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ABSTRACT. We study the Rokhlin dimension for actions of residually finite groups on C*-algebras.
We give a definition equivalent to the original one due to Szab6, Wu and Zacharias. We then prove
a number of permanence properties and discuss actions on Cp(X)-algebras and commutative C*-
algebras. Finally, we use a theorem of Sierakowski to show that, for an action with finite Rokhlin
dimension, every ideal in the associated reduced crossed product C*-algebra arises from an invariant
ideal of the underlying algebra.

The study of group actions on C*-algebras is a deep and integral part of the general theory of
operator algebras. It allows us to understand the underlying algebra by studying its symmetries,
and also provides us with a new C*-algebra, the crossed product. This crossed product is a fasci-
nating object that (broadly speaking) contains the original algebra and the group, and implements
the group action via conjugation by unitaries. The difficulty then is to understand the structure of
this crossed product C*-algebra, and a key question in this context is to determine when certain
‘regularity’ properties pass from the underlying algebra to the crossed product. These regularity
properties include many properties that are useful from the point of view of the classification pro-
gramme such as finiteness of nuclear dimension, simplicity, Z-stability, etc.

The Rokhlin property (studied by Kishimoto | |, Izumi | | and others) was a first at-
tempt in this direction, but it has the crucial problem in that is requires the underlying algebra
to have sufficiently many projections. The notion of Rokhlin dimension, introduced by Hirshberg,
Winter and Zacharias | |, seeks to avoid this problem by replacing projections by positive
contractions. In the past decade or so, this idea has proved to be very fruitful. In | ], the
authors studied such actions of finite groups and of a single automorphism. This was generalized
to actions of compact groups by Gardella | ] and to actions of residually finite groups by
Szabd, Wu and Zacharias | ]. In each case, it was proved that actions with finite Rokhlin
dimension allow us to deduce a number of regularity properties of the crossed product C*-algebra
from those of the underlying algebra (particularly in the compact case, and under the ‘commuting
towers’ condition [ D).

The goal of this paper is to study actions of countable, discrete, residually finite groups with
finite Rokhlin dimension, building on the work done in | | and | ]. We begin in Sec-
tion 1, where we discuss the profinite completion of a residually finite group. This artifact allows
us to prove results for residually finite groups along the same lines as those of compact groups. We
also describe the topological join of two compact spaces, a notion that gets used in the discussion
on Rokhlin dimension with commuting towers. In Section 2, we recall the definition of Rokhlin
dimension from | ], and give a number of equivalent formulations. In Section 3, we show that
finiteness of Rokhlin dimension is preserved under many standard constructions such as passage to
hereditary subalgebras, quotients, inductive limits and extensions. Moreover, we show that finite-
ness of Rokhlin dimension passes to the action of a subgroup provided the subgroup is a virtual
retract.



In Section 4, we consider actions on commutative C*-algebras. After proving an estimate for
the Rokhlin dimension of an action on a Cp(X)-algebra, we show that an action on a commutative
C*-algebra has finite Rokhlin dimension if the induced action on its maximal ideal space is both
free and proper. In Section 5, we show that actions with finite Rokhlin dimension are outer, and
are properly outer if the group is amenable and has the (VRC) property (see Definition 3.8). Along
the way, we use a theorem of Sierakowski | ] to show that if an action is exact and has finite
Rokhlin dimension, then the ideals in the associated crossed product C*-algebra must arise from
invariant ideals of the underlying C*-algebra.

1. PRELIMINARIES

1.1. The Profinite Completion. Recall that a discrete group G is said to be residually finite if
for each non-identity element g € G, there is a subgroup H of G of finite index such that g ¢ H.
Given such a group G, let Zg denote the set of all normal subgroups of G of finite index, partially
ordered by reverse inclusion. In other words, H < K if and only if K C H. Whenever H < K,
there is a homomorphism ¢x g : G/K — G/H given by gK +— gH, and this makes the collection
{G/H, ¢k u}1, an inverse system of groups. The inverse limit of this system is called the profinite
completion of G and is denoted by G. By definition,

G ={(9uH)nez, : gxH = g H for all H,K € I with K C H}
Note that G is a group under componentwise multiplication and is a topological space as a subspace
of [] ez G /H. A profinite group is, by definition, the inverse limit of a surjective inverse system
of finite groups, and G is therefore a profinite group.

For each H € I, there is a natural action 8 : G ~ G/H given by 8 (gH) :=tgH. The maps
K, 0 respect these actions, so we have an induced left-translation action 3 : G ~ G given by

Bi((9aH)nezs) == (tgn H)nezs-

The most important properties of G (from our perspective) are listed below, and the interested
reader will find proofs of all these facts in | ].

Proposition 1.1. Let G be a discrete, residually finite group and let G denote its profinite com-
pletion.
(1) For each K € Ig, there is a surjective group homomorphism mr : G — G/K given by
(9pH)nezs — 9x K.
(2) If {H1,Hs,...,Hy} is a finite collection of subgroups in Zg and {x1,z2,...,x} C G, then
the set

k
() 7a ({z:iHi})
=1

is an open set in G, and sets of this type form a basis for the topology on G.

(3) G is compact, Hausdorff and totally disconnected.

(4) The map v : G — G given by g — (gH)net,, is an injective group homomorphism and o(G)
is dense in G.

(5) If H is a profinite group and ¢ : G — H is a group homomorphism, then there is a unique
continuous group homomorphism @ : G — H such that o .= .

(6) The action 3 : G ~ G defined above is both free and minimal (in the sense that G has no
non-trivial closed B-invariant subsets).

