every cyclic group is either the same as Z or the same as Gy, for some k (Proof
later). Can represent Gy as a cycle in C. Hence the term cyclic.

Definition 1.6. A group G is said to be abelian if
axb=bxa

for all a,b € G

Example 1.7. 1.1. (Z,+) is abelian. In general, any cyclic group is abelian.
1.2. (Z x Z,+) is abelian, but not cyclic.

1.3. Consider the water molecule: It has one rotational symmetry R;gg, and two reflec-
tion symmetries V' about the X Z-plane and H about the XY-plane. We write

Vi = {e, Riso, V, H}
for the symmetries of this molecule. Note that

Thus, this group is not cyclic. It is abelian, however (Check!).

1.4. D, is non-abelian (and hence not cyclic)

Proof. Check that
HRQ[) = D but RgoH = D/

so it is non-abelian. O

1.5. For n € N, the general linear group is defined as
GL,(R) := {A = (aij)nxn : det(A) # 0}

This is the collection of all invertible matrices, which is a group under multiplication.
It is non-abelian and infinite.

Definition 1.8. The order of a group G is |G|, the cardinality of the underlying set.

Table of groups discussed thus far (Note that Cyclic = Abelian)



Group | Finite Cyclic Abelian
Gk Y Y Y
Vi Y N Y
D, Y N N
Z N Y Y

R/ N N Y

GL,(R) N N N

2. The Integers

(See [Gallian, §0.1], and [Herstein, §1.3])

Aziom 2.1 (Well-Ordering Principle): Every non-empty subset of positive integers con-
tains a smallest member.

Definition 2.2. 2.1. For a,b € Z,b # 0, we say that b divides a (In symbols b | a) if
dq € Z such that a = bq.

Note: If a | b and b | a, then a = +b.

2.2. A number p € Z is said to be prime if, whenever a | p, then either « = +1 or
a = *p.

Theorem 2.3 (Euclidean Algorithm). Let a,b € Z with b > 0. Then 3 unique q,r € Z
with the property that
a=bg+r and0<r<b

Proof. We prove existence and uniqueness separately.

e Existence: Define
S:={a—bk:ke€Z, and a — bk > 0}

Note that S is non-empty because:

— Ifa>0,thena—b-0€ S

— If a < 0, then a — b(2a) = a(1 — 2b) € S because b > 0
If 0 € S, then b | a, so we may take ¢ = a/b and r = 0.

Suppose 0 ¢ S, then S has a smallest member, say

r=a—bq

Then a = bq + r, so it remains to show that 0 < r < b. We know that » > 0 by
construction, so suppose r > b, then

r—b=a—-0b¢g+1)eS

Since b > 0, this contradicts the fact that r is the smallest member in S.



e Uniqueness: Suppose 1/, ¢" are such that
a=">b¢ +r" and 0 <1 <b
Then suppose ’ > r without loss of generality, so
r—r+0b(¢d —q)=0

Hence, b | (' —7), but v’ —r <1’ < b, so this is impossible unless " —r = 0. Hence,
¢ — q = 0 because b # 0.

]

Theorem 2.4. Given two non-zero integers a,b € Z, there exists d € Z, such that

2.1. d|aandd|b
2.2. If c|a and c | b, then c | d

Furthermore, ds,t € Z such that
d = sa+th

Note that this number if unique and is called the greatest common divisor (GCD) of a
and b, denoted by
ged(a, b) = (a,b)

(proof later)
Definition 2.5. Given a,b € Z, we say that they are relatively prime if ged(a,b) = 1

Lemma 2.6 (Euclid’s Lemma). If a | bc and (a,b) = 1, then a | c. In particular, if p
prime and p | be, then either p | b orp | c

Proof. By the previous theorem, ds,t € Z such that

sa+th=1
Hence,
sac+ thc = ¢
Since a | sac and a | the, it follows that a | c. O

(End of Day 2)

Theorem 2.7 (Unique Factorization theorem). Given a € Z with a > 1, then 3 prime
numbers pi,pa,...,pr € Z such that

a=pip2... Pk
Furthermore, these primes are unique upto re-arrangement. ie. If q1,q2,...,qm € Z are
primes such that

a=4qiqz...4qm

Then m = k and, after rearrangement, q; = p; for all 1 <i < m.



Proof. e Existence: Let a € Z, witha > 1. If a = 2, then there is nothing to prove, so

suppose a > 2. By induction, assume that the theorem is true for all numbers d < a.

Now fix a and note that if a is prime, there is nothing to prove. Suppose a is not
prime, then 3b € Z, such that b | a, but b # +a and b # £1. Hence, a = bc where
we may assume that 1 < b, ¢ < a. So by induction hypothesis, both b and ¢ can be
expressed as products of primes. Hence, a can be too.

Uniqueness: Suppose a can be expressed in two ways as above. Then

p1|a:(I1Q2~~-qm

By Euclid’s lemma, 31 < j < m such that p | ¢;. Assume without loss of generality
that p | ¢;. Since p is prime, p # £1. Since ¢ is prime, it follows that p = +q¢;.
Hence,

Q1p2p3 - - - Pk = G192 - - - Gm

Cancellation implies that
P2Ps - -Pr = 4293 - - - dm

Now induction completes the proof (How?)

3. Subgroups and Cyclic Groups

3.1.

3.2.

3.3.

Definition: Let (G,*) be a group and H C G. H is called a subgroup of G if, (H, *)
is itself a group. If this happens, we write H < G.

Lemma: let G be a group and H C GG. Then H < G if and only if, for each a,b € H,
ab~! € H.

Proof. Suppose H is a subgroup, then for any a,b € H, b= € H, so ab™* € H.

Conversely, suppose this condition holds, then we wish to show that H is a subgroup.
o Identity: If a € H, then aa ' =e € H
o Inverse: If a € H,thenea ' =a"' € H

e Closure: If a,b € H, then b™! € H, so b = (b~")"! € H. Hence, ab =
a™)'e H.

e Associativity: holds trivially because it holds in G.

Examples :

(i) For fixed n € N, consider

nZ = {0,+n,+2n,...}



3.4.

(ii) {Ro, Roo, Rigo, Raro} < Dy

(iii) (See Example 1.5(iii)) Gy < S* where S* :={z € C: |z| = 1}.
(iv) (Q+) <R, +)

(v) SL,(R) < GL,(R) where SL,(R) :={A € GL,(R) : det(A) =1}
Theorem: Every subgroup H < Z is of the form nZ for some n € Z

Proof. If H < Z, then consider S := {h € H : h > 0}, then S has a smallest
member n by the well-ordering principle. We claim

H =nZ

Since n € H, so nZ C H. So suppose h € H, we WTS: h € nZ. Assume WLOG
that h > 0, and use Division Algorithm to write

h=mnq+r, where 0 <r <n

Now,nqg e Hand he H,sor € H. But thenr € S, and 0 <r <n. If » > 0, then
this would contradict the minimality of n, so » = 0. Hence,

h =nq € nZ
[
Proof of Theorem 2.4
Proof. Let a,b € Z. WTS: 3d € Z with the required properties. Consider
H:={sa+tb:s,teZ}

Then (Check!) that H < Z. Hence, 3d € Z, such that H = dZ. Now observe:

ea=1-a+0-be€ H,sod|a. Similarly, d | b

e ds,t € Z such that d = sa + tb.

e If ¢c|aand c|b, then ¢| sa+tb=d.
Hence, d = gcd(a, b). O

3.5. Remark : G a group, a € G fixed.

(i) Cyclic subgroup generated by a is the set
{a" :n € Z}
and is denoted by (a)
(ii) Order of a, denoted by O(a), is |(a)|. If n = O(a) < oo, then

(a) a"=e<n|m
(b) (a) = {e,a,a?, ...,a" 1}

3.6. Example :

10



(i) G =Z, a = n, then a has infinite order
(ii) G = Dy, a = Ry, then O(a) =4
(iii) G = S*,a = €*™/* then O(a) = k
3.7. Theorem: Every subgroup of a cyclic group is cyclic.
Proof. Suppose G = (a) is cyclic, and H < G, then consider
S:={neZ:a"€eH} CZ
Sincee € H,0€ S. If n,m € S, then a",a™ € H, so
a"m=a"(a")'eH=n-meS
Hence, S < Z by Lemma 3.2. By Theorem 3.4, 3k € Z such that S = kZ. Hence,
e He kn
In other words, H = (a*). O
(End of Day 3)

4. Orthogonal Matrices and Rotations

(See [Artin, §5.1] (mostly taken from the 1st edition))
4.1. Definition :
(i) Real Orthogonal matrix is a matrix A such that A'A = AA" =1
(ii) On(R) is the set of all orthogonal matrices.
SO, (R) :={A € O,(R) : det(A) =1}
Note that O, (R) and SO,(R) are subgroups of GL,(R) [Check!]
4.2. Theorem : Let A be an n x n real matrix. Then TFAE :

(i) A is an orthogonal matrix
(i) (Az, Ay) = (x,y) for all z,y € R"
(iii) The columns of A form an orthonormal basis of R”
Proof. We prove each implication (i) = (ii) = (iii) = (i).
()= (ii): If AA" = A*A = [, then fix z,y € R™, then
(Az, Ay) = (Ay)'(Az) = (y*A")(Az) = ' (A'A)z = y'o = (2,9)
(il)= (iii): If (Az, Ay) = (z,y), then consider the standard basis {ey, ez, ...,e,} of R™.

Then
<A€i, A€j> = <67;, €j> = (SZ’J‘

But the columns of A are precisely the vectors {Ae; : 1 <i < n}

11



(iii)= (i): Suppose the columns of A form an orthonormal basis of R”. Then, for any

4.3.

4.4.

4.5.

4.6.

1<i<n,
<€i7€j> = 6i,j = <A€i,A€j> = <AtA6i, €j>

This is true for all 1 < j <n, so (Why?)
AtAeZ» = €;

Hence, A*A = I because the {e;} form a basis. Similarly, AA" = I as well.

[l
Example :
. _ [cos(f) —sin(0)
(i) For 0 € R, py = <sin(0) cos(6) € SOy (R)
. 1 0
(ii) r = (0 _1> € 03(R) \ SO1(R)
Lemma: SOy(R) = {pp : 0 € R}. Hence, SO5(R) is called the 2 x 2 rotation group.

Proof. 1f

1= (03)

is an orthogonal matrix, then (c, s) € R? is a unit vector. Hence, 3¢ € R such that
¢ = cos(f) and s = sin(f). Now let

c —S8
R.—(S C)—pg

Then R € SO3(R) and hence

P:=R'A= (1 *) € SOy (R)
0 =*
By the previous lemma, the second column of P is a unit vector perpendicular to
(0,1). Hence,
1 0
P= (O il)
Since det(P) =1, P=1,s0 A = R = py. O

Definition: A rotation of R? about the origin is a linear operator p with the following
properties:

(i) p fixes a unit vector u € R?
(ii) p rotates the two dimensional subspace W orthogonal to w.

The matrix associated to a rotation is called a rotation matrix, and the axis of
rotation is the line spanned by wu.

Example/Remark:

12



4.7.

4.8.

(i) The identity matrix is a rotation, although its axis is indeterminate.
(ii) The matrix

1 0 0

0 cos(f) —sin(0)

0 sin(f) cos(0)

is a rotation matrix with axis span(ey).

(iii) If p is a rotation that is not the identity, then let u be a unit vector in its
axis of rotation. Let W := {u}* denote the subspace orthogonal to u. Then
W =~ R?, and

is a rotation. Hence, we may think of p|yy€ SO2(R). The angle of rotation
(computed by the Right Hand Rule) is denoted by 6, and we write p = p(,g).
The pair (u, #) is called the spin of the rotation p.

Lemma: If A € SO3(R),Jv € R3 such that Av = v.

Proof. We show that 1 is an eigen-value of A. To see this, note that
det(A —1I) = (—1)det(l — A) and det(A —I) = det((A — 1))
by the properties of the determinant. Since det(A) = 1, we have
det(A —I) = det((A —1)") = det(A)det(A" — I) = det(AA" — A) = det(I — A)
Hence, det(A — I) = 0 as required. O

(End of Day 4)

Euler’s Theorem: The elements of SO3(R) are precisely all the rotation matrices.
ie.

SO3(R) = {pup:ue R? unit vector, § € R}

Proof. (i) Let p = pyp. Since w is a unit vector, there is an orthonormal basis
B of R? containing u. Let P denote the change of basis matrix associated to
B. Then P € SO3(R) because its columns are orthogonal (by Lemma 4.2).
Furthermore,
1 0 0
B:=PAP ' = [0 cos(f) —sin(f)
0 sin(f) cos(f)

Hence, B € SO3(R). Since P € SO3(R), it follows that p € SO3(R).

(i) Conversely, suppose A € SO3(R), then choose a unit vector v € R? such that
Av = v. Consider an orthonormal basis B of R? containing v, then with P as
above,

B := PAP™! € SO3(R)

13



Let W := {e;}*, then B(e;) = e; and B(W) C W
1 00
B=1{0 a b
0 c d
a b

Let C := (c b)’ then det(C) = det(B) = 1, and the columns of C are

orthogonal vectors. Hence by Lemma 4.2, C' € SO5(R). Hence, 30 € R such

that R
C=(smie) o))

. Hence, B has the form

Hence, B = pe, 9, 50 A = pyg.
O

4.9. Corollary: Composition of rotations about any two axes is a rotation about some
other axis.

5. Homomorphisms

5.1. Definition: Let (G, *) and (G’,-) be two groups. A function ¢ : G — G’ is called a
group homomorphism if

(g1 % 92) = ¢(91) - #(92)
for all g1, 92 € G.
5.2. Examples :
(i) n+— 2n from Z to Z
(ii)) x + €® from (R, +) to (R*, x)
(iii) det: GL,(R) — R*
(iv) 0 — pp from (R, +) to SO2(R)
5.3. Lemma : Let ¢ : G — G’ be a group homomorphism, then
(i) p(e) = € where e, ¢ are the identity elements of G and G’ respectively
(ii) p(g7") =p(g) ' forallge G
Proof. (i) Note that

By cancellation, ¢(e) = ¢’
(ii) For g € G,

14



0.4.

5.5.

.6.

5.7.

0.8.

Definition : ¢ : G — G’ a homomorphism
(i) ker(p) :={g € G : p(g) = €'}. Note that ker(p) < G
(i) Image(p) := {p(g) : g € G}. Note that Image(y) < G.
Examples :
(i) ¢:Z — Z is ¢(n) = 2n, then ker(yp) = {0}, Image(p) = 2Z
(i) ¢ : GL,(R) — R* is p(A) = det(A), then ker(yp) = SL,(R), Image(p) = R*

(iii) ¢ : R — SOy(R) is ¢(0) = py, then ker(yp) = 27Z, Image(p) = SO2(R) by
Lemma 4.4

(iv) ¢ : C* = R* is ¢(2) = |2, then ker(¢) = S?, Image(p) = R*
Definition : Let ¢ : G — G’ be a group homomorphism

(i) ¢ is said to be injective (or one-to-one) if, for any g1, g2 € G,
plg1) = ¢(g2) = g1 = g2

(i) ¢ is said to be surjective (or onto) if, for any ¢ € G’,dg € G such that
wlg) =4
(iii) ¢ is said to be bijective if it is both injective and surjective. Note, if ¢ is
bijective, then
oG -G

is also a group homomorphism. If such a homomorphism exists, then we say
that ¢ is an isomorphism, and we write

GG

Theorem : ¢ : G — G’ is injective iff ker(y) = {e}. In that case, p : G = Image(G).
Proof. (i) If ¢ is injective, and g € ker(p), then ¢(g) = ¢ = ¢(e). Hence, g = e,
whence ker(y) = {e}.

(ii) Conversely, if ker(p) = {e}, and suppose g1, g2 € G such that p(g1) = ¢(g2),
then

/

p(9192") = (g1)p(g2) ' =e
Hence, g1g;* € ker(p), so g1g5 ' = e, whence g; = go. Thus, ¢ is injective.

The second half of the argument follows from the fact that ¢ : G — Image(yp) is
surjective. O

(End of Day 5)
Examples :
(i) ¢:Z — Z is p(n) = 2n, then ¢ is injective, but not surjective

(ii)) ¢ : (R,4+) — SO2(R) is ¢(0) = py, then f is surjective, but not injective,
because py = por.

15



(iii) If G is a finite cyclic group with |G| = k, then G = Gy,
Proof. Let G = (a) with |a| = k. Define a map ¢ : G — G* by
a" — ¢"
where ¢ = e2™/%. Then (Check!) that ¢ is an isomorphism. O]
(iv) G4 2 V4

Proof. Suppose there were an isomorphism ¢ : G4 — Vj, then consider b :=
©(C), where ¢ = e?™/4. Since |¢| = 4, it follows that |b| = 4 (Why?). But V,
has no elements of order 4, so this is impossible. O

6. The Symmetric Group

6.1. Definition : Let X be a set
(i) A permutation of X is a bijective function o : X — X

(ii) Let Sy denote the set of all permutations of X. Given two elements o, 7 € Sk,
the product coT € Sy is given by composition. Since composition of functions
is associative, this operation makes Sy a group, called the symmetric group
on X.