Now consider the commutative C*-algebra C(G). Since G = @(G /H, oK ), it follows that

C(G) is the inductive limit of the system {C(G/H), ¢l g} For each H € Ig, let ol 1 G —
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Aut(C(G/H)) be the action induced by 87 (in other words, o/ (f)(gH) := f(t"'gH)). Similarly,

let 0 : G — Aut(C(G)) be the action induced by 8. Then the maps 7}, : C(G/K) — C(G) and
it C(G/H) — C(G/K) are all G-equivariant. Therefore, we obtain the following fact.

Lemma 1.2. If G is a discrete, residually finite group, then
(C(@),0) = im(C(G/H), o).
G

Now if G is a finitely generated group and n € N is fixed, then by a theorem gf Hall | I, G
has finitely many subgroups of index n. In other words, Zg is countable. Since G is a subspace of
[Ixez, G/H, it is metrizable. We record this fact for later use.

Lemma 1.3. If G is a discrete, finitely generated, residually finite group, then G is metrizable,

and therefore C(G) is separable.

1.2. The Topological Join. Given two compact Hausdorff spaces X and Y, the topological join
of X and Y is defined as

X+Y :=(0,1] x X xY)/ ~
where ~ is the equivalence relation defined by (0,z,y) ~ (0,2',y) and (1,z,y) ~ (1,z,y") for all
xz,x’ € X and y,y € Y. Elements of X Y are denoted by the symbol [t, z,y] for the equivalence
class containing (¢, z,y).

Given three compact Hausdorff spaces X,Y and Z, we may also define (X Y )« Z and X % (Y x2)
as above. Since all spaces are compact and Hausdorff, these two spaces are naturally homeomor-
phic, so the join operation is associative. Thus if X1, Xo,..., X, are compact Hausdorff spaces,
then X % Xo ... % X,, may be defined unambiguously. If X; = X for all 1 <i < n, we denote the
space X1 x X9 x...x X, by X*n)

Now suppose G is a discrete group that acts on both spaces X and Y, then there is a natural
diagonal action of G on X %Y given by ¢ - [t,z,y] := [t, gz, gy]. Moreover, this action is free if
each individual action is free. In particular, if G acts freely on a compact Hausdorff space X by an
action 7 : G ~ X, then there is an induced action (™ : G ~ X*(™) that is also free.

Our immediate goal is to give an estimate for the covering dimension of the join of two spaces.
Henceforth, we write dim(Z) to denote the covering dimension of a compact Hausdorff space Z.
Observe that if X is a compact Hausdorff space, then CX := X x{p} is the cone over X. We denote
the points in CX by [t, x] (by suppressing the p).

Proposition 1.4. For any two compact Hausdorff spaces X and Y,
dim(X *Y) <1+ dim(X) + dim(Y").
In particular, if dim(X) = 0, then dim(X*(™) <n — 1.
Proof. With a slight abuse of notation, we write CY := ([0, 1] X Y')/ ~ where ~ is the equivalence

relation (1,y) ~ (1,¢/) for all y,y/ € Y. In other words, CX = X % {p} while CY := {p} x Y. Let
Z:=CX xYUX xCY CCX xCY and define g : [0,1] x X XY — Z by

2 cifo<t<t
g(t,z,y) = {([ ta],9) ??_t_z
(2t —1,y]) :if 5 <t< 1L

Note that g is well-defined and continuous, and descends to a continuous map f : X *Y — Z. That
f is bijective is easy to check. Since X x Y is compact and Z is Hausdorff, f is a homeomorphism.
Hence, it suffices to estimate dim(Z).
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For each n € N, let A, = {[t,z] € CX : 1/n <t < 1,z € X}. Then A, is homeomorphic to

[1/n,1] x X so dim(4,,) < dim(X) + 1 by the product theorem | , Proposition III.2.6]. Since
CX ={ptu (U An) )
n=1
it follows that dim(CX) < dim(X) + 1 by | , Proposition II1.5.3]. By the product theorem,
dim(CX xY) < 1+ dim(X) + dim(Y). By symmetry, dim(X x CY) < 1 + dim(X) + dim(Y").
Moreover, both A = CX xY and B = X x CY are F,-sets in CX x CY. By | , Proposition
I11.5.3], dim(Z) < dim(X) + dim(Y") + 1. O

1.3. Notational Conventions. For convenience, we now fix some notation that we will use fre-
quently through the rest of the paper. Henceforth, all groups (denoted G, H, K, etc.) will be
countable and discrete, and we will write e for the identity of the group. We write H <y;, G if H
is a subgroup of G of finite index, we write H <1 G if H is a normal subgroup of G, and we write
H <y, G if H is a normal subgroup of finite index.

If Z is a topological space, we write dim(Z) for its Lebesgue covering dimension. If a group G
acts on Z by homeomorphisms, we denote this by G ~ Z or f: G ~ Z if § : G — Homeo(Z)
denotes the corresponding homomorphism. If K is a set, then we write F' « K if F is a finite
subset of K. If A is a C*-algebra and a,b € A, we write [a,b] := ab — ba, and we write a = b if
la —b|| <e. If Ais unital, we write 14 for the unit of A.

2. ROKHLIN DIMENSION FOR ACTIONS OF RESIDUALLY FINITE GROUPS

In this section, we recall from | ] the definition of Rokhlin dimension for actions of residu-
ally finite groups. We then give an alternate definition using the profinite completion of the group,
and we discuss the notion of Rokhlin dimension with commuting towers. Given a natural number
d € N, we describe explicitly a universal space for actions with Rokhlin dimension d with commut-
ing towers. This last result is a natural analogue of the corresponding result for compact groups
due to Gardella [ , Lemma 4.3]. We begin by describing the central sequence algebra relative
to a C*-subalgebra, a notion due to Kirchberg | ]-

Definition 2.1. Given a C*-algebra A, let ¢*°(N, A) be the space of all bounded sequences in A
and ¢o(N, A) be the subspace of sequences that vanish at infinity. If Ay := ¢*°(N, A)/co(N, A),
then A embeds in A, as the set of all constant sequences so we identify A with its image in A.
For a C*-subalgebra D C A, we define

AseND' ={x € Ay : #d = dz for all d € D} and
Ann(D,Ay) ={r € Ax : zd = dx =0 for all d € D}.
Ann(D, Ay) is an ideal in Ay, N D’ is an ideal, so we write
F(D,A) := (Axx N D)/ Ann(D, As)

and kp 4 : Asc N D' — F(D, A) for the corresponding quotient map. When D = A, we write F'(A)
for F'(A, A) and k4 for k4 4. Note that F'(D, A) is unital if D is o-unital.

Let G be a discrete group and o : G — Aut(A) be an action of G on a C*-algebra A. If D

is an a-invariant subalgebra of A, there is a natural induced action of G on A and on F(D, A)

which we denote by as, and @ respectively. Moreover, there is a G-equivariant *-homomorphism

(F(D,A) ®max D, 0 ® &|p) = (Aco, o) given on elementary tensors by kp a(z) ® a = = - a.

Under this x-homomorphism 1p(p 4) ® a is mapped to a for all @ € D, so we think of it as a way to

multiply elements of F(D, A) with elements of D to obtain elements of Ay (in a way that respects
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the action of G).

We need one last piece of terminology. Two elements a and b in a C*-algebra are said to be
orthogonal (in symbols, we write a L b) if ab = ba = a*b = b*a = 0. A contractive, completely
positive map ¢ : A — B between two C*-algebras is said to have order zero if ¢(a) L ¢(b) whenever
a L b. Asis customary, we will use the abbreviation ‘c.c.p’ for ‘contractive and completely positive’.

With all this in place, we are now in a position to define Rokhlin dimension for actions of
residually finite groups. Following | ], we first define Rokhlin dimension relative to a subgroup
of finite index before defining the full Rokhlin dimension for an action.

Definition 2.2. | , Definition 5.4] Let A be a C*-algebra, G be a discrete, countable group,
H be a subgroup of G of finite index, and a : G — Aut(A) be an action of G on A. We say
that o has Rokhlin dimension d relative to H if d is the least integer such that for any separable,
a-invariant C*-subalgebra D C A, there exist (d + 1) equivariant c.c.p. order zero maps

0,915+ a 1 (C(G/H),0™) = (F(D, A), dc)

such that Z?:o oe(lo/my) = 1p(p,a)- We denote the Rokhlin dimension of « relative to H by
dimgek (o, H). If no such integer d exists, then we write dimpex (o, H) = +00.

The following lemma is contained in | , Proposition 5.5].

Lemma 2.3. Let A be a C*-algebra, G be a discrete, countable group, H be a subgroup of G of
finite index, and o : G — Aut(A) be an action of G on A. Then dimpgyi(a, H) < d if and only if
for each F < A,M < G,S € C(G/H) and € > 0, there exist (d+ 1) c.c.p. maps

Yo, 1, ..., : C(G/H) = A
satisfying the following properties:
(1) [e(f),a] =0 forallac F,f € S and 0 < { < d.
(2) (wg(af(f)) e ag(e(f)))a forallae F,f € S,ge M and 0 < { < d.
(3) Ye(f1)e(f2)a = 0 for all a € F and f1, fo € S such that fi L fo and for all 0 < £ <d.
(4) Z?:o VYe(le(a/my)a =~ a for alla € F.

The set of maps {19, 11, . .., ¥4} satisfying the conditions of this lemma is called an (H, d, F, M, S, €)-
Rokhlin system.

Definition 2.4. | , Definition 5.8] Let A be a C*-algebra, G be a residually finite group,
and o : G — Aut(A) be an action of G on A. We define the Rokhlin dimension of « as

dimpek (o) = sup{dimpex(a, H) : H <p;, G}.

The next simple proposition will be used repeatedly throughout the rest of the paper. As such,
it introduces the profinite completion of GG into the picture, thereby allowing us to treat discrete
groups and compact groups on an (almost) equal footing.

Proposition 2.5. Let A be a C*-algebra, G be a residually finite group and a: G — Aut(A) be an

action of G on A. Then dimp.i(a) < d if and only if for any F < A, M C G,S © C(G) and any
€ > 0 there exist (d+ 1) c.c.p. maps

w07¢17"'5¢}d : C(é) — A
satisfying the following properties:
(1) [We(f),a] =<0 forallac F,f €S and 0 < ¢ <d.

(2) Yu(og(f))a =c ag(ye(f))a for alla € F, f € S,g € M and 0 < < d.
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(8) Ye(f1)e(f2)a = 0 for alla € F and f1, fo € S such that fi L fo and all 0 < ¢ < d.
(4) ZZ:[) Tpé(lc(é))a e a fOT alla € F.

The set of maps {1, 11, ..., 14} satisfying the conditions of this proposition is called a (d, F, M, S, ¢)-
Rokhlin system.