6.2. Lemma : If | X| = |Y], then Sx = Sy

Proof. 1f | X| = |Y|, there is a bijective function f : X — Y. Define © : Sx — Sy
by
O(c):=foogo f!

Then

(i) © is a group homomorphism:
O(cor)=foooTof '=foocofloforof =0(s)o0O(r)
(ii) © is injective: If o € ker(©), then fooo f~! =idy. For each y € Y,
flo(f W) =y=0(f"W)=f"y) WeY
Since f~1! is surjective, this implies

olz) =z VeeX

So o = ldX
(iii) © is surjective: Given 7 € Sy, define ¢ := f~' o7 o f, then 0 € Sx and
O(c) =T.

]

16



6.3. Definition : If X = {1,2,...,n}, then Sy is denoted by S,, and is called the
symmetric group on n letters. By the previous lemma, if Y is any set such that
Y| = n, then Sy = 5,

6.4. Remark :
(i) O(S,) =n!

Proof. Let o € S, then o(1) € {1,2,...,n} has n choices. Now ¢(2) has
(n — 1) choices, and so on. The total number of possible such ¢’s is n x (n —
I)x...x1=nl O

(ii) If o € S, we represent o by

(iii) For o € S, define P, € GL,(R) by P,(e;) = es(;). Since the columns of P,
are orthogonal, P, € O,(R)

6.5. Theorem : The function ¢ : S,, = O,(R) by ¢ — P, is a homomorphism.

Proof. Given o, € S,,, consider

PUOT(ei) = €oor(i) = €o(r(@)) = Pa(er(i)) = PO'PT(ei)
This is true for each i, so P,., = P, P-. O

6.6. Definition :

(i) Note that det : O,(R) — {£1} is a group homomorphism. Define the sign
function
sgn : S, — {£1}

as the composition o — P, — det(P,)

(ii) The alternating group on n letters is

A, ={c €S, :sgn(c) =1}

6.7. Remark/Example :

(i) In S3, consider

1 9 3 010

213r—>100r—>—1
0 0 1

1 2 3 0 0 1

231r—>100r—>1
010

Hence,
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(i) S, = A, U B, where B,, = {0 € S,, : sgn(c) = —1} [Not a subgroup of S,,]
(iii) Let o € S,, denote the permutation

(1 2 3 ... n)
213 ... n
For any o € A,,,000 € B,, and conversely. Hence the map
f: A, — B, given by o +— ogo
is a bijection (not a group homomorphism though). Hence,
S,=A, UB,

and |
n!
|An| - |Bn| - ?

(End of Day 6)
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Quotient Groups

1. Modular Arithmetic
1.1. Definition : Let X be a set. An equivalence relation on a set X is a subset R C
X x X such that
(i) (z,z) € R for all z € X [Reflexivity]
(i) If (x,y) € R, then (y,z) € R [Symmetry]
(iii) If (z,v), (y, 2) € R, then (z,2) € R [Transitivity]
We write x ~ y if (z,y) € R.
1.2. Examples :
(i) Xanyset,xwy@x:y
(i) X ($1,y1) ~ (T2,y2) © Y1 — Y2 = X1 — X2
(iii) X =C, z ~w & |z] = |v|
(iv) X=2Z,a~b< n|(b—a). Denote this by a =b (mod n)
Proof. (a) Reflexivity: Obvious

(b) Symmetry: If a ~ b, then b — a = nk for some k € Z, so a — b = n(—k),
whence n | (a —b), so b ~ a.

(¢) Transitivity: If a ~ b and b ~ ¢, then 3k, ¢ € Z such that
b—a=nkandc—b=nl
Hence

c—a=c—b+b—a=n(l+k)=n|(c—a)=a~c

]

1.3. Definition: Let X be a set, and ~ an equivalence relation on X. For x € X, the
equivalence class of x is the set

2] = {y e X 1y~ )

Note that x € [z], so it is a non-empty set.

1.4. Theorem : Equivalence classes partition the set
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Proof. Since z € [z] for all x € X, we have that
X =Jl
zeX

WTS: Any two equivalence classes are either disjoint or equal. So fix two classes
[z], [y] and suppose
z €zl Nyl

WTS: [z] = [y] So choose w € [z], then
w~T~z~Yy=wE [y
Hence, [z] C [y]. Similarly, [y] C [z] O
1.5. Examples : (See Example 1.2)
(i) [2] = {z}
(ii) [(w1,y1)] = the line parallel to the line y = x passing through (x1,y1)
(iii) [z] = the circle of radius ||
(iv) [a] ={b € Z :3q € Z such that b = a + nq}
1.6. Lemma : Consider Z with = (mod n)
(i) There are exactly n equivalence classes {[0], [1],...,[n — 1]}
(ii)) If a =d’ (mod n) and b = (mod n), then a + b= (a’ + V') (mod n)

Proof. (i) Firstly note that if 0 < i,7 < n — 1, then i »= j. Hence, there are at
least n — 1 equivalence classes as listed above. To see that there are exactly
n equivalence classes, note that if a € Z, then by the Division Algorithm,
dq,r € Z such that
a=nqg+r,and 0 <r<n

Hence, [a] = [r] as required.
(ii) If a =d' (mod n) and b=V (mod n), then Ik, ¢ € Z such that

a=d +knand b="0b+/In

Hence,
atb=ad +V +nk+?)

so (a+b) = (/' + ') (mod n) as required.

1.7. Definition: Consider the set of all equivalence classes
We define the sum of two classes as
[a] 4[] := [a + 0]

This is well-defined by the previous lemma.
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1.8. Theorem: Z, = {[0],...,[n — 1]} is a cyclic group of order n with generator [1]

Proof. (i) Associativity: Because + on Z is associative.

(i) Identity: [0] is the identity element.
(iii) Inverse: Given [a] € Z,, assume without loss of generality that 0 < a < n,
then b :=n — a has the property that

[a] + [b] = [a + ] = [n] = [0]

(iv) Cyclic: For any a € Z

so Z, is cyclic with generator [1].

2. Lagrange’s Theorem

2.1.

Recall: In constructing Z,,, we had 4 steps :
(i) Define an equivalence relation = (mod n) on Z
(ii) Collecting the equivalence classes together : Z,
(iii) Counting that there are n of them
)

(iv) Defining a group structure on the equivalence classes, and showing that it is
well-defined.

We now do the same thing for a general group.

Definition/Lemma : G a group, H < G. We say that two elements a,b € G are

equivalent iff
albe H

This is an equivalence relation, and we write a = b (mod H) if this happens.
Proof. (i) Reflexivity: If a € G, then

ala=ec H

Hence, a = a (mod H).
(i) Symmetry: If a,b € G and @ = b (mod H), then a™'b € H. Since H is a

subgroup
bla=(a"'0) e H

Sob=a (mod H)
(iii) Transitivity: If a,b,c € G and a =b (mod H),b = ¢ (mod H), then

a bbb lce H=atce H

so a =c (mod H).
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2.2. Definition :
(i) The equivalence class [a] is called a left coset of H in G. Note that

la) ={ah:h e H} =1 aH

Note that a coset aH is not a group unless aH = H.
(ii) The number of cosets of H in G is called the index of H in G and is denoted
by [G : H]
(End of Day 7)

2.3. Examples :

(i) G=7Z, H =nZ, then
(a) a=b (mod H) iff a = b (mod n)
(b) [Z :nZ] =n (Lemma 1.6)

(i) G = S,, H=A,, then
(a) 0 =7 (mod H) iff sgn(o) = sgn(r)
(b) [G: H] =2 (Remark 1.6.7)

(i) G =C*, H = S', then
(a) z =w (mod H) iff |z| = |w|
(b) [G: H] = [(0,00)] = +00

(iv) G=R?* H = {(z,z) : * € R}, then

(a) (z1,91) = (22,y2) (mod H) iff y1 —yo = 21 — 29 iff (x1,41) and (z2,2) lie
on the same line parallel to the line y = x.

(b) [G: H] =|R| =4
2.4. Lemma : |aH|= |bH| for any a,b € G
Proof. Define f : aH — bH by ah + bh. This map is
(i) Well-defined: If ah; = ahsy, then hy = hy by cancellation, so bhy = bhs.
(ii) Injective: If bhy = bhy, then hy = hy by cancellation, so ah; = ahsy
(iii) Surjective: Obvious.
Hence f is a bijection. m

2.5. Lagrange’s theorem : Let G be a finite group, then |G| = [G : H]|H|. In particular,
[H 1G]

Proof. Since the equivalence relation partitions G, GG is a disjoint union of cosets.
We enumerate the disjoint cosets by {a1H,asH, ... ,a,H}, where k = [G : HJ, so
that

k
G = |_| CLZ‘H
i=1
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2.6.

2.7.

By Lemma 2.4, |a;H| = |H| for all i, so

k k
[H| =) |aH| =) |H|=[G: H]H|
i=1 i=1

Corollary: If |G| = p, a prime, then G is cyclic.

Proof. Let x € G be a non-identity element, then H := (x) is a subgroup of G. In
particular,
[H| | p=[H| € {1,p}

But |H| # 1, so |H| = p whence H = G. O
Corollary: If a € G, then O(a) | |G|, and hence a!®! = e

Proof. Note that O(a) = [{(a)|, so O(a) | |G| by Lagrange’s theorem. Furthermore,
if k € Z such that kO(a) = |G|, then

a6 = (aP@) = ek = ¢

3. Normal Subgroups

3.1.

3.2.

3.3.

3.4.

Definition : Let G be a group and H < G. Define
G/H :={aH : a € G}

to be the set of all cosets of H in G. Note that [G : H] = |G/H|.

Important: G/H is not, in general, a group.

Examples :
(i) G=2%Z,H =nZ, then G/H =Z,
(ii) G =C*, H = S', then G/H = {circles with varying radii around 0}
(ili) G =R* H = {(a,a) : € R}, then G/H = {lines parallel to y = z}
(iv) G=S,,H = A,, then G/H ={A,, B,} where B, = {c € S, : sgn(o) = —1}
Remark : We want to define a group operation on G/H by

a] % [8] = [ab]

Recall proof of Lemma 1.6(ii). Note: We only used the fact that G = Z is abelian.
Lemma : If G is abelian, and H < G, then (G/H, %) is a group.

23



Proof. (i) Well-definedness of *: If a; = ay (mod H) and by = by (mod H), then
WTS:
a;by = agby  (mod H)

To see this, note that aj'ay; € H and b;'by € H, so
(albl)_l(agbg) = bl_lal_lagbg = (ll_lCLle_le e H

since (G is abelian.

(ii) Now it is clear that * is a binary operation that is associative since multipli-
cation in G is associative.

(iii) Identity: [e] € G/H has the property that [a] * [e] = [ae] = [a] = [e]  [a] for
all [a] € G/H

(iv) Inverse: Given [a] € G/H,a € G, so a™* € G, and
[a]  [a™"] = [e] = [a™"] * [a]
[

3.5. Remark: To show that * is well-defined, we needed that: If a;'ay € H and b ‘b, €
H, then
(albl)_1<a2b2> eH

Expanding out, this requires
bilataghy € H

We don’t necessarily need G to be abelian.

3.6. Definition : Let G be a group and H < GG. We say that H is a normal subgroup if,
for each h € H and g € G, we have

ghg™t € H
If this happens, we write H < G.
(End of Day 8)
3.7. Theorem : If H < G, then (G/H, ) is a group under the operation

[a] * [b] := [ad)]

Proof. We only need to prove well-definedness of *. The rest of the argument is
as in Lemma 3.4. As before, we have a1, as,b1,bs € G such that al’laz € H and
by'b, € H. We WTS:

(albl)_lagbg = bl_lal_lagbg e H

Note that since H <1 G
b= b (a7 ag)by € H

-1 _ -1 -1
Hence, hb] " = by "aj “as, so

by laytaghy = hby by € H
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3.8.

3.9.

3.10.

Examples :

(i) G=2%Z,H =nZ, then Z,, = Z/nZ

(i) G =C*, H = S', then x is the same as multiplying radii. G/H = ((0, 00), x)

Proof. Define ¢ : G/H — (0,00) by

w([2]) = |z]
Then ¢ is well-defined and injective because

2| = |w| & [2] = [w]

© is clearly surjective, so it is suffices to show that it is a group homomorphism.

But this follows from

p(lz]* [w]) = p([zw]) = [2w] = |z[Jw] = ¢([z])([w])

]

(iii) G = R* H = {(a,a) : a € R}, then * is the same as adding Y-intercepts.

G/H = (R,+)
Proof. Recall that any coset of H is of the form

y+ H:={(a,a+7y):acR}

and is a line parallel to the line y = x with Y-intercept y. Define ¢ : G/H — R

by
oly+H):=y

This map is well-defined (Check!) and a group homomorphism. It is also

injective because
nwt+tH=yp+Hy =1y

and is clearly surjective, so it is an isomorphism.
(iv) G=S,,H=A,. H<Gand G/H = ({£1}, x)
Proof. Define ¢ : G/H — {£1} by
w([o]) = sgn(o)
Then (Check!) ¢ is an isomorphism.
Proposition: If G' abelian, then every subgroup is normal.

Proof. Trivial, because ghg~! = h for all g,h € G.

Proposition: If ¢ : G — G’ is a group homomorphism, then ker(¢) < G.

particular, G/ ker(y) is a group.
Proof. It H = ker(p), then H < G (by 1.5.4). If h € H, then for any g € G,

1 /

e(ghg™) = w(9)e(h)p(9) ™" = w(g)e'p(g) " =e
so ghg™!' € H.
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4. The Isomorphism Theorems

4.1. Proposition : Let H < G, then the map 7 : G — G/H given by w(a) = aH is a
surjective homomorphism and ker(mw) = H

Proof. (i) m is surjective: Obvious because every element in G/H is of the form
aH

(ii) 7 is a homomorphism: Because of the way multiplication is defined in G/H

(aH) * (bH) = abH

(iii) ker(m) = H: If h € H, then hH = H which is the identity in G/H. Hence,
H C ker(m)

Conversely, if a € ker(w), then aH = H. But a € aH, so a € H as required.
m

4.2. First Isomorphism theorem : Let ¢ : G — G’ be a group homomorphism, then
G/ ker(p) = Image(yp)
In particular, if ¢ is surjective, then G/ ker(p) = G’
Proof. Define H := ker(p) and ¢ : G/H — G’ by
Platl) := ¢(a)

Then
(i) @ is well-defined: Suppose aH = bH, then a~'b € H, so

pla™'h) =€ = p(a)'p(b) = ¢ = p(a) = (D)
(ii) @ is a homomorphism: If aH,bH € G/H, then

B(aH * bH) = G(abH) = p(ab) = p(a)p(b) = PlaH)F(bH)

(iii) @ is injective: If P(aH) = €/, then ¢(a) =€/, so a € ker(p) = H, so aH = H,
which is the identity element in G/H. Hence,

ker(¢) = {H}
so it is injective by [.5.7.
(iv) Im(®) = Im(p): Obvious.

Hence,
p: G/ ker(p) — Im(p)

is a bijective homomorphism, hence an isomorphism. O]
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(End of Day 9)

4.3. Examples :

(i)

Any cyclic group is isomorphic to either Z or Z, for some n € N

Proof. Let G be a cyclic group with generator a. Define ¢ : Z — G by
e(n) =a

Then ¢ is a surjective homomorphism. Hence,
Z]ker(p) =G

by the First isomorphism theorem. But ker(y) < Z, so is of the form nZ for
some n € Z. Hence,

G~7/nL =17,
If n=0, then G =Z m
G =TR? and H = {(a,a) : a € R}, then G/H =R
Proof. Define ¢ : G — R by (z,y) — y—=z. Then H = ker(y), and ¢ is clearly

surjective. Hence G/H = R O
G=C*H=_5" then G/H = ((0,00), x)
Proof. Let p : G — (0,00) be z — |z] O

Sn/A, = {£1}

Proof. Define ¢ : S,, — {£1} be given by o — sgn(o) O
GL.(R)/SL.(R) = R*
Proof. Define ¢ : GL,(R) — R* by A — det(A) O

4.4. Proposition : Let ¢ : G — G’ be a homomorphism.

(i)
(i)

If H < G, then o }(H') < G
If H< G, then p(H) < G’

Proof. (i) If z,y € o~ Y(H'), then ¢(z), p(y) € H, so

(i)

play™) e H = zy ™' € o (H)

So o Y (H') < G
Similar.