Proof. Assume that dimggk(a) < d, and let F < A,M < G,S < C(G) and € > 0 be given. By
Lemma 1.2, C(G) = limz, C(G/H), so by approximating, we may assume that S C 7}, (C(G/H))
for some H € Zg. Write S = 7};(S") for some finite set S” C C'(G/H) and we may further assume
that 1o(q/m) € ', that e € M and that [ja|| < 1 for all a € F'. By Lemma 2.3, we obtain (d + 1)
C.C.p. maps
¢0>¢1a---a¢d : C(G/H) — A

which form an (H,d, F, M, S’, ¢/3)-Rokhlin system. For each 0 < ¢ < d, since C(G/H) is nuclear,
there is a sequence of c.c.p. maps pj, : C(G/H) — M,(;)(C) and 9, : M, (C) — A such that

lim 0} 0 pj(f) = e(/)

for all f € C(G/H). Since 7}; is injective, we may use Arveson’s extension theorem to obtain c.c.p.
maps 7, : C(G) — Mi,(;)(C) such that pyomy = py. Then there exists ip € N such that

|0 G (i ogl (1) = Doy ()| < 5
forall f € $"and g € M. If ¢y : C(G) — A is given by 1y := 920 oﬁeo, then we claim that the maps

{¥0,%1,...,1q} satisfy the required conditions. For the sake of brevity, we verify only condition
(4) as the others are similar: If a € F, then

d—l—l

d d d
>_vello@la= 07 o5 o mirlleqm)a =5 Y vellom)a =s a.
=0 £=0 =0
With the other conditions verified, we conclude that {1, v1,...,94} form a (d, F, M, S, €)-Rokhlin

system.

For the converse, choose a subgroup H <y;, G and let 7y : G — G/H be the natural map
from Proposition 1.1. Then 7§, : C(G/H) — C(G) is a unital G-equivariant *-homomorphism. If
FcC A M« G,S © C(G/H) and € > 0 are given, then by hypothesis, there exist (d + 1) c.c.p.
maps

¢07¢17--~7¢d ( )—>A
satisfying the four conditions listed above for the tuple (d, F, M, 7};(S),€). Then, {¢pony; : 0 < £ <
d} clearly forms a (H,d, F, M, S, €)-Rokhlin system as in Lemma 2.3, proving that dimpg (o, H)
d. This is true for each H <y;;, G, so dimpek(ar) < d.

O IA

In order to turn the previous proposition into a global statement (WithOlE reference to finite sets
and €’s), we need to assume that G is finitely generated to ensure that C(G) is separable.

Corollary 2.6. Let A be a C*-algebra, G be a finitely generated, residually finite group and « :
G — Aut(A) be an action of G on A. Then dimp.(a) < d if and only if, for each separable,
a-invariant C*-subalgebra D C A, there exist (d + 1) equivariant, order zero, c.c.p. maps

$0, P1y-- -5 Pd ¢ (C(é)a U) — (F(‘D’ A)7 6200)
such that Z‘Z:O 904(10(@)) = lp(D,A)-



Proof. Suppose that dimgek(a) < d. Choose a separable, a-invariant C*-subalgebra D C A and
choose an increasing sequence of finite sets (F),) such that 7' := J;~; F}, is dense in D. Since G is

compact and metrizable, there is an increasing sequence (Sy,) of finite subsets of C'(G) such that

A:=J>2, Sy is dense in C(G). Furthermore, we may arrange it so that for each positive function
f € C(G) and each § > 0, there exists fy € A such that | fo — f|| < § and supp(fy) C supp(f)
( , Lemma 1.4]). Finally, since G is countable, there is an increasing sequence (M,,) of finite

subsets of G such that G = |J,2 | M,,. For each n € N, let
e o@) - A
be a (d, Fy,, My, Sy, 1/n)-Rokhlin system. For 0 < ¢ < d, define ¢, : C(G) — A by

Ge(f) = nal(” (£)))
where 14 : {*°(N, A) — A is the natural quotient map. If f € A and d € T, then there exists

N € N such that )

I (), dlll <
for all n > N. Therefore, $;(f) commutes with d in A Since A is dense in C(G) and T is dense
in D, it follows that @,(f) € D’ for all f € C(G). We thus get well-defined maps

©0;#1,- - pa: C(G) = F(D, A)
given by ¢y := kp 4 o ¢g. Following the argument of | , Lemma 1.5], one can show that these
maps satisfy the required conditions.

For the converse, the proof of | , Lemma 3.7] applies verbatim, except that G plays the
role of G here. O

2.1. Rokhlin Dimension with Commuting Towers. The notion of Rokhlin dimension with
commuting towers has proved to be very useful, particularly in the context of compact groups (see,
for instance, | ]). For the purpose of this paper, it is here merely for completeness. Almost
all results we prove for Rokhlin dimension with commuting towers have analogous statements for
Rokhlin dimension without commuting towers.

Definition 2.7. | , Definition 5.4] Let A be a C*-algebra, G be a discrete, countable group,
H be a subgroup of G of finite index, and o : G — Aut(A) be an action of G on A. We say that «
has Rokhlin dimension d with commuting towers relative to H if d is the least integer such that for
any separable, a-invariant C*-subalgebra D C A, there exist (d + 1) equivariant c.c.p. order zero
maps

$0, P15 ¥Pd ¢ (C(G/H)7OH) - (F(D7 A)7 azoo)
with pairwise commuting ranges such that Z‘Z:O oe(lo/a)) = 1rp,a)- We denote the Rokhlin
dimension of a with commuting towers relative to H by dimgk“(«, H). If no such integer d exists,
then we write dimpgqk“(a, H) = +00. We define the Rokhlin dimension of o with commuting towers
as

dimgek (o) = sup{dimgrex“(cov, H) : H <yip, G}

Each result from the previous section has an analogous version for Rokhlin dimension with
commuting towers. For brevity, we state (without proof) the two that we will need in the future.

Proposition 2.8. Let A be a C*-algebra, G be a residually finite group and a: G — Aut(A) be an

action of G on A. Then dimpg.°(a) < d if and only if for any F € A, M < G,S < C(G) and
any € > 0 there exist (d+ 1) c.c.p. maps

¢07¢1»---7¢d10(é)—>14
7



satisfying the following properties:
(1) We(f),a] =0 forallae F,f € S and 0 < ¢ <d.
(2) Valoy(1)a % ag(e(f)a for alla € F,f € S, M and 0 < £ < d.
(3) Ye(f1)e(f2)a = 0 for alla € F and f1, fo € S such that fi L fo and all 0 < ¢ < d.
(4) ZZ:O z/)g(lc(é))a ~ca for alla € F.
(5) [Wr(f1),Ye(f2)]a =c 0 for all fi, f2€ S,0<k,£<dand alla € F.

The set of maps {1, 11, ..., 14} satisfying the conditions of this proposition is called a (d, F, M, S, ¢)-
commuting Rokhlin system.

Proposition 2.9. Let A be a C*-algebra, G be a finitely generated, residually finite group and
a: G — Aut(A) be an action of G on A. Then dimpy (a) < d if and only if, for each separable,
a-invariant C*-subalgebra D C A, there ezist (d + 1) equivariant, order zero, c.c.p. maps

0, P15+ Pd * (C(é)a U) - (F(Da A)7 &oo)
with pairwise commuting ranges such that Zgzo gog(lc(é)) = 1p(p,a)-

The reason we have isolated this result is that it leads directly to the following theorem. This
was proved in the context of compact groups by Gardella [ , Lemma 4.3]. Since we wish
to identify the universal space explicitly (and also estimate its covering dimension), we repeat the
proof below with appropriate modifications. Recall that if G is a finitely generated, residually

finite group, then G is a compact metric space. For n € N, we write @*(n) for the n-fold join of
G with itself. Moreover, if o : G — Aut(C(G)) is the natural action described earlier, we write

oG- Aut(C(é*(n))) for the induced action of G' on C(é*(n)).

Theorem 2.10. Let A be a C*-algebra, G be a finitely generated, residually finite group and
a: G — Aut(A) be an action of G on A. Then, dimpgy“(a) < d if and only if, for each separable,
a-invariant C*-subalgebra D C A, there is a unital, G-equivariant x-homomorphism

¢ (C(GC "), o@Dy L (F(D, A), dno).

) < g

Moreover, dim(é*(

Proof. Suppose that dim%, (o) < d and let D C A be a separable, a-invariant C*-subalgebra
of A. Let o, ¢1,...,04 : (C(G),0) = (F(D,A),ds) be G-equivariant, order zero c.c.p. maps
with pairwise commuting ranges such that Z?:o @g(lc(a)) = 1p(p,a)- We then follow the line of

reasoning from | , Lemma 4.3]. Let t € Cy(0, 1] denote the identity function. Then for each

0 < ¢ < d, there exists a x-homomorphism p; : Cy(0,1] x C(G) — F(D, A) such that

pe(t® f) = wu(f)

for all f € C(G). Let CG denote the cone on G, whose elements we denote by [t, z] for ¢ € [0, 1] and
r € G. Note that C(CG) is the minimal unitization of Cy(0,1] ® C(G). In other words, C(CG) =
{f :]0,1] — C(G) continuous : f(0) € CIC@)}. Then G acts on C(CG) by 7 : G — Aut(C(CQ))
given by v, - f([t,z]) := f([t, B4-1(x)]). Each py is G-equivariant as well. Let

d
E:=@Q)C(CE)
=0
and let 6 : G — Aut(FE) be the action induced by . Let w : E — C denote the *-homomorphism
give on simple tensors by w(fo ® f1 ®...® fq) = H?:o fe(0), and let J := ker(w). Observe that

J={f:(CG)**! = C continuous : f([0, z], [0,z1],...,[0,2z4]) = 0 for all z; € G}
8



By [ , Lemma 5.2], there is a unique *-homomorphism p : J — F(D, A) induced by the tuple
(pos - - -, pa). Also note that d4(J) C J for each g € G, so we get an induced action 6 : G — Aut(J)
which is realized as

0g(f)([s0, o], [s1, 1], - -, [84, xal) := f([s0, Bg-1(x0)]; - - s [$a, Bg-1(2a)])-

Let e € J denote the function e([sg,xo], ..., [Sq, xq]) = Z?:o s¢. Then d4(e) = e for all g € G,
and p(e) = Z?:o cpg(lc(@)) = 1p(p,a)- If I denotes the -invariant ideal in J generated by the set
{ef — f:feJ}and C:= J/I, then p induces a unital, G-equivariant *-homomorphism

p:C— (F(D,A),a).
Now observe that C' = C(Y) where

d
Y = {([so,:rro], [s1,21], ..., [s4,z4]) € (CG)* - ZSg = 1}
/=0
with the action of G on Y given by ¢ - ([so, Zo), - - -, [Sd, Zd]) := ([s0, Bg(20)],- - -, [Sd, Bg(xq)]). Hence

—#(d+1)

there is a G-equivariant homeomorphism Y = G and the result is proved.