]

4.5. Remark : If H < G and 7 : G — G/H the natural projection, then if K’ < G/H,
then K = 7~ !(K’) < G contains H.
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4.6. The Second Isomorphism Theorem : If H <« G and 7 : G — G/H the natural
projection, then there is a one-to-one correspondence

{K'<G/H} ++ {K < G such that H C K}

Proof. Let S:={K'<G/H} and T :={K <G: H C K}, and define f: S — T
by
FIK') = mH(K)

This is a well-defined function by 4.4 and 4.5.

(i) f is injective: If f(K7) = f(K3), then 77 1(K]) = 7 1(K}). WTS: K| = K.
By symmetry, it suffices to show that K| C KJ, so let xtH € Kj, then z €
7Y K}) =7YK)), so xH = w(x) € Kj. Thus, K| C K.

(i) f is surjective: If K < G such that H C K, consider K’ := n(K) < G/H
by 4.4. We claim that: 77 *(m(K)) = K. Fix z € K, then 2H € 7(K), so
z € n Y (m(K)). Hence,
K c 7 }(r(K))

Conversely, if z € 77! (7(K)), then zH = n(z) € 7(K). Hence, Jy € K such
that
xH =yH

But then zy~! € H C K. Hence, x € K as required.

4.7. Example : For n € N fixed
{subgroups of Zn} e {divisors of n}
Proof. We know that
{subgroups of Zn} {subgroups of Z containing nZ}

But if H < Z such that nZ C H, then H = dZ for some d € Z and n € dZ, whence
d | n. Conversely, if d | n, then n € dZ whence nZ C dZ. Hence the result.

[
(End of Day 10)

5. Modular Arithmetic : The Units
5.1. Lemma : Let n € N fixed. If a = ¢ (mod n) and b = d (mod n), then
ab=cd (mod n)
Proof. 1If a = ¢+ nk and b = d 4+ nf, then
ab = cd + nkd 4+ nlc + n’kl
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0.2

2.3.

0.4.

5.5.

5.6.

Definition : For [a], [b] € Z,, [a] x [b] = [ab] is well-defined.
Note: (Z,, x) is not a group because [0] does not have a multiplicative inverse.
Lemma : If a = ¢ (mod n) and (a,n) =1, then (¢,n) = 1.

Proof. By 1.2.4, ds,t € Z such that as+tn = 1. Also, 3k € Z such that a = ¢+ kn.
Hence,
cs+ (ks+t)n=1

and hence (¢,n) = 1. O
Definition :

(i) Z} ={la] € Z, : (a,n) = 1} [Note: This is well-defined by 5.3.]

(i) ¢(n) =|Z:| is called the Euler Phi function

Theorem : (Z%, x) is a group, called the group of units modulo n

Proof. (i) Closure: If [a],[b] € ZZ, then (a,n) = (b,n) = 1, so Is1,t; € Z such
that
as;y +nt; =1

Similarly, dss,t5 € Z such that
bsy +nte = 1
Multiplying, we see that
absys1 + n(asity + bsaty + ntyty) =1

and so (ab,n) =1
(ii) Associativity: Follows from associativity of multiplication of integers.
(iii) Identity: [1] € ZF
(iv) Inverse: If (a,n) = 1, then 3b,t € Z such that

ab+1tn =1

But then (b,n) =1 and clearly [ab] = [1] in Z}. Hence, [a] x [b] = [1].

]
Examples :
(i) If p prime, then Zj = {[1], [2],...,[p — 1]}, p(p) =p — 1
(ii) If p prime, then [a] € Z,. iff p { a. Hence, p(p*) = p*F — p*~*
(iii) Z§ is not cyclic.
Proof. Write Z§ = {[1],[3], [5],[7]}, and note that
[3]* = [9] = [1], [5* = [25] = [1], and [7]* = [49] = [1]
Hence there is no element of order 4. O
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(iv) Z3, is cyclic if p odd prime, k € N (Proof Later)

5.7. Euler’s theorem : If n € N and (a,n) = 1, then a*™ =1 (mod n)
Proof. Because ¢(n) = |Z;|, this follows from Corollary 2.7.

5.8. Fermat’s Little Theorem : If a € Z and p a prime, then a” = a (mod p)

Proof. Because ¢(p) =p —1, a>! =1 (mod p), so multiply both sides by a, and

use Lemma 5.1. ]
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lHl. Symmetry
(See [Artin, §6])

1. Isometries of R"

1.1. Motivation : Recall
(i) D,, = symmetries of regular n—gon
(ii) V4 = symmetries of water molecule
More generally, if A C R™, we are interested in the symmetries of A
Examples :
(i) [Human figure] has only one non-trivial symmetry, namely reflection.
[Square] has 8 symmetries, the group D,
[Infinite arrows] has infinitely many symmetries - translation by any k € Z

)
)

(iv) [Glide symmetry| has infinitely many symmetries - translation + flip
) [Sphere] has infinitely many symmetries - all rotations, and reflections
)

[Cube| has finitely many - some reflections, some rotations. How many are
there?

(End of Day 11)

1.2. Definition :
(i) For z = (z;),y = (y;) € R,

n

(e.y) =3 a

=1

and

(ii) An isometry of R™ is a map 7" : R” — R" such that

T(x) =T(y)| =z -yl Yo,y cR"

(iii) F, is the set of isometries of R™. Note : We will show that F, is a group,
called the Fuclidean Group
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1.3. Examples :
(i) Translation 7, : © — x + b for any fixed b € R"

(ii) An orthogonal linear operator T : R™ — R™ has the property that (T'z, Ty) =
(x,y). Hence |T(x) — T(y)| = | — y| so T is an isometry.

(iii) The composition of two isometries is an isometry. Hence, if A € O,(R) and
b € R", then the map g : R" — R" given by

g(x) =Ax+b
is an isometry.
1.4. Lemma : Let u,v € R" such that (u,u) = (v,v) = (u,v), then u =v
Proof. Consider
(u—v,u—0v) = (u,u) — 2{u,v) + (v,v) =0

Hence u = v. O

1.5. Theorem : Let g € E,, such that g(0) = 0, then 3A € O,(R) such that g(z) = Ax
for all z € R"

Proof. (i) g preserves dot products: If z,y € R™ then (g(x), g(y)) = (z,y). Since
g is an isometry with ¢(0) = 0, we have

(9(x) = 9(y),9(x) — g(y)) = lg(z) —gW)] = |z —y|* = (x —y,2 — )
In particular,

(9(z), g(x)) = (z,z) and (9(y), 9(v)) = (v, y)

Expanding out the first equation, we get
(9(2). 9(y)) = (z.y)

(i) g is additive: If x,y € R™, then g(x)+g(y) = g(x +vy). Let z := x4y, and let
u=g(z) =g(x+y) and v = g(x) + g(y)
To show u = v, it suffices by Lemma 1.4 to show that
(u,uy = (v,v) = (u,v)
So note that

=(9(2),9(2)) = (z,2)

z,z) +2(z,y) + (Y, y)
g9(z)) +2(g(x), g(v)) + (9(y), 9(y))
+9(y), 9(z) + g(y)) = (v,v)
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Also, consider

Hence g is additive.

(iii) g(Ax) = Ag(z) for all z € R", A € R: Let z = Az, then we WTS:

so let u = g(z),v = Ag(z), and check
(u,u) = (9(2),9(2)) = (2, 2)
= (\z, \z) = Xz, 1)
= \{g(), ()
= (Ag(x), Ag(x)) = (v, v)
and similarly, (u,v) = (u,u)

(iv) Hence, g is linear and preserves the dot product. By 1.4.2, g(z) = Az for some
A€ O,(R).

]

1.6. Corollary : If g € E,,, then 3A € O,(R) and b € R" such that g(z) = Az + b for all
r € R"

Proof. Consider b := g(0), then h(z) := g(x) — b is also an isometry, and satisfies
h(0) = 0. By Theorem 1.5, 3A € O, (R) such that h(z) = Az, so that g(z) = Az+b
for all z € R". []

1.7. Corollary : Every g € E, is bijective, and E,, is a group.
Proof. (i) If g € E,,, then write g(z) = Az + b as above. Define

h(z) =AYz —b)=A" o — A"
Then h € E,, by Example 1.3(iii). Furthermore,
g(h(z)) =Ah(x) +b=(z—b)+b=2x

Hence, gh = idg». Similarly, hg = idg=, so g is bijective.

(ii) Clearly, FE, is now a group under composition with identity idgn.
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1.8. Remark: Note that if A € O,(R), we get a unique isometry T4 € E, given by
Ty(z) = A(z). This map
A TA

is an injective group homomorphism. Therefore, we identify O, (R) with its image
in F,.

1.9. Theorem : There is a surjective homomorphism 7 : E,, — O,, such that ker(7) = R".
Thus
E,/R" = 0,(R)

Proof. Define 7 : E,, — O,, by
m(g9) == T-g0)© 9

Then

(i) = is well-defined: If g € E,, then h := 7_g4g) o g has the property that h(0) =
g(0) — ¢g(0) =0, and so h € O,(R) by 1.5.

(ii) If h € O,(R) and b € R", then
hom(x) = h(x+b) = h(x) + h(b) = Th@) o h(z)

and so hOTb:Th(b)Oh

(iii) 7 is a homomorphism: If g1, g2 € E,, then let h; := 7(g;), then
g1 = Ta, © hy and go = 74, © ho
and h; € O,(R). Hence,
9192 = TayMTayho = Tay Thy (a0 P12 = Tay+h (an) P12
Also, ¢192(0)g1(g2(0)) = g1(az) = 74, (h1(az)) = hq(az) + a1. Hence,
7(g192) = hihs

as required.
(iv) = is surjective: Clearly, because O, (R) C E, as in Remark 1.8.
(v) ker(m) = R™ By definition, ¢ € ker(n) iff 3b € R” such that g = 7. Hence,

ker(m) = {m : b e R"}

The map b +— 7, is a group isomorphism from R"™ to ker(7) [Check!]
[

(End of Day 12)
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2. Symmetries of Platonic Solids

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

Definition: A polyhedron is a region in R?® bounded by planes. It is said to be
regular if all its faces, edges and vertices are equal. This implies that each face is
the same regular polygon. There are exactly five such objects, the Platonic solids

(i) Tetrahedron (T): 4 faces.
(ii) Cube (C): 6 faces.
(iii) Octahedron (O): 8 faces.
(iv) Dodecahedron (D): 12 faces.
(v) Icosahedron (I): 20 faces.
Imagine each embedded in the unit sphere S? C R3
Definition : Given A C R™, M(A) = {g € M(R") : g(A) = A} is called the (full)
group of symmetries of A. Note : This does not mean that g(z) = x for all x € A.
Remark : Let A be a platonic solid. Then
(i) M(A)Nnker(r) = {e}, and so 7 : M(A) — 7(M(A)) is an isomorphism
(ii) Reflection about a plane is a physical impossibility. In fact, any isometry that
"switches” two axes is not physically possible in R3. We are only going to

be interested in those symmetries which preserve the order of the axes, which
happens iff det(g) = +1

Definition : For A C R" with M(A) < O,(R), we write
G(A) = m(M(A)) N SOn(R) = {g € SO3(R) : g(A) = A}

~— ~— ~— —

for the group of rotational (or orientation-preserving) symmetries of A
Example : Let A =T =The tetrahedron
(i) G(T') permutes the set X = {vy, ve,v3,v4} of vertices.

(ii) G(T') has 12 elements, because any rotation must send v; to four possible
vertices, vs to any of the remaining three, and then the last two positions are
determined.

Lemma : There is an injective homomorphism f : G(T') — Sx where f(g) = o, as
above.

Proof. Given g € G(T), consider X C T, then g must permute X. Hence, define
o, =0g|x: X = X

Clearly, o, € Sx because g is bijective, and maps X to X. Hence, f : G(T) — Sx
given by f(g) = o, is well-defined. It is clearly a homomorphism because the oper-
ation on both sides is composition.

Finally, f is injective, because if 0, = idx, then g fixes all vertices, hence all edges,
and hence all faces. Thus, g = idr. O]
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2.7. Theorem : G(T') = A4

Proof. We identify G(T') = f(G(T)) < Sy, and list out the elements:
(i) The identity e € G(T)

(i) If 1 is fixed, we get two non-trivial rotations:

1 2 3 4 q 1 2 3 4
134 2) "1 4 2 3
(iii) Similarly, if two rotations each when each vertex is fixed. So far we have 9
elements.

(iv) Consider the product

1 2 3 4\ (1 2 3 4\ (1 2 3 4
1 342/)\2314) \3 41 2

This is an element of order 2, therefore not in our list yet. Similarly, we get
two more elements of order 2 of the form

12 3 4 (1234
4392 1)\ a1 43

Thus, we get 12 elements. This must exhaust all of G(T').

(v) Now observe that all these elements are in Ay. Furthermore, |A4] = 24/2 = 12,
so this exhausts Ajy.

O]
(End of Day 13)

2.8. Example : Let A = C =The cube

(i) G(C) has 24 elements: There are 8 choices for the first vertex, three subsequent
choices for an adjacent second vertex (because vertex 2 must be connected to
vertex 1 by an edge). Finally, there are two choices for vertex 3 (adjacent to
vertex 1) because it must remain adjacent to vertex 1, but cannot go where
vertex 2 has gone. However, if we consider only orientation preserving maps,
then there is only one choice. Hence, there are 8 x 3 = 24 such symmetries.

(i) G(C) permutes the set X = {Dy, Dy, D3, D4} of principal diagonals
2.9. Theorem : G(C) = Sy

Proof. Let X = {Dy, Dy, D3, D4} denote the set of principal diagonals. Then G(C)
permutes X, so, as before, we get a group homomorphism

F1G(C) = Sx

which is injective. Since |G(C)| = 24 = |Sx/, it follows that f is an isomorphism.
[
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2.10. Remark :

(i) An octahedron can be obtained from a cube by joining mid-points of adjacent
faces and filling up the solid. We say that O is dual to C'. This implies thatO
has the same group of symmetries as C. ie. G(O) = S,

(ii) Similarly, the dodecahedron D is dual to the icosahedron I. Hence, G(D) =
G(I). We will discuss this group later.

(iii) The tetrahedron is dual to itself.

3. Group Actions

3.1. Definition : Let G be a group, and X any set. We say that G acts on X if there is

a function
a:Gx X =X

such that, for all g;,¢90 € G and z € X
ale,z) =z and a(g192, ) = (g1, (g2, x))

If this happens, we write G ~, X, or just G ~ X. Furthermore, we write
g-v:=ag,x)

3.2. Examples :
(i) G(T) acts on the set of vertices of T
(i)
(i) D, acts on the set of vertices of a regular n-gon.
(iv) GL,(R) acts on R"™ by (A, z) — A(x). Similarly, SL,(R), O,(R) and SO,(R)

act on R"
(v) Spactson {1,2,...,n}
(vi) Any group G acts on itself by the left reqular action [See HW 2]

G(C) acts of the set of principal diagonals of C

3.3. Lemma (Permutation Representation) : If G acts on X, then there is a homomor-
phism, G — Sx

Proof. Given a group action o : G x X — X, let g € G, and define 0, : X — X by
og(x) = alg,x)
Then
(i) o4 € Sx: Note that
041 004(x) = 041(a(g, 7)) = algh alg,x)) = algg™" 2) = ale,z) = =
Hence, 041 0 0, = idx. Similarly,
040041 = idx

Hence, o, € Sx.
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(ii) Define f: G — Sx by f(g) = 0,. As in the previous step, it follows that
Og1g2 = 0g1 © g,

so f is a homomorphism.

3.4. Definition : Let G ~ X

(i) For z,y € X, write x ~ y iff 3g € G such that y = ¢g-z. This is an equivalence
relation on X. [Why?]

(ii) For x € X, the orbit of z is the set

Ox) :={g-x:9€G}

Note : Orbits partition X (See I1.1.4)

(iii) We say that the action is transitive if it has exactly one orbit. ie. For any
x,y € X,dg € G such that y =g - z.

(End of Day 14)

3.5. Examples :

(i) GL,(R) acts on R™ as before. Then the orbit of the origin is the origin itself.
The orbit of any other point is R™ \ {0}

(i) SO2(R) acts on R% If  ~ y, then |z| = |y|, and so the orbit of any point
r € R? is the circle of radius ||

(iii) S, acts transitively on {1,2,...,n}
3.6. Definition : For x € G, the stabilizer of x is

Stab(x) ={ge€G:g9-x=x}

Note that Stab(z) < G.