The converse follows by simply reversing the above argument. Finally, observe that dim(G) =0

because G is totally disconnected, so the inequality dim(é*(dﬂ)) < d follows from Proposition 1.4.
O

3. PERMANENCE PROPERTIES

We now wish to prove some permanence properties for actions with finite Rokhlin dimension
along the lines of | , Section 3] and | ]. The next lemma is stated as | , Lemma
3.3]. We give a slightly more detailed proof here because we will seek to generalize it later in the
section.

Lemma 3.1. Let A be a C*-algebra, G be an amenable group, and B : G — Aut(A) be an action
of G on A. Let D C A be a B-invariant hereditary subalgebra and let o : G — Aut(D) denote
the restriction of B to D. Then for any M G, F C D and any n > 0, there exists a positive
contraction q € D satisfying the following conditions:

(1) lles(q) — qll < for all s € M.
(2) |lga — al| < n,|lag — al| <n and |[ga — aq|| <n for all a € F.

Proof. Since the sets in question are finite, we may assume that |ja|]| < 1 for all a € F. Let
(ex)aea C D be an approximate unit in D. Let K C G be a Fglner set such that M C K and
|sKAK] -
e SN
K|
for all s € M. Define

1
q\ ‘= W Z az(ex).

teK
Observe that (gx)xea is an approximate unit for D with the property that ||as(gyn) — ga|| < 7 for
all s € M. Then g := g, satisfies the required conditions for A large enough. O

Notice that this is the first time we have needed to assume that G is an amenable group. Indeed,
amenability is a crucial assumption in many of the results to follow. We should mention that
amenability is implicitly an assumption in many of the results of | | as well: There, one
would like groups to have box spaces with finite asymptotic dimension for a variety of results to be
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useful, and this condition automatically implies amenability (see | , Remark 3.12]). We now
prove a number of permanence properties analogous to those proved by Gardella [ , Theorem
3.8] for compact groups.

Theorem 3.2. Let A be a C*-algebra, G be an amenable, residually finite group and o : G —
Aut(A) be an action of G on A.

(1) Let B be a C*-algebra and B : G — Aut(B) be an action. Let A ® B be any C*-algebra
completion of A ©® B for which the tensor product action g — ag ® By is defined and
continuous. Then

dim gor(a ® B) < min{dimpx(a), dimpgk(8)} and
dim g (o ® B) < min{dim (), dimp.(5)}
(2) Let I be an a-invariant ideal in A, and let @ € Aut(A/I) be the induced action on the
quotient. Then
dimpei(@) < dimpex() and
dimpox” (@) < dimper”(cv)
(8) Let D C A an a-invariant hereditary subalgebra of A and let a|p: G — Aut(D) be the
induced action on D. Then,
dimp,i(alp) < dimpe(a) and
dim pox” (@[ p) < dimpox®().

(4) Let (Ap,1n) be a direct system of C*-algebras, and let o™ € Aut(A,) be automorphisms
such that tp, 0 a = o+ for allm € N. Let a = lim,, 00 o™ denote the induced action
on A :=limy,_00(An, tn). Then,

dim pop(a) < lim inf dim gor(a™) and
dim g () < liminf dimRokC(a(”)).

Proof. In each case, the argument for dimp,°(+) is similar to that of dimpek(-), so we omit the
former.

(1) This proof is, in principle, identical to that of | , Theorem 3.8], but we no longer need
to assume that B is unital. We first assume that d := dimpx(8) < co. Let FF < A®B, M
G,S © C(G) and let € > 0 be given. We fix n > 0 to be chosen later. By approximating,
we may assume that ' C A ® B. By further decomposing, we may assume that F' consists
of elementary tensors, say F' = {a; ® b; : 1 < i < n}. Let Fy := {a; : 1 <i < n} and
Fp:={b; : 1 <i<mn}. Then there are (d + 1) c.c.p. maps

®P0,P1y---5¥Pd ¢ C(G) — B
which forms a (d, Fg, M, S, n)-Rokhlin system. Choose ¢ € A by Lemma 3.1 corresponding
to the triple (F4, M,n). Then define @ : B — A®@ B by b+ q®b, and let ¢y : C(G) — A®B
be the c.c.p. map given by ¢y := 0 o p, for 0 < £ < d. To verify that {¢o, ..., ¥4} forms a
(d, F, M, S, ¢)-Rokhlin system, we must check the four conditions of Proposition 2.5. Since
the arguments are similar, we only verify condition (2): If g€ M, f € S,z =a; ®b; € F
and 0 < /¢ < d, then

(@@ B)g(ve(f))z = ag(q)ai @ Bg(pe(f))bi
~ny qa; @ By(we(f))bi
)

~ny qa; @ pe(0g(f))bi = Ye(oy(f))z.
10



We may verify the other conditions in a similar manner. One sees that if n := ¢/(d +
2), then the maps {¢y,..., ¥4} forms a (d, F, M, S, €)-Rokhlin system. We conclude that
dimpek (o ® B) < dimgek (). The argument is symmetric, so it follows that

dimROk(oz & ,B) < min{dimRok(a), dimRok(ﬁ)}.