3.7. Proposition : Let G ~ X. Let x € X and H = Stab(z). Then there is a bijection
n:G/H — O(x)

Proof. Define n: G/H — O(z) by
gH — g-x

(i) n is well-defined: If g; H = g, H, then g; ‘g, € H = Stab(z), so (g, 'g2) - v = ,
so (applying ¢; to both sides),

g1-T=gs T

(i) n is surjective: Obvious.
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(iii) 7 is injective: If g, - & = g5 - x, then (g5 'g1) - © = =, whence g, ‘g1 € H, so

g H =g H

]

3.8. (Orbit-Stabilizer Theorem) Let G be a finite group acting on a set X. Let z € X,
then |G| = |O(x)||Stab(x)|. In particular, if G acts transitively on X, then |G| =

| X || Stab(z)|
Proof. Let H := Stab(z), then by Lagrange’s theorem and 3.7,
G|
o)l = I6/H| = (6 - ) = ¢
[O(x) |

3.9. Example : Let D be the regular dodecahedron, then |G(D)| = 60

Proof. The dodecahedron has 12 faces, each of which is a pentagon. Let x € D be
the center of one such face, then O(z) consists of the centers of all the faces of D.

Hence,
O(x)| = 12

Also, Stab(x) consists of those elements ¢ € G that fix z, and hence the face
containing x. The only such elements are elements that rotate the pentagon, and

there are five such elements.
|Stab(z)] =5

So by the Orbit-Stabilizer theorem, |G(D)| = 60. O

4. Cayley’'s Theorem

4.1. Remark : G acts on itself by left multiplication by the formula
g-h:=gh

4.2. Cayley’s Theorem : Let G be a finite group with n = |G|, then G is isomorphic to
a subgroup of S,

Proof. Let f : G — Sg = S,, be the group homomorphism induced by the left-
multiplication action. We claim that f is injective. Suppose g € ker(f), then

Og = ldG
In other words, for any h € H
h=o04h)=g-h=gh

By cancellation, this implies g = e, so ker(f) = {e} as required. Hence, f: G —
Image(f) < S, is an isomorphism. ]
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4.3.

4.4.

4.5.

4.6.

Definition: Let G be a group, and H < G. Let X = G/H, then G acts on X by
left multiplication.
g (xH) = (gx)H
Let fy : G — Sx be the induced permutation representation.
Lemma : ker(fy) C H
Proof. Let g € ker(fg), then 0, = idg/g. In other words,
g-(zH)=2xH VxH € G/H
In particular, this implies
gH=g-(eH)=eH =H
and so g € H. O
Lemma : Let G be a finite group, and K < H < G, then [G: K] =[G : H|[H : K]
Proof. By Lagrange’s theorem, |G : H| = |G|/|H|. So
N (S (€15 = .
[G.K]—W—l—mm—[G.H][H.K]
O

(Strong Cayley Theorem) Let G be a finite group, and p the smallest prime dividing
|G|. Then any subgroup of index p is normal in G. In particular, any subgroup of
index 2 is normal in G.

Proof. Let H < G such that [G : H] = p where p is the smallest prime dividing
|G|. Consider the map
fH G — Sp

as above, then by the first isomorphism theorem,
G/ ker(fy) : G = Image(fy) < S,
By Lagrange,
[Image(fu)| | p!
But [Image(fu)| = [G : ker(fu)] | |G|. Hence,

[Tmage(fu)| | ged(|G|,p!) = p
Since p is prime, |Image(fy)| = p or 1. Hence,
[G : ker(fm)] € {p, 1}
But ker(fy) C H, so
(G : ker(fr)] = |G : H|[H : ker(fy)] = p[H : ker(fy)] > p

Hence, [G : ker(fg)] = p, whence |G : ker(fy)] = [G : H], so that [H : ker(fy)] = 1.
Hence,
H= ker(fH) 4G

[
(End of Day 15)

40



5. The Class Equation

5.1

0.2.

5.3.

2.4.

5.5.

0.6.

Definition :
(i) Define a: G x G — G by
alg,h) == ghg™
Then « is a group action of G on G, called the conjugation action.
(ii) Two elements x,y € G are conjugate iff 3g € G such that y = grg™! (ie. they
lie in the same orbit)
Examples :
(i) Let T': R™ — R™ be an invertible linear operator, and A;, As be two represen-
tations of 7" w.r.t two different bases, then A; is conjugate to As in GL,(R)
(ii) Let G = M(R?),z = pp, g = To, then grg~' is the rotation by 6 about v
(iii) Let G = D3,z = the reflection about vy, g = rotation by 120 degrees clockwise,
then gzg~! is the reflection about vs. ie. Conjugation is “looking at the group
from different perspectives/change of coordinates in the group”
Definition : G a group, x € G

(i) The conjugacy class of x in G is

C(x) :={gzg™' : g€ G} = O(x)

(ii) The centralizer of z in G is

Z(r):={g € G:grg ' =} = Stab(x)

Remark : Let G be a finite group
(i) By the orbit-stabilizer theorem, |G| = |Z(x)||C(x)|
(ii) In particular, for any = € G, |C(z)| | |G|

(iii) By 3.4, G is partitioned into conjugacy classes. Hence
|G| = [Ca1)] + |C(z2)| + ... +[Clan)]

where the sum is taken over all distinct conjugacy classes

(iv) |C(z)] = 1 iff grg™' = z for all g € G. Equivalently, |C(x)| = 1 iff zg = gz
for all g € G

Definition : The Center of the group is

Z(G)={x€e G :gx=129 VgeGqG}

Remark :
(i) Z(G) <« G (HW)
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5.7.

0.8.

5.9.
5.10.

(i) Z(G) =G iff G is abelian
(iii) z € Z(G) iff |C(z)| =1
(The class equation) : Let G be a finite group, then

Gl=12(@)]+ Y |C()

|C(@i)[>1

where the sum on the RHS is taken over all distinct conjugacy classes whose cardi-
nality is > 1. Furthermore, each term on the RHS divides |G|

Proof. We simply take the equation

|Gl = [C(z)| +[Clz)| + ... + [Can)|
Each term on the RHS equal to one constitutes an element of Z(G), so we collect
all these terms to get |Z(G)|. O
Corollary : Let G be a group such that |G| = p", where p is prime, then Z(G) # {e}

Proof. 1f © € G such that |C(x)| > 1, then |C(x)| | |G|, so p | |C(x)|. Hence, the
class equation reads
Gl =12(G)| (mod p)

Since |G| =0 (mod p), it follows that p | |Z(G)|. Hence, Z(G) # {e}. O
Lemma : If G/Z(G) is cyclic, then G is abelian. [HW]|
Theorem : If |G| = p?, where p is prime, then G is abelian

Proof. By Corollary 5.8, |Z(G)| € {p,p*}. If |Z(G)| = p?, then G = Z(G), so G
is Abelian. If |Z(G)| = p, then |G/Z(G)| = p, so G/Z(G) is cyclic, whence G is
abelian. Thus, Z(G) = G, so this is not possible. O

6. The Icosahedral Group

(See [Artin, §7.4])

6.1.

Remark : G(D) is the group of rotational symmetries of a regular dodecahedron.
Note that D has 20 vertices, 12 faces and 30 edges.

(i) By 3.9, |G(D)| =60
(ii) What are these elements?
(a) The identity (1)
(b) Rotation by 27/3 about every vertex (420)

(c¢) Rotation by 7 about the centre of an edge. There are 30 edges, but each
such rotation accounts for 2 edges (+15)
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(d) Rotation by 27/5 about the centre of a face (+12) [This accounts for a
rotation by 87 /5]

(e) Rotation by 47 /5 about the centre of a face (+12) [This accounts for a
rotation by 67 /5]

(End of Day 16)

6.2. Lemma : Let z = p, o € SO5(R)

(i)
(i)

trace(x) = 14 2cos(«)
Let g € SO3(R) and v = g(u), then gzg™ = py 4

Proof. (i) HW

(i)

Note that grg~'(v) = v. Let o’ be the angle of rotation of grg™!, then
1+ 2cos(a’) = Tr(geg™) = Tr(z) = 1 + 2cos(a)

Hence, o/ = £a. WTS: o/ = a. So write g = py, and define a continuous
function f :[0,1] — SO5(R) by

F(t) = PussTiyhe

Note that f(0) = pwjoxp;}o = IzI™' = z and f(1) = gwrg~!. Since the angle
of rotation is continuous along this path, and takes only two values {+a}, it
must be constant. Hence, o/ = «.

[]

6.3. Remark (Class Equation of G(D))

(i)
(ii)

(i)

If e € G(D) is the identity, then |C'(e)| = 1
If u is a vertex, a = 2m/3, let &1 = py.q, then |C(xq)] = 20

Proof. 1f g € G(D), then gr1g~" = puw o for some other vertex u’. There are
20 such vertices. Furthermore, if v is any other vertex, 3g € G(D) such that
g(u) = v, so |C(xy)| = 20. O

If e is the centre of an edge, and o = 7, let X9 = pe o, then |C(z2)| = 15

Proof. If g € G(D), then grog~' = pe o for some other mid-point ¢’ of and
edge of D. Potentially, this give 30 elements, but

Perx = P—e,—m
so we get only 15 rotations. ]
If f is the centre of a face, and a = 27/5, let x5 = py,q, then |C(z3)| = 12

Proof. If g € G(D), then grszg™' = py 2x5 for some other centre f’ of a face
of D. There are 12 such faces. 0
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(v) Similarly, If f is the centre of a face, and o = 4n/5, let x4 = pjq, then
|C(xq)| = 12.

So the class equation is : 60 =14 20+ 15+ 12 + 12
6.4. Lemma : Let G be a group, N < G, then
(i) f x € N, then C(z) C N
(ii) |N| is the sum of the cardinalities of disjoint conjugacy classes in G
Proof. (i) If z € N and g € G, then gzg™' € N, so C(x) C N.
(ii) For any x € G, it follows that

Cx)yNN=0or C(z) CN
Hence, N is the disjoint union of conjugacy classes in G.

]

6.5. Definition : A group G is said to be simple if it contains no non-trivial normal
subgroups. ie. {e} and G are the only normal subgroups of G.

6.6. Theorem : G(D) is a simple group

Proof. If N < G(D), then |N| | 60, and |N| must be 1+ a sum of some subset of
{20,15,12,12}. This is impossible unless |[N| =1 or |[N| = 60. O

(End of Day 17)
6.7. Theorem : G(D) = As. In particular, Aj is a simple group.

Proof. Let X denote the set of 5 cubes embedded in the dodecahedron. Then G
acts on X, so this gives a group homomorphism f : G — S5. Since G acts non-
trivially on X, it follows that f is not constant. Since G is simple, ker(f) = {e},
so f is injective. Hence, we get an isomorphism

f: G — Image(f)

We claim that Image(f) = As.

Since |[Image(f)| = |G| = 60 = |As|, it suffices to show that Image(f) C As. Now

consider sgno f : G — {£1}. Since |G| = 60, this map cannot be injective. Since

G is simple, it must happen that ker(sgn o f) = G. Hence, Image(f) C As as

required. O
7. Conjugation in S, and A,

7.1. Definition : Fixn e Nand m <n
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(i) An m-cycle in S, is a permutation o € S, such that, there is a subset
{ai,as9,...,an} C{1,2,...,n} such that

o(a)) = ag,0(az) = as,...,0(am-1) = am,0(am) = a1

and furthermore, o(j) = j if j ¢ {ai1,a9,...,an}. We write such an m-cycle
as
(a1as . ..ap)

Note that any cyclic permutation of this symbol also represents the same
element.

(ii) Two cycles (ajas ... ay) and (bybs ... by) are said to be disjoint if
{al,ag,...,am} ﬂ{bl,bg,...,bk} = @

(iii) The length of a cycle
(iv) A 2 cycle is called a transposition.

7.2. Proposition : Every ¢ € S,, can be written as a product of disjoint cycles.

Proof. Given o € 5,,, follow the algorithm given below:

(i) Start with z; :=1 € {1,2...,n} =: X and let a; = o(1). This starts a new
cycle
(]_CLQ

(ii) Determine aj, = o*(1). Since o has finite order, 3k € N such that o*(1) = 1
and ¢7(1) # 1 if j < k. Consider the set

Sl = {1,&1,@2, s aak—l}

If a; = aj for 0 < 4,5 <k —1, then 0?7*(1) = 1 must hold. This is impossible
by minimality of k, so these k elements are distinct. This is the first cycle

o1 := (lajay . ..ax_1)

(iii) If S = X, then stop, else choose x5 € X\ S which is smallest with this property.
Repeat the above 3 steps. If o'(z3) = 07(x1), then zo € S must hold. Thus,
the corresponding set S must be disjoint from S;. This gives a second cycle
02

(iv) Continue this process until we exhaust all of X. This must happen because
X| < co. Now we have obtained disjoint cycles o103 . .. 0.
) y

(v) Finally, remove all cycles of length 1.

Claim : ¢ = 01039...0} To see this, choose x € X, then 41 < j < k such that
r € S;. Write z = o*(z;), then

o(x) =0 (z;) = 05()
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Since the other o; are disjoint, o;(z) = x and 0;(0(x)) = « for all i # j. Hence,
o(x) =0109...0%(7)

This is true for all x € X as required. O]

7.3. Remark:

(i) Let 0 € S,, and H := (o). Then H actson X = {1,2...,n}, so X decomposes
as a disjoint union or orbits under this action. These orbits are precisely the
sets \S; constructed above.

(ii) Example: If o € S} is given by
1234567 8 9 10
2415679 10 3 8

o=(1,2,4,5,6,7,9,3)(8, 10)

Then

(End of Day 18)
(iii) Disjoint cycles commute.

(iv) The cycle decomposition is unique upto order in which the elements are writ-
ten, and upto cyclic permutation of a cycle.

(v) If 0 = 0109 ... 0% as above, then [HW]

0(0) = lem(O(ay), 0(a), . .., O(0))

(vi) For m < n, the number of m-cycles in S,, is [Why?]

1 nl nn—1)...(n—m+1)

m (n —m)! m

7.4. Proposition : If ¢ € S, has the cycle decomposition
(a1a2 Ce Clgl)(blbg Ce b£2> c.

and 7 € S, then 707! has the cycle decomposition

(T(a1)1(ag) ... 7(ag))(T(b1)T(b2) ... T(bey)) - ..

Proof. 1f o(i) = j, then
Tor(7(i)) = 7(j)

Hence, if (ij) appears in a cycle within o, then (7(i)7(j)) appears within the cor-
responding cycle in 7o7! O

7.5. Definition :
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7.6.

7.7

7.8.

(i) Given o € S, express it uniquely as a product of disjoint cycles
0O =0109...0k

The cycle-type of o is the tuple (¢1, (s, ..., {;), where ¢; is the length of o;. To
ensure well-definedness, we require that {1 <l < ... < /(.

(ii) A partition of n is a tuple (€1, fs, ..., ¢x) where ¢; < ¢;,1 such that n = Zle l;

Theorem : For o € S,,, the conjugacy class of o consists of all those elements in .S,
with the same cycle-type as o

Proof. If o,7 € S,,, then 70771 has the same cycle type as o by 7.4. Conversely,
suppose n € S, has the same cycle type as o, then write

n=mne...n and 0 = 010,...0%

where ¢; = length of o; = length of n;, and include the 1-cycles as well. Write

07 = (i1, Gigs - aip;) and m; = (by1, by, . .. 7bi,Zi)
Define 7(a; ;) := b;;, then 7 is a permutation of {1,2,...,n} because the cycles are
disjoint. Furthermore, 707! = n by 7.4. O]

Corollary : The number of conjugacy classes in S5, is equal to the number of parti-
tions of n

Examples:
(i) If oy = (1)(2)(35)(46) and o3 = (2)(6)(13)(45), then we may choose

(123456
"T“l261435
so that 7o177! = 09
(i) We may also choose

, (123456
T=\6 2415 3

=1 = gy, so there is no uniqueness in this expression.

so that 7o 7

(iii) If n = 5, the conjugacy classes are as follows:

Partition of 5 | Representative of Conjugacy class | Number of elements
L1111 e 1

1,1,1,2 (12) 10=1%

1,1,3 (123) 20

1,4 (1234) 30

5 (12345) 24 =12

1,2,2 (12)(34) 15 [Why?|

2,3 (12)(345) 20 [Why?]
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7.9. Corollary : Let o € S,, be an m-cycle (ajas ... ay)

(i) [C(o)] = min—m)
(i) |Z(o)] = m(n —m)!
(iti) Z(o) ={o'7:0<i<m—1,7 € H} where

n!

H={reS,:7(a;) =a; V1<i<m}
Proof. (i) By 7.3(vi), the number of m-cycles in .S, is given by

n(n—l)...(ner—l): n! = |C(o0)|

m m(n —m)!

(ii) By the Orbit-Stabilizer theorem,

(iii) If 7 € H, then 70 = o7. Furthermore, o € Z(o), so clearly
A={o'7:0<i<m-1,7€ H} C Z(o)

Note that O(¢) =m and H = S,,_,, so |A] = (n —m)lm, so A= Z(0)
[l
(End of Day 19)
7.10. Definition:

(i) A permutation o € S, is said to be even if 0 € A, and is said to be odd
otherwise.

(ii) For an element o € A,,, we write Cg, (o) for its conjugacy class in S, while
we write

Cy, (o) :={ror ' : 7€ A}
Note that Cy4,(c) C Cs, (0)
(iii) Similarly, we write Zs, (0) and Zy4, (o) for the corresponding centralizers.
7.11. Lemma: Let 0 € A,
(i) If o commutes with an odd permutation, then Cy, (o) = Cs, (o)

(ii) If o does not commute with any odd permutation, then
Cs, (0) = Cy, (o) UCqa,((12)0(12))

In particular,
|Cs, (9)]
2

Ca, ()] =
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Proof. (i) Let 7 € S,, be an odd permutation such that o7 = 70, then WTS:
Cs, (o) C Cy,(0), so suppose n € Cs, (o), so 36 € S,, such that

n=~00""
If o € A,, thenn e Cy, (o). If § ¢ A, then &' :=76 € A,, and
n= 5/0_6171

Hence, n € Cy, (o) as required.

(ii) If o does not commute with any odd permutation, then by definition

Zs,(0) = Za,(0)

Hence,
| Ayl 1Sal _ [Cs,(0)]

1
Za,(0)] ~ 21Zs,(0)] ~ 2

Ca, (0)] =
Now observe that
Cs, (o) = {0007 :6 € A,y U {606 : 6 odd }
Note that these sets are disjoint because if § € A, and 6 is odd such that
6061 = 000!

Then 671§ is an odd permutation that commutes with o. Since there is no
such permutation, these sets must be disjoint. Now § € S, is odd if and only
if n := (12)0 is even. Hence,

{60071 : 6 odd} = {n(12)0(12)n ' : n € A,}

Hence,

Cs, (0) =Cy,(0)UCy,((12)0(12))

7.12. Example: Examine the conjugacy classes in S5 from 7.8(iii)

e | (12) [ (123) [ (1234) [ (12345) | (12)(34) [ (12)(345)
1] 10 | 20 30 24 15 20

Of these, (12) ¢ A5, (1234) ¢ As, (123)(45) ¢ As. Also,
(123)(45) = (45)(123) = Ca;((123)) = Cls;((123))
(12)(12)(34) = (12)(34)(12) = C4,((12)(34)) = Cs;((12)(34))
However, if o = (12345), then by 7.9,

Zs.(0)={c":0<i<4} C As

Hence, o does not commute with any odd permutation. By 7.11, this implies that
Css(0) = Cag(0) U Ca5(12)0(12))
Note that (12)0(12) = (13452), so we get the conjugacy classes of As to be
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7.13.

7.14.

7.15.

e | (123) [ (12345) | (13452) | (12)(34)
1] 20 12 12 15

Compare this example with 6.3.

Example: Consider the conjugacy classes in S,

e | (12) [ (123) [ (1234) [ (12)(34)
1] 6 8 6 3

Once again, (12) ¢ Ay, (1234) ¢ A4. Also,

(12)(34)(12) = (12)(12)(34)
s0 C,((12)(34)) = Cs,((12)(34)). Now observe that
(12)71(123)(12) = (132) # (123)
Similarly, (123) does not commute with any transposition. Also,
(1234)7(123)(1234) = (2143)(123)(1234) = (124) # (123)

Similarly, (123) does not commute with any 4-cycle. Hence, (123) does not commute
with any odd transposition. Hence,

Cs,((123)) = Ca, ((123)) U Ca, ((132))

So the class equation of A4 can be read of from
e | (123) | (132) | (12)(34)
1 4 4 3

Corollary: A, does not have a subgroup of order 6. Hence, the converse of La-
grange’s theorem fails.

Proof. If H < A4 of order 6, then H <1 Ay, so H must be a union of conjugacy
classes. If (123) € H, then (132) = (123)"' € H, so |H| > 1+ 4+ 4 = 9. Hence,
|H| =12, s0 H = A4.
Hence, (123) ¢ H and (132) ¢ H. Hence,

H C{e, (12)(34), (13)(24), (14)(23)}
so |H| # 6. O

Remark:

(i) Ay is not simple, because the subgroup

e, (12)(34), (13)(24), (14)(23)} <1 A4

(ii) A, is simple for all n > 5. We have proved this for n = 5, but will not prove
it for n > 6 (See [Conrad])

(End of Day 20)

20



IV. Structure of Finite Groups

All groups in this chapter will be assumed to be finite.

1. Direct Products

1.1.

1.2.

1.3.

1.4.

Definition : Let (G, %), (Ga,-) be two groups. The external direct product, G =
G X G, is the set G; X (G5 together with the binary operation

(21,91) © (2,42) == (21 % T2, Y1 - Ya)
Note that G x G4 is a group.
Lemma : If G = G x G, é\l ={(a,e2) :a € G1} < G and
G/G, = G;

Proof. Define m : G — G4 be given by (a,b) — b, then 7 is a surjective group
homomorphism with

ker(my) = Gy
So the result follows from the first isomorphism theorem. O
Lemma : If g = (a,b) € Gy x Ga, then O(g) = lem(O(a), O(b))
Proof. Let n :=lem(O(a), O(b)), then
g" = (a",b") = (e1,€2) = O(g) | n
Furthermore, if m = O(g), then g™ = (e, e3), then a™ = ey, b™ = ey, so
O(a) | m and O(b) | m
Hence, n | m, so O(g) = n. O
Theorem : Let Gy, G be finite cyclic groups, then G XG5 is cyclic iff (|Gy], |Ga|) =1

Proof. (i) Suppose (|Gi],|Gs|) = 1, let a € G1,b € G2 be the generators of G4
and G respectively. Then if g = (a,b), then

O(g) = lem(|G1|,|G2|) = |G1]|G2| = |G1 x G|

Hence, G; x Gy is cyclic with generator g.
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(ii) Suppose (|G1],|G2|) # 1, let m = lem(|G1],|Gal), then m < |Gy x Gy|. Fur-
thermore, for any g = (a,b) € Gy x G,

g" = (a"b") = (e1,€2)

by Corollary 1.2.7. Hence, G; X (G5 does not have a generator.
]

1.5. Corollary : If (ny,ns) = 1, and n = nyng, then Z,, =2 Z,,, X Z,,. In particular, if
n=p'py’ ..t
is the prime decomposition of n, then
Zn = chlﬂ X Zng X ... X Zpgk

1.6. Definition : If H, K C G, HK :={hk :h € H,k € K}
1.7. Lemma : Let H, K < (G, then

| HI| K]
HK|=
| | |HN K|
Proof. Note that HK is a union of left cosets
HEK = | J hK
heH

1\IOW7 hK = hK < h;lhl e K& h;lhl cEeHNK < hl(HﬂK) = h2(HﬂK>
Hence, the number of distinct left cosets is equal to

[H:HNK]

Hence,

| H|| K|
|HN K|

\HK| =[H: HNK]|K| =

1.8. Proposition : HK < G it HK = KH

Proof. (i) Suppose HK < G. Since K < HK and H < HK, it follows that
KH < HK. By the previous lemma, |KH| = |HK]|, so KH = HK.

(ii) Suppose KH = HK and a,b € HK. Write a = h1ky,b = hoky. Then
ab™' = hykiky thyt
Now hy(kiky') € HK = KH, so 3ks € K, hs € H such that
hi(kiky ') = kshs

Hence,
ab™' = kshshy,' € KH = HK

So HK < G.
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1.9.

1.10.

1.11.

1.12.

1.13.

Corollary : If K < GG, and H < G, then HK < G
Proof. If K <1 G, then for any h € H,

hKh'C K=hK C Kh=HK C KH
Since |HK| = |KH|, we have HK = KH. O
Corollary : If G = G; x G5, then G = é\lé;
Proof. Since é\l <G, é\lé\g < G. Also,
GilGal _ |GhlIGa|
GinGy| 1
Hence, G:é\lé\g O

Definition: If G is a group and H, K < GG such that G = HK, then G is said to be
an internal direct product of H and K.

GGl =

= |G

(End of Day 21)

Remark/Example:
(i) By Corollary 1.10, if G is an external direct product of G; and G, then it is

an internal direct product of G; and G,. Since G; = G;, we simply say that
G is a direct product of G; and G5

(i) If G = HK, it does not necessarily imply that G = H x K. ie. An internal
direct product is not necessarily an external direct product.

(iii) Let G = S3 and H = A3 = {e,(123),(132)}. Then H < G. Furthermore, if
K :={e,(12)}, then K < G. Hence,

HK <G
Furthermore, |H N K| | (3,2) = 1. Hence, |HK| = |H||K| = 6. Hence,
HK = . However,
S32 HXxK

because H x K is Abelian and Sj3 is not.

Theorem: Let G be a group and H, K < (G such that

(i) HxG,K <@
(i) HNK = {e}
Then HK = H x K.

Proof. Since H <« G, HK < G by 1.9. If h € H and k € K, then consider
x = hkh~'k~!. By normality,

v=(hkh )k '€ Kandz=h(kh k™) € H
Hence, r € HN K = {e}, so hkh™'k™! = e, whence
hk =kh Yhe H ke K
Define f : H x K — HK by (h,k) — hk.
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(i) fis a homomorphism: If (hy, k1), (he, k2) € H X K, then
f((ha, k) (has ko)) = f(hiha, kiks) = hihokiky = hikihoks = f(ha, k1) f(ha, k2)

(i) f is injective: If (h, k) € ker(f), then
hk=e=h=k"'ec HNK = {e}

Hence h = k = e, so ker(f) = {(e,e)}.

(iii) f is surjective: Obvious.

1.14. Proposition : Let |G| = p?, then

G~ {sz : if G cyclic

L X Ly : otherwise
Proof. Suppose 3z € G such that O(z) = p?, then G is cyclic. So
G=17,

by II1.4.3. Now suppose O(x) = p for all x € G,z # e. Fix x € G, and consider
H = (z). Since H # G,y € G\ H. Let K := (y).

Since G is Abelian by I11.5.10, H < G, K < G, so HK < G. Also, since |K| = p,
and
HNK<K=HNK={e}for KCH

Since y € K \ H, it follows that H N K = {e}, so
|HK|=p* =|G| = G=HK
By Theorem 1.13, it follows that

G=HXxK=Z,x1Z,

2. Cauchy’s Theorem

2.1. Remark: Let G be a finite group.
(i) By Lagrange’s theorem, if H < G, then |H| | |G|.

(ii) However, the converse is not true. For instance, if G = Ay, then 6 | |A4|, but
A4 does not have a subgroup of order 6. (See I11.7.14)

Cauchy’s theorem can be thought of a partial converse to Lagrange’s theorem.
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2.2.

2.3.

2.4.

2.5.

Lemma: Let G be a group and g € G. If d | O(g), then G contains an element of
order d.

Proof. Let m := O(g) and x := g™/ then we claim that O(z) = d.

First note that 2¢ = g™ = e, so O(z) | d. Furthermore, if k = O(z), then z*F = ¢,
so g™*/4 = e. Hence, m | mk/d. So 3¢ € N such that

%szm;»k:zed;»dm

Hence, d = k as required. O]
Lemma: Let ¢ : G — G’ be a homomorphism and = € G, then O(p(z)) | O(z)
Proof. Let m := O(x), then 2™ = e, so p(z)™ = p(e) = €. Hence, O(p(x)) | m. O

Theorem (Abelian Case): Let G be an Abelian group and p a prime such that
p | |G|, then 3z € G such that O(z) = p. Equivalently, G has a subgroup of order

.
Proof. We induct on the number P(G) of prime factors of |G|. Since p | |G|,
P(G) > 1. If P(G) =1, then |G| = p, so G contains an element of order p by 1.2.6.

Now suppose P(G) > 2 and assume that the result is true for any group G’ such
that P(G') < P(G) — 1.

Fix x € G. If p | O(x), then Jy € G such that O(y) = p by Lemma 2.1. Hence,
assume p 1 O(x). Set H := (x). Then H < G since G is Abelian, so define

G =G/H andset 7: G — G’

the natural homomorphism. Since p 1 |H|, it follows that p | |G'|. Also, by defini-
tion,

G| = |Gl/p
so P(G') < P(G) — 1. So by induction hypothesis, 32’ € G’ such that O(z’) = p.
However, 2’ = m(y) for some y € GG, so we have

O(m(y)) =p
By Lemma 2.2,

plk=0(y)
By Lemma 2.1, G contains an element of order p. O
Remark:

(i) The class equation reads

Gl=12@)+ Y [Cl)l=12(G)+ Y [G:Z()

|C(zi)|>1 |C(z)]>1
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2.6.

(ii) If H < G such that H C Z(G), then H < G
(iii) If x ¢ Z(G), then |C(x)| > 1, so the centralizer

Z(x) ={9 € G:gx=uxg}

is a proper subgroup of G. ie. Z(z) # G
(iv) Z(@) is an Abelian subgroup of G.
The following argument is a more sophisticated version of what we saw in trying to

prove that the center of a p-group is non-trivial (II1.5.8).

Theorem (Non-Abelian Case): Let G be any group and p a prime such that p | |G|.
Then G contains an element of order p. Equivalently, G contains a subgroup of
order p.

Proof. We induct on |G|. If |G| = p, then G is cyclic, and contains an element of
order p. Now suppose |G| > p + 1, and assume that the theorem is true for any
group G’ such that |G'| < |G].

Consider the class equation

Gl =1Z2@)+ > [G: Z(x:)]

|C(z)|>1

We consider the following cases:

(i) Suppose Jz ¢ Z(G) such that p | |Z(z)]: If © ¢ Z(G), then Z(x) is a proper
subgroup of G. Suppose p | |Z(z)|, then by the induction hypothesis, Z(x)
contains an element of order p. Hence, G contains an element of order p.

(ii) Suppose that p 1 |Z(z)| for all x ¢ Z(G): Then, since p | |G| = |Z(2)||C(x)|,

we see that

p | C(w:)|
for any z; such that |C'(x;)| > 1. Since p | |G|, we see from the class equation
that

0=1Z(G)| (mod p)

Hence, p | |Z(G)|. But Z(G) is Abelian, so by Theorem 2.2, 3x € Z(G) of
order p.

[]

2.7. Corollary : If |G| = 6, then

G

I

{ZG . if G is abelian

S3 : otherwise
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2.8.
2.9.

Proof. By Cauchy’s theorem, 3H < G such that |H| = 3 and K < G such that
|K| = 2. Since |G| = 6, it follows by the Strong Cayley theorem that H < G.
Hence, HK < (G. By order considerations,

G=HK

We thus have two cases:
(i) If K <« G, thenby 1.14, G = H X K = 73 X Zy = Zg by 1.4.

(ii) If K is not normal in G, then consider the action of G on G/K by left-
multiplication. This gives a map

f:G— 53

since [G : K] = 3. By II1.4.4, ker(f) C K. Since K is not normal in G,
ker(f) # K. Since |K| = 2, it must follow that ker(f) = {e}. Hence, f is
injective. Since |G| = |S3], we conclude that

G =5

Corollary: D3 = S;
Corollary : If |G| = 15, then G = Z5

Proof. By Cauchy’s theorem, dH, K < G such that |H| = 5,|K| = 3. Once
again, by the Strong Cayley theorem, H < GG, so HK < G. Once again, by order
considerations,

G=HK

We claim: K <1 G. To this end, consider the action of K on H by conjugation: For
each k € K, define ¢y, : H — H by

or(h) := khk™*
Note that ¢, € Aut(H). Furthermore,

Pk1 © Pky = Phiks

Hence, we get a group homomorphism
f: K — Aut(H)
Now |H| =5, so H = Zs. By HW 3,
Aut(H) = Z: = |Aut(H)| =4

Now,
Image(f)| | 4 and [Image(f)| = [K : ker(f)] | |[K| =3
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Hence, |Image(f)| = 1, whence f is trivial. Hence, for each k € K,h € H,
khk™' = h = hk = kh
It follows as in Theorem 1.13 that
HK =Hx K
Hence, G 2 H x K = 75 X Z3 = Z15 by 1.5. O

(End of Day 22)

3. Sylow’s Theorems

Cauchy’s theorem gives is a partial converse to Lagrange’s theorem: If p | |G|, then G
has a subgroup of order p. We now wish to extend this theorem to powers of primes. We
will show: If p is prime, and p’ | |G|, then G has a subgroup of order p’. This is called
Sylow’s first theorem, and the proof is similar to that of Cauchy’s theorem (2.6)

3.1. Lemma: Let G be a group, H <G and K’ < G/H. If 7 : G — G/H is the quotient
map, and K := 7~ 1(K’), then K < G and

K| = K[| H]

Proof. That K < G follows from the Second Isomorphism theorem (I1.4.6). Fur-
thermore, H C K. Restriction of 7 gives a surjective map group homomorphism

7 K— K
Now, ker(7) = ker(m) N K = HN K = H. So by the first isomorphism theorem,
K/H =K'
The result follows. O
3.2. Remark:

(i) Once again, recall the class equation reads

Gl=12(@)]+ Y [C()

IC(@i)[>1

(ii) If H < G such that H C Z(G), then H < G
(iii) If x ¢ Z(G), then |C(x)| > 1, so the centralizer

Z(z) ={g € G: gx =g}

is a proper subgroup of G. ie. Z(z) # G
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3.3. (Sylow I): Let G be any group and p a prime number, ¢ € N. If p’ | |G|, then G has
a subgroup of order p‘.