(2) The argument here is identical to that of | , Proposition 3.4]. Since it is omitted there,
we give a sketch here. Assume that d := dimgek(a) < co. Let F < A/I,S © C(G),M <

G and € > 0 be given. Let F C A be a finite set of preimages of elements in F' under the
quotient map @ : A — A/I. We may arrange it so that the norms of the lifts are the same
as the norms of their images in F. By Proposition 2.5, we may choose c.c.p. maps

w07¢17"'7¢d10(a)_>14

which form a (d, ﬁ, M, S, e)-Rokhlin system. It is then clear that if ¢, := @ o 1y, then
{¢0,¢1,.--,p4q} formsa (d, F, M, S, €)-Rokhlin system for the action @. Hence, dimpqx (@) <
d.

(3) The argument is identical to [ , Theorem 3.8] with G playing the role of G (one also
needs to appeal to Lemma 3.1 to obtain the positive element x in that proof).

(4) Again, the argument is identical.

O

In [ , Theorem 2.10], the authors have shown that if « : G — Aut(A) is an action of
a finite group G on a C*-algebra A and if J is an a-invariant ideal of A, then dimpek“(a) <
dimpek“(a|s) + dimgek“(@) + 1 where a|;: G — Aut(J) and @ : G — Aut(A/J) are the natural
actions induced by « on J and A/J respectively. We wish to prove that the same estimates also
hold for actions of amenable, residually finite groups. The next lemma isolates one part of the
proof, and may be thought of along the lines of Lemma 3.1.

Lemma 3.3. Let G be an amenable group, and let
0= (J,) = (A, 8) & (B,7) = 0

be a short exact sequence of G-algebras. If d e NJF < A, F' © A, M C G and n > 0, then there
exists ¢ € J such that 0 < q <1 and if 6 :=n/(d + 6), then the following conditions are satisfied:

(1) If by,by € F' and a € F are such that w(bibea) ~5 0, then
(1= a)"*bi(1 = @)ba(1 - 9)*a =, 0
(2) If b, by, ...,bg € F' and a € F are such that E;i:oﬂ(bja) ~; m(a), then
(1—¢)' (o +bi+ ...+ bd)(l —q)'?ary (1-qa
3 S and a € F' are such that |7 ~s 0, then
Ifbe F' and F h th h
[(1 - )1/25( Q)1/2 a =y 0
(4) If by,by € F' and a € F are such that [r(b1), 7(b2)]7(a) =5 0, then
(1= @)"?b1(1 = @), (1= )" 2ba(1 = 9)M*Ja =, 0
5) If by, by € F' are such that w(by) =g w(bs), then
fb1,b ! h th b ba), th
(1= 9)' b1 (1= )% =y (1= 0)'/?bo(1 — 9)'/
(6) For everybe F',
[b.q] = 0,[b.¢"/*] = 0 and [b, (1 — )"/*] =, 0.

(7) os(q) =y q whenever s € M.
11



Proof. Let (ex)xea be a quasi-central approximate unit for J. By the argument in Lemma 3.1,
we may assume that ||as(ey) —ex|| < n for all A € A and all s € M. Let § := n/(d + 6) and
assume without loss generality that ||b]] < 1 for all b € F’. Replacing A by its unitalization, we
may assume that A is unital. Let f : [0,1] — R and g : [0, 1] — R be the functions f(t) := ¢t'/? and
g(t) == (1-t)/2. By | , Exercise 3.9.6], there is p > 0 such that 0 < p < ¢ and for any b € F’
and 0 < x <1,
[f(2)b—bf ()| <& and |lg(2)b — bg(x)]| < é.

hold whenever ||zb — bx| < p. Replacing (ey) by a subnet, we assume that |exb — bey|| < p for
all b € F/ and all A € A. We wish to choose q := e) for X\ large enough. To do this, we make
repeated use of the fact that if ¢ € A is such that ||7(c)|| < d, then there exists A’ € A such that
le(1 —ey)|| < d for all A > N.

(1) If by,by € F' and a € F are such that m(b1baa) =5 0, then by the previous remark, there
exists A\g € A such that if ¢ := ey for any A > Ao, then b1(1 — ¢)b2(1 — g)a ~5 0. In that
case,

(1= @)"?b1(1 = Q)ba(1 — @) %a ~a5 b1 (1 — @)ba(1 — q)a =5 0.

(2) If bg, b1,...,bs € F" and a € F are such that Z?:o m(bja) =5 7(a), then there exists A\; € A
such that if ¢ := ey for any A > Ay, then

d
> bl = g)ams (1 q)a.
7=0

In that case,

d
) b | (- 9)Pa R gy Zb (1—-qlars (1—q)a
=0

(3) If b € F" and a € F are such that [w(b),7(a)] ~s 0, then there exists Ay € A such that if
q := ey for any A > Ag, then [b(1 — q), a] ~s 0. Hence,
[(1— q)'2b(1 — q)"/2, a] ~a5 [b(1 — q), a] =5 0.

(4) If b1,be € F' and a € F are such that [7(b1), m(b2)]7(a) ~5 0, then there exists A3 € A such
that if ¢ := ey for any A\ > X3, then [b1(1 — q),b2(1 — ¢)]a =5 0. Hence,

(1= ) 2b1(1 = g)"%, (1 = )1 ?b2(1 = @)M?Ja a5 [b1(1 — q), b2(1 - @)] =5 0.

(5) If by, by € F' are such that 7(by) ~s m(be), then there exists Ay € A such that if g := e, for
any A > Ay, then by (1 — q) =5 b2(1 — ¢). Thus,

(1= )b (1= )% m5 b (1 — q) =5 ba(1 — q) = (1 — @)/ 2a(1 — ¢) /2.
(6) If b € F’, then if q := ey for any A € A, we have [b,e)] ~5 0 by construction. Moreover,
[b, e}\/2] ~s5 0 and [b, (1 — ey)'/?] =5 0 hold because of our choice of p.
(7) Once again, if ¢ := ey for any A € A, then we have «o,(q) =, ¢ for any s € M.