Proof. We induct on ¢ and |G| simultaneously. Let P(i,n) be the statement “If G
is a group of order n and p' | n, then G has a subgroup of order p””. Note that

(i) P(1,n) is true for all n by Cauchy’s theorem.
(ii) P(i,1) is true for all 7 trivially.
(iii) For fixed (i,m) € N x N, assume that, if 1 <j<i—land 1 <k <n-1
(a) P(j,k) is true.
(b) P(i, k) is true.
(c) P(j,n) is true.

then WTS P(i,n) is true: So let G be a group of order n and p’ | |G|. Consider
the class equation of GG

Gl=12@)|+ Y |Cx)
C (i) >1

We consider two cases:

(a) Suppose that for one z; appearing on the RHS, p' | |Z(x;)|, then, since
P(i, k) is true for all k < n and |Z(z;)| < |G, it would follow by induction
hypothesis that Z(x;) has a subgroup of order p’. This would also be the
required subgroup of G.

(b) Suppose that for each z; appearing on the RHS, p* t | Z(x;)|. Since
PG| = 1Z(@)]|C (i)
it follows that p | |C'(z;)|. Since p | |G|, going modulo p, we see that

1Z(G)| =0 (mod p)

Hence, p | |Z(G)|. By Cauchy’s theorem, Z(G) has a subgroup H of order
p. By Remark 4.3(ii),

H<aG
Now set G’ := G/H. Then p"~! | |G'|. Since P(i — 1,|G’|) is true, G’ has
a subgroup K’ of order p~!. By Lemma 3.1, G has a subgroup of order

.
O]

3.4. Definition: Let G be a group, p a prime, and suppose k£ € N such that
p" | |G| but p* |G

By the First Sylow theorem, there is P < G such that |P| = p*. Such a subgroup
is called a p—Sylow subgroup of G
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Note: This subgroup may not be unique.
3.5. Examples:
(i) If |G| = p", then G itself is a p-Sylow subgroup of G.
(i) f G =7y X Zg = Zo X Ly X Zs, then

H =17y x7Zy x {0}
is a 2-Sylow subgroup. Furthermore,

K :={0} x {0} x Z3
is a 3-Sylow subgroup. We will show later that these are the only Sylow
subgroups of G.

(i) Let G = Ss3, then |G| =6=2x3

(a) Az < S5 is a 3-Sylow subgroup. Also, this is the unique subgroup of G of
order 3 (Check!)

(b) Any subgroup of order 2 is a 2-Sylow subgroup. For instance,
Ky :={(12),e}, and K, := {(13),e}

are distinct 2-Sylow subgroups.
(iv) If G = Ay, then |G| =12 =22 x 3.
(a) We know a 2-Sylow subgroup of G
1 :={e, (12)(34), (13)(24), (14)(23)}
By Remark II1.7.15, H <1 A;. We will show that this is a unique 2-Sylow

subgroup of G.
(b) Any subgroup of order 3 is a 3-Sylow subgroup. For instance,

K :={e,(123),(132)} and K, := {e, (124), (142)}

are distinct 3-Sylow subgroups.
(v) Let G = Sy, then |G| =24 = 23 x 3.

(a) Any subgroup of order 3 is a 3-Sylow subgroup. For instance, the sub-
groups listed above for A4 work.

(b) Any subgroup of order 8 is a 2-Sylow subgroup. For instance, consider
Dy < S4 by using the action of Dy on the set of vertices of the square.
Then |Dy| = 8, so D, is a 2-Sylow subgroup of Sj.

Note: If we relabel the vertices, then we get another subgroup of S; of
order 8, which is isomorphic to Dy, but not the same subgroup of Sy.
Thus, the 2-Sylow subgroup is not unique.
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3.6.

3.7.

3.8.

3.9.

3.10.

(End of Day 23)
Definition: A group G is called a p-group if p is a prime, and |G| = p™ for some
neN

(Fixed Point Lemma): Let G be a p-group acting on a finite set X. Define the fixed

point set
XC.={reX:g-x=2 VYgecG}

Then
X[ =X (mod p)
In particular, if p t | X|, then X has a fixed point.

Proof. Write X as a disjoint union of orbits. Note that an orbit is a singleton set
{x} iff z € XY Hence, we may write

X=XCU0O(x))UO(zz)U...UO(xp)

where |O(z;)| > 1 for all 1 <4 < k. Taking cardinalities, we see that

X] = 1X9 4+ ) |0()]

=1

By the orbit-stabilizer theorem, |O(x;)| = [G : Stab(z;)]. Since G is a p-group, it
follows that
p||0(x;) V1I<i<k

Hence the result. O

Definition: Let G be a group and H, K < GG be two subgroups. We say that H and
K are conjugate to each other if 3g € G such that gHg ! = K.

Remark:
(i) Conjugacy is an equivalence relation on the set of all subgroups of G.
(ii) If H < G, then gHg™* < G.
(iii) If two subgroups are conjugate, then they have the same cardinality. In par-
ticular, if H is a p-Sylow subgroup, then so is K.
(Sylow II): Let G be a group, then any two p-Sylow subgroups of G are conjugate
to each other.

Proof. Let P be a p-Sylow subgroup, and () any other p-Sylow subgroup. Since
conjugacy is an equivalence relation, it suffices to show that d¢g € ¢ such that
gPg™' = Q. Set X = G/P and let Q act on X by left-multiplication. Since P is a

p-Sylow subgroup,
(X[ =[G :Pl=pt|X]

Hence by the Fixed Point Lemma, dx € X such that

g-x=x VYgeQ
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3.11.
3.12.

3.13.

3.14.

Write x = go P, then we see that, forall g € @,

990P = goP = g5 990 € P

Hence,
9 'Qgo C P

But |g5'Qgo| = |Q| = |P|, s0 g5 'Qgo = P. Equivalently,
Q=goPygy'

Definition : Normalizer of a subgroup H < G, denoted by N¢g(H)
Lemma :
(i) Ng(H) < G
(i) H C Ng(H) and H < Ng(H)
Proof. (i) Let G act on X := G/H by conjugation. Then consider the stabilizer
Stab(H) = {9 € G: gHg ' = H} = No(H)

Thus, N¢(H) < G.

(ii) Clearly, H C Ng(H). Since H < G, it follows that H < Ng(H). That
H <1 Ng(H) follows from the definition of Ng(H).

O

Lemma: Let H be a subgroup of G and let H act on X := G/H by left-multiplication.
Then for any x € G,
eH e X" & 1€ Ng(H)

Hence,
X" = [Ng(H) : H]

Proof. If tH € X then for any h € H,
h-(xH)=z2H =2 'ht € H= 2 'Hr CH= v 'Hx = H = v € Ng(H)
Conversely, all the arrows are reversible. Thus, it follows that
X" = Ng(H)/H
so the result follows. O

(End of Day 24)

(Sylow I') Let H < G be a p—group, then there exists a p—Sylow subgroup P < G
such that H C P
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3.15.

3.16.

Proof. It H is a p-Sylow subgroup, then there is nothing to show. So assume H is
not a p-Sylow subgroup. In that case,

p|G: H]

Let X = G/H, and let H act on X by left-multiplication. By the Fixed Point
Lemma,

[G: H]=|X|=|X"| (mod p)

Hence, p | | X#| = [Ng(H) : H]. Since H <1 Ng(H), it follows that Ng(H)/H is a
group. Since

p|INa(H)/H]|
N¢(H)/H has a subgroup K’ of order p by Cauchy’s theorem. Let 7 : Ng(H) —
Ng(H)/H be the quotient map, then
HCcK:=7'K)<G

has the cardinality, |K| = |K'||H| = p|H|. If K is a p-Sylow subgroup, then we
may stop. Else, we may proceed inductively, until we obtain a p-Sylow subgroup of
G containing H. O

Remark: By Cauchy’s theorem and induction, this provides another proof of Sylow
I using induction.

(Sylow III) : Let G be a group and p a prime. Suppose that
|G| = p*m where p{m

Let n, denote the number of p-Sylow subgroups in G, then
(i) n, =1 (mod p)
(ii) For any p-Sylow subgroup P, n, =[G : Ng(P)]
(iii) n, | m
Proof. Let X := Syl,(G) denote the set of all p-Sylow subgroups of G. Then G

acts on X by conjugation. Furthermore, by Sylow II, this action is transitive. Note
that n, = | X|

(i) Let P be a p-Sylow subgroup, and let P act on X by conjugation. Then by
the Fixed Point Lemma,

ny = |XP| (mod p)

Now if Q@ € X, then for any p € P, pQp~* = Q. Hence, P C Ng(Q).
However,

Q@ < Ng(P)

Thus, @ and P are both p-Sylow subgroups of Ng(Q). By Sylow II, dg €
Ng(Q) such that

9Qg ' =P
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However, g € Ng(Q), so gQg~* = Q. Thus, P = Q. Hence, X = {P},
whence
n, =1 (mod p)

as required.

(ii) Now consider the action of G on X by conjugation. This action is transitive
by Sylow II, so by the Orbit-Stabilizer theorem,

| X| =[G : Stab(P)]
However, Stab(P) = {g € G : gPg~' = P} = Ng(P). Hence,
np = |G : No(P)]
(iii) Since P < Ng(P), we have
|G : P] m

" No(P): P] ~ [Na(P): P

T

Thus, n, | m as required.

]

3.17. Corollary: Let G be a group and p a prime dividing |G|, and let P be a p-Sylow
subgroup of G. Then P < G iff n, =1

Proof. 1f g € G, then gPg~" is a p-Sylow subgroup of G. If n, = 1, then gPg~' = P
forall g e G,s0 P < G.

Conversely, if P <1 G and @ is any p-Sylow subgroup of GG, then by Sylow II, 4¢g € G
such that gPg~' = Q. Since P <1 G, Q = P must hold. Hence, n, = 1. n

3.18. Examples:
(i) Suppose |G| = 15, we give another proof that G = Z5

Proof. Note that
ny=1 (modb)andns|5=n3=1
Let H be a 3-Sylow subgroup, then by 3.17, H < G. Furthermore,
ns =1 (modb)and n; |3 =n;=1
Hence if K is the 3-Sylow subgroup, then by 3.17, K < G. Once again
HNK ={e}
Hence, G=HK = H x K = 73 X %5 = Z5. O

(End of Day 25)
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4. The Dihedral Group

4.1. Remark: Let G = D,, denote the group of symmetries of a regular n-gon. Enumerate
the vertices as {1,2,...,n}, so we view GG as a subgroup of S,,. Define

r=(1,2...,n)

to be the rotation in G by 27/n. Let s € G denote the reflection about the axis
passing through the vertex 1 and the origin. Hence, if n is odd, then write n = 2k+1,
then the axis passes through the edge joining £+ 1 and k + 2

/12 3 k41l k42
ST\ 2%+1 2k

E+2 k+1

2k 2k+1

)

If n = 2k is even, then the axis passes through the vertex k, so

. (1 2 3 .. k—=1Fk k+1
1 2% 2%—1 ... k+1 k k-1
In each case, we may verify
(i) {1,r,7% ...,r" '} are all distinct, because O(r) = n
(i) srs™t =r71

Proof. Suppose n = 2k + 1 is odd, then

L (12 k+1 k42 2k 2k +1
TS TS AL 9k 41 E+2 k+1 32
1 2 ... 2k 2k+1
2 3 2k+1 1
1 2 E+1 k42 2k 2k +1
1 2k+1 kE+2 k+1 3 2
(12 k41 k42 2%k 2%k +1
C\2k+1 1 ... k k+1 2k — 1 2k
= (1,2k+1,2k,2k —1,...,2)
:’]"_1
The even case is similar. O
(iii) If 1 <i < j <n—1, then sr’ # sri
Hence,
D, = {177 .. 0"t srsr? .. s}

If H=(r) and K = (s), then

and HN K = {e}, so |HK| =

G:H=2=H<G
2n. Hence,

G=HK

2k
2

Note that G is non-Abelian, while both H and K are cyclic, so G 2 H x K.

65



4.2. Theorem: Let G be a group with two elements a,b € G such that

a” =b*> =e and bab = a~!

Then 3 a unique group homomorphism ¢ : D, — G such that
o(r) =a and p(s) =b
Proof. If bab = bab~! = a~ !, then
ba’b=a"7 VjEZ
Since b? = e, we have
Voaib ™k = a0 VE jeZ

Note that
_ 2 n—1 2 n—1
={1,r,r% . " s, sr st L s}

so define ¢ : D,, — G by
o(s*r7) ;== bra?, Vk,je
Then

(i) ¢ is well-defined because

shri = %™ =k =( (mod 2) and j =m (mod n)

and in that case b*a? = b'a™ since a" = e = b2.

(i) ¢ is a group homomorphism:

p((s5r7)(sr™)) = (r! JSkSﬁrm)
— QO(?” kJré m)
= p(r-! DEIm g (k+0)
= gp(r DEFm (kH))
— a(*l)’“fr(* )““”)mb(kJr@)
= ... = (bFa?)(b'a™)

(iii) Uniqueness: If ¢ : D,, — G is any other homomorphism such that

(r) =a and ¢(s) =
Then 1) = ¢ because every element of D,, is a product of powers of r and s.
0

4.3. Theorem: Let p be an odd prime and G be a group of order 2p. Then

G~ Zs, G Abelian
N D, : G non-Abelian
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Proof. By Cauchy’s theorem, G has elements a,b € G such that O(a) = p, O(b) = 2.
Let H := (a), then H < G since [G: H] = 2. So

bab™' = a'

for some t € {0,1,...,p —1}. Then

2

a = b*ab=? = b(bab )bt = ba'bt = (bab™ ') = a

1 — ¢, whence

Hence, a'*~
pl(#*—=1)=({t-1(t+1)

Since p is prime, p |t —1or p |t + 1.
(i) If p|t —1, then a' = a''a = a. Hence,

bab™! = a = ba = ab
Since G = (a, b), it follows that G is abelian. In that case,
O(ab) | lem(O(a),O(b)) = 2p
However, if O(ab) = m, then
a™=b"" € (a) N (b)
But O(a) = p and O(b) = 2. Since p is an odd prime,
(a) N (0) = {e}

—m

Hence, a™ = b~™ = e. Hence,

plmand2|m=2p|m

Hence,

O(ab) = 2p
Hence, G is cyclic, so G = Zs,.

(i) If p | t + 1, then bab™' = a' = a'™a™! = a~'. By the previous theorem, there
is a group homomorphism
v:D, =G

such that ¢(r) = a,¢(s) = b. Since G = (a, b), this map is surjective. Since
G| =2p = |Dy|

this map is also injective. Hence, G = D,,.
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5. Simple Groups of order < 60

Recall : A group is called simple if its has no non-trivial normal subgroups.

o.1.

0.2.

5.3.

0.4.

Remark :
(i) Any group of of prime order is simple (by Lagrange’s theorem, it has no sub-
groups).
(i) If G is abelian with |G| composite, then G is not simple ((HW5)
(iii) As is a simple group of order 60.
(End of Day 26)

Lemma: If |G| = p", where p is prime, and n > 1, then G is not simple.

Proof. 1f G is simple, then Z(G) must be trivial. Since Z(G) # {e}, it follows that
Z(G) = G, whence G is Abelian. Since |G| is composite, this is impossible. ]

Lemma: If G has a proper subgroup H such that |G| { [G : H]!, then G is not
simple.

Proof. HW 5 [

Lemma: Let G be a group of order pgr, where p < ¢ < r are primes, then G is not
simple.

Proof. Let n, denote the number of p-Sylow subgroups of G. Since any two distinct
p-Sylow subgroups intersect trivially, G must have

ny(p — 1)
elements of order p. Similarly, G has
ng(q—1)
elements of order ¢ and n,.(r — 1) elements of order . Thus,
pqr = |G| = ny(p = 1) +ne(g = 1) +n,(r = 1) +1

Now, by Sylow III
n, | pgand n, =1 (mod r)

If n, = 1, then the r-Sylow subgroup is normal in G. So assume n, # 1. Then,
n, | pqg implies that
n. € {1,p,q,pq}

Since p < g < r, it follows that n, = pg. Thus, we have
pgr = np(p—1) +ny(qg — 1) +pg(r —1) +1

Now if n, = 1, we are once again done. If not, then n, | pr, so

nq € {Lpa 7', pr}
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2.5.
2.6.

Since n, =1 (mod ¢), and p < ¢, it must happen that
ng € {r,pr}
In particular, n, > r. Finally, if n, # 1, then n, | ¢r implies that
n, € {1,q,7,qr}
So n, > ¢. Hence, we get
pqr > q(p—1)+r(g—1) +pg(r—1) +1

Hence,
r
02qr—r—qz>2<q§—1§2
r —

This is absurd. Hence, one of n,,n, or n, must be one. Thus, G is non-simple. [
Theorem: If |G| < 60 and G is simple, then |G| is a prime. (HW)
Theorem: If GG is any simple group of order 60, then G = Ay

Proof. Note that
60 =2>x3x5

(i) Let ns denote the number of 5—Sylow subgroups of G. Then by Sylow III,
ns =1 (mod 5) and njy | 12

Hence, ns € {1,6}. If ny = 1, then the unique Sylow subgroup would be
normal, contradicting the simplicity of G. Hence,

n5:6

Hence, there are
6(b—1)=24

elements in G of order 5.

(ii) Let ng denote the number of 3-Sylow subgroups. Then by Sylow III,
ny =1 (mod 3) and ng | 20 = ng € {1,4,10}

If ng = 4, then [G : Ng(P)] = 4 where P is any 3-Sylow subgroup. Since
60 1 4!

we conclude from 5.3 that G is not simple. This is a contradiction. Hence,
nsy = 10

Once again, this implies that there are

10(3—1) =20

elements of order 3.
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(iii) Let ny denote the number of 2-Sylow subgroups. Then by Sylow III,
ny =1 (mod 2) and ns | 15 = ny € {1,3,5,15}

(a) If ng = 1, then the Sylow subgroup is normal. This is not possible.
(b) If ny = 3, then
(G Ne(Q)] =3

where @ is any fixed 2—Sylow subgroup. Once again, since 60 1 3!, this is
impossible by 5.3.

(¢) If ng = 5: Fix a 2-Sylow subgroup @ and set H := Ng(Q). Then [G :
H] =5, so the action of left-multiplication on X := G/H induces a group
homomorphism

fZG—>S5

Furthermore, ker(f) C H, so ker(f) # G. Since G is simple, ker(f) = {e}.
Hence, f is injective. Now consider the map ¢ : G — {£1} given by

o= sgnof

Then ¢ is a group homomorphism. If ker(¢) = {e}, then ¢ would be
injective. But this is absurd because

|G| =60 > 2= |{£1}]
Since G is simple, it follows that ker(p) = G. Hence,
F(G) < ker(sgn) = As
Since |f(G)| = 60 = | As|, we conclude that
[:G— A;

is an isomorphism.

(d) If ng = 15: Let P be a fixed 2-Sylow subgroup and = € P such that = # e.

Consider
H = Z(x)
Since |P| =4, P is Abelian. Hence, P C H. Hence,
60

ki=[G:H]|[G: Pl =2 = 15= k€ {1,3,5,15)
o If k=1, then G = H = Z(x). In which case, z € Z(G), so
K:=(z)< G

This contradicts the assumption that G is simple.

e If k=3, then |G| 1 3!, so this would contradict Lemma 5.3.
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e If k£ =5, then G has a subgroup of order 5. The same argument as
above would imply that G = A;

e If k=15, then [G : H] =[G : P, in which case P = H: So suppose
G2 As
Then, for any 2-Sylow subgroup P and any = € P, x # e, we have
P=Z(z)

In particular, if P and () are any two Sylow subgroups, suppose P N

Q) # {e}, then let
rePNQ

As before, we have P = Z(z) = ). Hence, any two distinct 2-Sylow
subgroups must intersect trivially. Therefore, the number of elements
of order 2 or 4 is

15(4 — 1) = 45

Thus the number of elements in G exceeds 60 by the calculations in
Steps (i) and (ii).

]

6. Finite Abelian Groups

Notation: In this section, all groups will be finite and Abelian. In this case, we write the
group operation as +, and we write —g := g~ 1.
6.1. Remark/Definition:

(i) If G is an Abelian group and p a prime dividing |G|, then G has a unique
p-Sylow subgroup H.

(a) If € H, then O(x) is a power of p since O(z) | |H|

(b) If z € G such that O(z) is a power of p, then K := (z) is a p-group. By
Corollary 3.14, K C H,soxz € H.

Hence,

G(p) :={x € G: O(x) is a power of p}
is called the p-primary component of G.

(ii) If G = H x K and p is a prime, then

G(p) ={(z,y) € H x K : O(z) and O(y) is a power of p} = H(p) x K(p)

6.2. Lemma : Let G be a finite abelian, then G is isomorphic to the direct product of
its Sylow subgroups.
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Proof. Consider the decomposition into prime factors of m := |G/:
m=pi'ps® .. Pyt

Let G(p1), G(p2), - .., G(px) be the Sylow subgroups of G. Let G’ := G(p1) x G(p2) X
... X G(pg) and define ¢ : G" — G by

go(xl,xz,...,:vk) =T+ To+ ..+

(i) ¢ is a homomorphism because G is Abelian.

(i) ¢ is injective: If p(z1,x9,...,2%) = €, then
—r1 =T+ ...+ 2, € G(p1) NG(p2) ... G(pr—1) =1 K

Since z; € G(p;), it follows that 3¢; € N such that
pi() =0 VI<i<k

Let n:= [[L,p", then

n(—z1) =nxs+ ...+ nrp =0

But z1 € G(p1), so if z1 # 0, then p; | O(z1) so p1 | n, which is false. Hence,

T1=ZTo+...+x,=0

Now by induction it follows that x; = 0 for all 7, so ¢ is injective.
(iii) ¢ is surjective: |G| = |G|
O
(End of Day 27)

6.3. Lemma: Let G be a finite Abelian p-group and let b € G and r € N such that
p'b#0

Suppose O(p"b) = p™. Then
O(b) =p™™

Proof. Clearly,
prerb — pm<prb) — 0

and if p"b = 0, then n > r because p"b # 0. Hence,
0=p" "(P'b)=0=p" |p" "=m<n—r

Hence n > r +m. Hence, O(b) = p"™™™ O
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6.4. Lemma: Let GG be a finite Abelian p-group and let a € G be an element of maximal
order. Define
H = (a)

and let 7 : G — G/H be the quotient map. For any y € G/H,3x € G such that
m(x) =y and O(z) = O(y)

Proof. Suppose O(a) = p*, and O(y) = p", then choose b € G such that b+ H = y,
SO
p(b+H)=pb+H=H=pbeH

Hence, dn € N such that p"b = na. Now write
n = p'm where ptm
(i) If £ > k, then na = p'ma = 0. In this case,
p'b=0=00) <p"=O(y)

But by Lemma 2.3,
O(y) = O(w(b)) | O(b)
Hence, O(b) = p", so x = b works.
(ii) If ¢ < k, then
p'b=na = p'ma #0
Furthermore, by Mid-Sem QG6,

O(a) B p" P

W) = 0W'm) = & 300a), o) ~ el ) ~ 7

Hence by the previous lemma, O(b) = p"**~*. Now O(a) is maximal. Hence,
r+k—(0<k=r</{
Hence define
z:=b—p" "ma

so one has
r+H=b+H=y=p =0(y) <O0(r)

However,
p'r=pb—p'ma=pb—na=0

Hence, O(z) = p" as required.
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6.5. Lemma: Suppose G is a finite Abelian group, and there is an isomorphism
0: GG xGyx...xG, =G

Define é\z < (G’ as in Lemma 1.2, and set

—

H; = ¢ ' (G))
Then every x € GG can be uniquely expressed as a sum
rT=x1+To+ ...+ Tk

where x; € H;. Furthermore, observe that H; = G;

Proof. (i) Existence: Let € G, then ¢(x) = (a1, as,...,a;) for some a; € G;.
Set

—~

Z; = @_1(0707 SR 07ai707 cee 70) S QO_I(GJ - Hz
Then
p(z) = p(z1) + p(x2) + ... + (1) = (21 + T2 + ... + Tp)

Since ¢ is injective, we get that x = x1 + 29 + ... + 2%

(ii) Uniqueness: If
T1+To+ ... +Tp =1 +Y2+ ...+ Uk

with x;,y; € H;, then
1=y =Wty +. ty) (e tas+ ..+ xg)
Applying ¢, we see that
(ay —01,0,0,...,0) = (0,by — ag, bs — as, ..., by — ay)
where a; = ¢(z;) and b; = ¢(y;). Hence,
a; =b; Yi=x; =y
O

(End of Day 28)

6.6. (Fundamental Theorem of Finite Abelian Groups - Existence): Every finite Abelian
group is a direct product of cyclic groups.

Proof. By Lemma 6.2, it suffices to prove the result for a finite Abelian p-group. So
let G be a p-group, and we induct on |G|. If |G| = 1 there is nothing to prove, so
assume that the result is true for any finite Abelian p-group G’ such that |G| < |G]|.
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Let x; € G be an element of maximal order, and let H; := (z;). Set G’ := G/H;
and let 7 : G — G’ be the quotient map. By hypothesis, we may express

G' =2 Ly x Ly x...x Ly

for some cyclic groups L;. By the previous lemma, there are cyclic subgroups
K; < G’ such that, every z € G’ has a unique expression of the form

Z=Zy4 ...+ 2 ()

where z; € K;. Let p" = |K;| and let y; be its generator. By the previous lemma,
dx; € G such that
O(z;) =p" and mw(z;) = y;

Let H; := (z;). We claim that
G=Hy x Hyx...x H,
Define L := Hy x Hy X ... X H, and define ¢ : L — G by
(a1, a9,...,a5) — a3 +as+ ...+ ag

Then ¢ is clearly a homomomorphism.

(i) ¢ is injective: Suppose a; € H; such that a; +as + ...+ as =0, then Im; € Z
such that a; = m;x;, so we get

mixy + Mmoo+ ...+ mexs =0
Applying the quotient map to this expression, we get an equation in G’
m(0) = mam(z2) + ... + mym(xs) = w(0) + ... + 7(0)
But by the uniqueness of the expression in (%), we get
mm(z;) =7(0) = O(n(x;)) =p" |m; V2<i<s

But O(z;) = p™, so

Hence, the above expression yields a; = myx; = 0 as well.

(ii) ¢ is surjective: If z € G, then by (x),3m; € N such that
m(x) = mom(xg) + ... mem(xy)

Hence,
T — Moy — M3y — ... — My € Hy = (1)

Hence, 3m; € N such that
T — Moo — M3Tz — ... — Mglsg = M1T1

SO & = myxy + Moy + ... + msxs € Image(p).
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]

6.7. (Fundamental Theorem of Finite Abelian Groups - Uniqueness): The decomposition
from the previous theorem is unique upto permutation.

Proof. Suppose that
k ¢
¢=]]c=]]H
i=1 j=1

where each G; and H; are cyclic groups. Then for any prime p, by Remark 6.1,

Hence, it suffices to prove uniqueness for p-groups. So suppose G is a finite Abelian
p-group, and write

G=G xGyx...xGy

where each G; is a cyclic group of order p™ and r; > ry > ... > r,. Furthermore,
suppose
G=ZH xHyx...xH,

where each H; is a cyclic group of order p% and ¢, > 0y > ... > {,,. Then ,we
WTS:

(i) m=k
(i) b;=r;forall 1 <i<k
So induct on |G|. Consider
pG = pGy X pGoy X ... X pGy,
Then pG < G is a proper subgroup of G and is of type
il ol ey

with the convention that, if ; = 1, then pG; = 0. Similarly,

(p

pG = pHy x pHy X ...pH,,
Hence it follows by induction that if r; > 2 or m; > 2. In this case, we have
T, =m,;
Hence, the two decompositions are of the type

("™, p™,...,p",p,p,...,p) and (p",p"™,.... 0", p,p,...,p)
N—— N———

s times t times

Comparing orders, we see that

_ . ri+reo+..4ri. s _ _ri+rot...+r; t _
|Gl =p pt=p pt=s=t
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6.8. Example :

(i) Abelian groups of order 5% are
(a) Zs X Zs x Ls X Zs
(b) Zs x Zs X Zos
(¢) Zs X Zqas
(d) Zos X Zos
() Zeas
(ii) Abelian groups of order 100 are
(a) Zg X Zg X Zs X Zs
(b) Zg X Zy X Zos
(¢) Zy X Zs X Zs
(d)

d) Zs X Zas = Zyoo

(End of Day 29)

7. Semi-Direct Products

7.1.

7.2.

Remark: Let G be a group and H, K < G such that H << G. Then HK < G. It is
possible that
G=HK

but G 2 H x K (See Example 1.12). However, there is a map
Y K — Aut(H) given by 1 (k)(h) := khk™

and G = H x K if and only if ¢ is trivial. ie. khk™* = h for all k € K,h € H (For
instance, this happened in Corollary 2.9). We now wish to understand the situation
when G is non-Abelian (and 1 is non-trivial).

Theorem: Let H and K be two groups, and let ¢ : K — Aut(H) be a group
homomorphism. Define
G:=HxK

with group multiplication given by

(R, k1) - (ho, ko) = (hap(k1)(he), kiks)

Then G is a group, and is called the semi-direct product of H and K. It is denoted
by
Hx, K

Proof. Clearly - is a binary operation on G. We now check the axioms:
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(i) Associativity: Let (h;, k;) € G for i = 1,2,3, then

(h1, k1) - [(ha, k2) - (hs, k3)] = (ha, k1) - (hap(k2) (R3), kaks)

= (h1p(k1)(hap(k2)(h3), kiks, k3)

= (h1p(k1)(ha)p(kikz)(h3), (kika)ks)
= (h1p(k1)(h2), k1k2) - (hs, k3)

= [(h1, k1) - (R, ko)) - (hs, k3)

(ii) Identity: Let ey and ex denote the identities in H and K respectively. Then,
for any (h, k) € G,

(h.k) - (em, ex) = (hp(k)(en), kex) = (hem, k) = (h, k)
and
(em, ex) - (h, k) = (enp(ex)(h), exk) = (enh, k) = (h, k)
(iii) Inverse: Let (h,k) € G, then consider (W, k') := (o(k~1)(h7Y),k71), so

(hv k) ) (h/7 k/) =

7.3. Lemma: Let G = H x, K, then
(i) |G| = |H[[K]|
(i) Define H := {(h,es) : h € H} and [?A:: (e1,k) - k
subgroups of GG. Furthermore, H = H and K = K
(i) H < G
(iv) HNK = {(e1,e3)}. Hence, G = HK
(v) For all k € K and h € H, we have

(e1, k)(h, e2)(er, k)™ = (o(k)(h), €2)

Identifying H with H and K with K this reads,

€ K}. Then H and K are

khk™ = o (k)(h)

Proof. (i) Obvious.
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(i) Let (h1,ex), (ha,ex) € H, then
(h1,ex) - (ha,ex) ™" = (hy,ex) - (hy' ex) = (hhy ', ex) € H

Hence, H < G. Simlarly, K < G. Furthermore, the above argument shows
that the map R
Y : H — H given by h — (h, ek)

is a homomorphism. It is clearly bijective, so it is an isomorphism. Similarly,
K = K as well [Check!].

(iii) If (h,k) € G and (z,ek) € H, then

(hk)™ ' (z,ex) - (hk) = (z,ex) € H

for some z € H. Hence, H<G

(iv) Obvious by a cardinality argument.
(v) Check!

7.4. Examples:
(i) If G=H x K, then G = H x, K where ¢ : K — Aut(H) is the trivial map

o(k)(h)=h Vke K,he H

(ii) If G =D, = (r,s) and H := (r) and K = (s). Define ¢ : K — Aut(H) by

o(s)(r?) = srisTt =p7d
Then G = H x, K
Proof. Consider a := (r,e) € H and b := (e, s) € K, then [Check!]
a = (r",e) = (e,e)
b* = (e,s") = (e.e)

bab™' = (¢(s)(r),e) = (srs 'e) =a™*
Hence there is a unique group homomorphism ¢ : D,, — G such that
o(r)=aand p(s) =b
Since G = HK = (a,b), the map is surjective. Furthermore,
ID,| =2n = |H||K| = 2n

so ( is injective as well. ]

(End of Day 30)

79



7.5. Theorem: Let G be a group and H, K < (G such that
(i) H< G
(i) HN K = {e}
Then Jp : K — Aut(H) such that HK = H x, K
[Compare this with Theorem 1.13]

Proof. Since H <1 K, for each k € K, we have kHk~! = H. Hence, we define
¢ : K — Aut(H) given by k — @y

where @ (h) := khk~!. Then ¢ is clearly a homomorphism. Set G’ := H x, K and
define p : G' - HK by
(h, k) — hk

(i) p is a homomomorphism: If (hy, k1), (ho, k2) € G', then
(R, k1) - (o, ko)) = p((Rap(ki)(he), kik2))
= hip(k1)(ha)kiks
— iy (krhok ks
= (h1k1)(haks)
= pu((h1, k1)) p((ha, k2))

(ii) w is injective: If u(h, k) = e, then hk = e, so
h=k'eHNK={e}=h=k=ce¢

(iii) w is surjective: Since H < G, we have HK < G, so

[H]||K]|
|HNK]

|HK| = = [H[|K| = |¢]

Hence, p is surjective.
O

7.6. Theorem: Let H and K be groups and ¢ : K — Aut(H) be a homomorphism.
Then TFAE:

(i) The identity map
Hx,K—HxK

is a group homomorphism.
(i) ¢ is the trivial homomorphism

(iii) K < H x, K
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Proof. [(i)= (ii):] By definition of the group operation, it follows that, for any
(hi, ki) € H x K, we have

(hap(k1)(ha), kika) = (hiha, kiks)

Hence, ¢(k1)(he) = hy for all k; € K and hy € H. Hence, p(k) = idy for all
ke K.

[(ii)= (iii):] If ¢ is the trivial homomorphism, then for any (h,k) € H x, K
and (e, k') € K, we have

(h, k)™ = (p(k ) (R, k71) = (b1, k7T)

(ha k) ) (67 k/) ) (ha k)il =

ho(k)(e), kk') - (™1 k™)

h kK (R k™)

ho(kK)(hY), kE'E™)

hh ' kK ETY) = (e, kK'k™Y) € K

o~ o~ o~~~

Hence, K< H X, K
[(iii)= (i):] Note that 4 N K = {e},
f[QHNWK::GandﬁI?:G
K <H X, K, then it follows by Theorem 1.13 that
Hx,K~*HxEK~HxK
Furthermore, the isomorphism is explicitly given by

((h,e), (e, k) = (h,e) - (e, k) = (hp(e)(e), k) = (h, k)
Hence, the identity map is an isomorphism. In particular, a homomorphism.
O

8. Meta-Cyclic Groups

8.1. Example: Let p, g be two primes such that p < ¢ and let G be a group of order pq.

(i) Suppose p1 (¢ —1): Then, 3H, K < G such that |H| = g and |K| = p. By the
Strong Cayley theorem,
Had

Also, HN K = {e}. Hence, G = HK. Furthermore, by theorem 7.5, J¢ :
K — Aut(H) such that
G=Hx, K

However, |K| = p and |Aut(H)| = ¢ — 1. Since p 1 (¢ — 1), ¢ must be trivial.
Hence, by 7.6,
G=HXKZZgX Ly= Ly,
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8.2.

8.3.

8.4.

(ii) Now suppose p | (¢—1): Then by Cauchy’s theorem, 3H’ < Aut(H) such that
[H'| =p
Hence, there exists a non-trivial homomorphism
v: K — Aut(H)
that maps K isomorphically onto H'. By 7.6,
Hx, K

is a group of order pg that is not isomorphic to H x K. Furthermore, K is
not normal in G, so this group is non-Abelian. We wish show later that this
group is the only such group upto isomorphism, and is called the meta-cyclic
group of order pq.

(iii) Note: If p =2 and ¢ is an odd prime, then by Theorem 4.3,

Zq Ny ZQ = sz

Lemma: Let p be a prime and r € N, then there are atmost r elements in Z, which
satisfy the equation
a" =1

Proof. Omitted. This will be done in a course on Field theory. O
(End of Day 31)

Definition: Let p € Z a prime and d € Z. Write N,(d) for the number of elements
in Zy of order d. Note that

Np(1> =1

and N,(d) > 0 implies that d | (p — 1). Observe that
Z Ny(d) =p—1
d|(p—1)
Lemma: Let d | (p — 1) and N,(d) > 0, then N,(d) = ¢(d)
Proof. 1If Ny(d) > 0, then 3z € Z; such that O(z) = d. Consider the equation

al=1
Then 1,z,22%,...,2% 1 are all distinct elements that satisfy this equation. By
Lemma 8.1, these must be all the solutions to that equation. Hence, if y € Z;
has order d, then '
y=uxa" forsome 0 <1<d—1
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8.5.

8.6.

Now by Mid-Sem Q6,
d

- ged(d, 1)

Hence, ged(d, i) = 1. Hence, the elements of order d are precisely

d=0(y) = O(")

{2": ged(d, i) = 1}
There are exactly ¢(d) such numbers. O

Theorem: For any n € N, we have

> eld)=n

din
Proof. Consider G = (a) = Z,, be a cyclic group of order n. For each d | n, consider
Se={reG:0(x)=d}

By Mid-Sem Q6, G has a unique subgroup H of order d generated by z := a™/?.
Hence,

Sd CH
Hence, if x € Sy, then 3i € N such that x = 2, so
O(z)

d=0(z) = O0(z") = ged(d,i) =1

- ged(0(2),1) - ged(d, 1)

Once again, we conclude that

|Sa| = ¢(d)
Now note that
G=| ]S
dn
so we get the result. O]

Corollary: For any prime p, Aut(Z,) is cyclic.

Proof. Note that
Auwt(Z,) = Z,

Now applying Theorem 8.5 with n = p — 1, we see that

Yoeld=p-1= 3 N(d)< Y

d|(p—1) d|(p—1) d|(p—1)

Hence, we conclude that N,(d) = ¢(d) for all d | (p — 1). In particular,

Ny(p—1)=p(p—1)>0

By definition, this implies that Z; contains an element of order (p —1). Thus, it is
cyclic. O]
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8.7. Lemma: Let H and K be groups.

(i) Let ¢ : K — Aut(H) be a homomorphism and 7 : K — K be an automor-

phism. Then

H x

@oT

K>~Hx, K

(i) Let ¢1 and ¢y : K — Aut(H) be two injective homomomorphisms such that

p1(K) = pa(K)
Then
Hx, K=Hx, K
Proof. (i) Let G1 := H X0 K and G := H X, K. Define

MGlﬁGQby(h,k)H

(h, 7(k))

Then we claim that p is an isomorphism. Since p is clearly bijective, it suffices
to show that it is a homomorphism. To see this, let (hq, ki), (ho, ko) € Gy,

then

p((hy k1) - (he, k2)) =

(ii) Now suppose ¢1(K)

Then 7 € Aut(K), and clearly

T =

p(hip o 7(k1)(ha), kiks)

= (h1o(7 (k1)) (ha), T(k1k2))
= (h1p(7 (k1)) (h2), 7(k1)7(k2))
= (h1,7(k1)) - (ha, 7(k2))

= p9(K), then define 7 : K — K by

901_1 SR2)

P1O0T = P2

So part (ii) follows from part (i).

]

8.8. Theorem: Let p and ¢ be two primes such that p | (¢ — 1). Then there is a unique
non-Abelian group of order pq. This is called the meta-cyclic group of order pg and

1s written as

Lig X Ly,

Proof. Let G be a non-Abelian group of order pq, then as argued before, IH < G

and K < G such that |H| = ¢, |K]|

G=H x,

= p and

K

for some homomorphism ¢ : K — Aut(H). Since G is non-Abelian, ¢ is non-trivial.

Since | K|

= p, ¢ must be injective. Hence,

o(K) < Aut(H)
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is a subgroup of order p. However, Aut(H) is cyclic, so it has a unique subgroup
of order p (Mid-Sem Q6). Hence, if ¢p : K — Aut(H) is any other non-trivial
homomomorphism, we have

So by Lemma 8.7,
Hx, K=Hxy K

Thus, upto isomorphism, there is only one such group. O
8.9. Corollary: Let p and g be two primes, and G be a group of order pq.
(i) If p = ¢, then G must be one of

L2 OF Lipy X L

(ii) If p < qgand p{(q—1), then G must be Z,,
(iii) If p< gand p| (¢ — 1), then G must be one of

Lipg OF Lig R L,

(End of Day 32)

9. Groups of Small Order

a. Groups of Order 8

9.1. Remark: Let G be a group of order 8.
(i) If G is Abelian, then G is isomorphic to one of
® 7g
® 7y X Zs, Or
o 7y X Lo X Zo

(ii) The group of isometries of a square, Dy is a group of order 8. As in Section 4,
write 7 and s for the two elements that generate D,. They satisfy

r*=s*=cand srs' =71?
Note that H := (r) has order 4, and thus H < G. Let K := (s), then
G=Hx, K

by Theorem 7.5. Furthermore, since G is non-Abelian, K is not normal in G
by Theorem 7.6.
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(iii) The quaternion group Qg is the group of 8 complex matrices

QS = {j:17 j:ia ij) :l:k}

(0= )= (O (0

By HW 3.10, every subgroup of (Jg is normal in Q)g. In particular, it follows

where

that
Dy 2 Qs
(iv) Set a:=1 and b :=j. Then (Check!)
a) a' =

={a"™:0<n<4,0<m<2}
Pmof. Let H = (a) and K = (b), then by the first two steps,

|H| = O(a) = 4= 0() = |K]

Hence, H < G, so HK < G. Furthermore, H # K since a and b do not
commute. Hence, by part (b),

HNK ={a* e}
Hence,
[ H|| K
HK| = =8=G=HK
| ||HﬂK|
Hence,

Qs ={a™":0<n<4,0<m<4}
However, b® = b?b = a®b. Hence, we see that
Qs ={a™":0<n<4,0<m<2}

as required. O
9.2. Theorem Let G be a group with two elements a,b € G such that

4

at=e b =a*and b tab=a""!

Then there is a unique group homomorphism ¢ : ()s — G such that
p(i) = a and ¢(j) = b

Proof. Similar to Theorem 4.2 O]
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9.3. Lemma: Let G be a group such that
(ab)? = a*b* Va,bc G
Then G is Abelian.
Proof. 1t follows by hypothesis that

(ab)(ab) = aabb = ba = ab

for all a,b € G. m
9.4. Theorem: The only non-Abelian groups of order 8 are Qs and Dy.

Proof. (i) Let G be a non-Abelian group of order 8. For any a € G,0(a) €
{1,2,4,8}. Since G is not cyclic, there is no element of order 8. If every
element in G had order 2, then

(ab)? = e = a*V* Va,b e G

By the previous lemma, this would imply that G is Abelian. Hence, Jda € G
such that O(a) = 4.

(ii) Set
H = (a)
Then |H| =4,s0 H < G.
(iii) Let b€ G\ H. Then consider the quotient map 7 : G — G/H. Since b ¢ H,
7(b) # H. However, |G/H| = 2, so
(bH) =G/H

So if x € G, then n(z) € (bH). Hence, I3m € {0,1} such that x € b"H.
Hence, b=z € H, so dn € N such that

bMr=a" =z =a"b"

So G is generated by a and b.
(iv) Since H < G, bab™* € H. Since O(bab™') = O(a), it follows that

bab~! = a or bab™ ! = a®

If bab~! = @, then ba = ab. Since G is generated by a and b, it follows that G
is Abelian. This is a contradiction. Hence,

bab ' =a® =a!
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(v) Furthermore,
V) =7} =H=0cH
If b = a, then O(b*) = 4, so O(b) = 8. This implies that G is cyclic, which it
is not. Hence, b? # a. Similarly, if b*> = a®, then

O(a) 4

OW") = 0(a”) = gcd(O(a),3)  ged(4,3)

which would imply that O(b) = 8 - a contradiction. Hence, it follows that

b> =e or b = d?
Since bab~! = a1, we have by Theorems 4.2 and 9.2, that

G~ D, :b*=e
Qg :b*=a?

9.5. Remark: There are no proper subgroups H, K < (Jg such that
Qg =H Xy K

Proof. Suppose Qg = H %, K, then K < Q5. Every subgroup of (Jg is normal, so
K < Qg, but this implies by Theorem 7.6 that

QggHXK

But if H < G is proper, then |H| < 4, so H is Abelian. Similarly, K is Abelian, so
Qs would be Abelian - a contradiction. n

b. Groups of order 12

9.6. Remark: Let G be a group of order 12.
(i) If G is Abelian, then G is one of
® Zio
o 7o X Zg

(i) We know two other groups of order 12, Ay and Dg. Note that Dg has a
subgroup of order 6. Since A, does not, Dg 2 Ay.

(iii) Note that, in Ay, there are many 3-Sylow subgroups
fe, (123), (132)}, {e, (124), (142)}, etc.

Hence, A, does not have a normal 3-Sylow subgroup.
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9.7. Lemma: Let G be a finite group and a,b € G such that ab = ba and (a) N (b) = {e}.

O(ab) = 1lem(O(a), O(b))

Proof. Exercise. ]

(End of Day 33)

9.8. Example: Note that Aut(Zs) = Z% = Z,, so write

9.9.

Aut(Zs) = {e, e}

Let 7 : Zy — Aut(Zy) be the map

(i) =¢

Then 7 is a well-defined surjective homomorphism. Define

T .= Zg X, Zg

(i) T is a non-Abelian group of order 12.
(ii) Notice that [2] € ker(7). Hence,

Hence, ([0], [2]) and ([1],[0]) commute. Also, by the isomorphism in Lemma
7.3
O([0], [2]) = 2 and O([1], [0]) = 3

By Lemma 9.6, O([1],[2]) = 6. Since A4 does not have an element of order 6,
it follows that
T2 A

(iii) Also, O([0],[1]) = 4. In D, there is no element of order 4 (Check!), so

T 2 Dg

Lemma: Let G be a group of order 12. If G does not have a normal 3-Sylow
subgroup, then G = Ay.

Proof. Let P be a 3-Sylow subgroup of G and ng be the number of 3-Sylow sub-
groups in GG. Then

ny =1 (mod 3) and ng | 4

Suppose P is not normal, then n3 = 4. Hence

4=[G: Ng(P)] =[G:P| = P=Ng(P)
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9.10.

9.11.

Let G act on X := G/P by left multiplication. This gives a group homomorphism
f: G — Sy

such that ker(f) C P. Since P is not normal in G, ker(f) # P. Since |P| = 3, it
follows that

ker(f) = {e}
Hence, f is injective. Hence, f(G) < Sy is a subgroup of order 12. By HW 3.18,
f(G) = Ay
so G = A, O

Lemma: Let K = Zy X Zs, then Aut(K) = S

Proof. Write K = {e,ay,as,a3} where a; = ([0],[1]),a2 = ([1],]0]) and a3 =
([1],[1]). Then
ai1as = as,a a3 = az, and asas = aq (%)

Ss acts on H by
(0,e) = e and (0, a;) = Go()

This gives a map
f:95— Sk

which is clearly injective. Furthermore, if 0 € S5, then
o(a1az) = o(az) = aq)
One can check that for each o € S3,

Ao (3) = Ao(1)0o(2)

by the equation (x). Hence, f(S3) C Aut(K). Finally, if ¢ € Aut(K), then
¢ : K — K is bijective, and ¢(e) = e. Hence, ¢ is a permutation on the set
{a1,a2,a3}. Hence, p € f(S3), so f is surjective.

Thus, f:S; — Aut(K) is an isomorphism. O

Theorem: There are, upto isomorphism, only three non-Abelian groups of order 12,
viz. Ay, Dg and T.

Proof. Since these three groups are not isomorphic to each other, it suffices to show
that there are atmost 3 non-Abelian groups of order 12. Let G be such a group and
assume G 2 Ay. Let H, K < G be subgroups with

|H| =3 and |K| =4
Since G 2 Ay, then H < G, so HK < G. Since H N K = {e}, it follows that
G=HK=Hx,K

for some map ¢ : K — Aut(H). Since G is non-Abelian, and H and K are Abelian,
it follows that ¢ is non-trivial. Since |Aut(H)| = 2, ¢ is surjective, and write

Aut(H) = {e, e}
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(i) Case 1: K = Z,4, then since ¢ is surjective and non-zero, it follows that

o([1)) =e=o([j])) = ¢

Hence, G = T by construction.

(i) Case 2: K = Zy X Zo, then write
K ={e,ay,a9,a3}
as before. Suppose that i,j € {1,2,3} such that
p(a;) = € and p(a;) = e
Then, by 9.10, there is a 7 € Aut(K) such that
7(a1) = a; and 7(az) = a;

Set 1 = ¢ o7, then 1(a;) = € and 1 (ay) = e, and hence 1 (a3z) = ¥(ajaz) = €.
Thus, for any non-trivial ¢ : K — Aut(H), there is a 7 € Aut(K) such that

poT =1

By 8.7,
Hx, K=Hx,K

so there is only one group in this case (and in fact, it must be D)
O

(End of Day 34)

c. Groups of order < 15

Order of G Abelian Non-Abelian Reference
1 {0} None -
2,3,5,7 11,13 Ly, None 1.2.6,1.4.3
4,9 Li2, Ly X Ly None IV.1.14
6, 10, 14 Loy D, IV.4.3
8 Lo X Uiy X Ly, Uiy X Ly, Tg Dy, Qg Section IV.6, IV.9.4
12 Lo, Lo X Lg Ay, Dg, T Section IV.6, IV.9.11
15 Z15 None V.29

Review for Final Exam.

(End of Day 35)
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V. Instructor Notes

0.1. Overall, the course structure is sound, and doesn’t need any tinkering at all.

0.2. This semester, because of all the holidays I got only 35 lectures, which is way less
than ideal. If I had had a few more lectures, I could have discussed solvability and

composition series as well.
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