Therefore, if we choose A € A such that A > A; for all 0 < j < 4, then ¢ := e satisfies the required
conditions. g

Theorem 3.4. Let A be a C*-algebra and G be an amenable, finitely generated, residually finite
group. Let

= (Jya) = (A, 8) = (B,7) = 0
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be a short exact sequence of G-algebras. Then

dimpok(B) < dimpog () + dimpox(y) + 1, and

dimp (8) < dimf,y,(a) + dimpe(y) +1
Proof. We prove the second inequality as the proof of the first inequality is similar (indeed, it is
subsumed in the former). Assume that d; := dimg.“(a) < oo and dp := dimpek“(y) < oo. Fix

finite sets I < A,S © C(G), M © G and € > 0. Moreover, we assume without loss of generality
that e € M, [[al| <1 for alla € F, [|f|| < 1forall f €S and that 1,5 € 5. Let n > 0 be fixed to

be chosen later.
By hypothesis, there exist (dp + 1) c.c.p. maps

am@la--.?wd‘g' ( )_>B

that form a (dp,w(F),M,S,n/(dp + 6))-commuting Rokhlin system. Since G is finitely gener-
f}vted, C(G) is both separable and nuclear. By the Choi-Effros theorem, there exist c.c.p. maps

0,91, ..., Pay : C(G) = A such that 7o ¢y, = ¢y, for all 0 < k < dp. Let
F ::FU{¢k(Ug(f))ZfES,gEM,OSdeB}

and choose an element g € J satisfying the conditions of Lemma 3.3 for the tuple (dg, F, F', M, n).
Define 19,91, . . ., %a, : C(G) — A by

Yie(f) = (1= )21 — )"/
Then each vy, is a c.c.p. map. Moreover, by Lemma 3.3, we see that
(1) ¢k(f1)¢k(f2)a ~, 0 for all a € F and fi, fo € S such that f; L fo and for all 0 < k < dp.

2) Zk 0o Ur(1s )a ~p (1 —q)a for any a € F.

) [Wk(f),d] naforallaEFfESandO<k:<dB

) [0;(f1); Yr(f2)la =y 0 for any fi, fo € 5,0 < j,k < dp and any a € F.
)If feS,ae Fand g € M and 0 < k < dp, then

Bo(Wr(f))a =y ﬂg(wk(f)(l —q))a
~oan Pr(og(£))(1 = g)a
~ (1= ) k(oy(£)(1 - 9)%a
= Yi(og(f))a

(

(3
(4
(5

Now set _
Fyi={q,¢"*}U{ga:a€ FYU{{y(f)g: f € S,0<k <dp} T J,
and Sy := {o4(f): f € S,9g € M} © C(G). Then, there exist (d; + 1) c.c.p. maps
@0,61,...,@11J C(é) — J
which form a (d, Fj, M, Sy, n)-commuting Rokhlin system. Define ¢q, ¢1,..., ¢4, : C(
0i(f) = "3 (f)g'"*.
Then each ¢; is a c.c.p. map. Moreover, the following hold:
(1) If f1, fo € S are such that f; L fo and a € F, then

0i(f1)e;(f2)a =y 2 3;(f1)@i(f2)4"%a =, 0.

Q)

) — A by

(2) If a € F, then
dy
Z p;(1 6 a4 N (d;+1)n Z ‘Ej(lc(é))qa ~n qa.
j=0
13



(3) If f € S and a € F, then

[p;(f), a] 2y @;(f)aa — aqp;(f) ~n [65(f). qa] ~y 0.
(4) Ifge M, f € S and a € F, then

~n 0'2G(0g(£))d"?a = p;(og(f))a.
(5) If fi,foe Sand 0 <k,j <djand a € F, then

(i (F1)s or(f2)]a =6y [75(F1), Br(f2)]laa =2 O
(6) Finally, if fi,fo€ Sand 0<j <d;,0<k <dp and a € F, then

[oi (f1), vr(f2)]a ~en @5(f1)Yk(f2)a(l — @)a — ¥u(f2);(f1)a(l — @)a
~n @i (f)U(f2)a(l — @)a — Yr(f2)a@;(f1)(1 — q)a
= [&5(), Ur(f2)a)(1 — g)a

~p 0.
Thus, if a € F, then

dp dg
Z Ur(lo) + Z villo@) | @ =42 o-
k=0 Jj=0

Therefore, if > 0 is chosen as 1 := €/(d; + 8), then the system {tg, 91, ..., Y4y, v0,¢1,---,Pd,}
forms a (dp + dj + 1, F, M, S, €)-commuting Rokhlin system for the action /5. By Proposition 2.8,
we conclude that dimgk®(8) < dp + dy + 1. O

In the above theorem, we assume that G was finitely generated to ensure that C'(G) is separable
so that the Choi-Effros theorem may be used. However, if we use the Lemma 2.3 (or its analogue
for commuting towers) instead of Proposition 2.8, we can avoid this requirement. We have pre-
sented this proof here to highlight the role of G and also because the other proof is notationally
even more cumbersome. Moreover, this proof also works mutatis mutandis for second countable
compact groups, thus answering a question of Gardella [ , Question 5.1].

From the arguments given in both Theorem 3.2 and Theorem 3.4, it is evident that many re-
sults that are true for actions of compact groups are also true for discrete, residually finite groups.
Indeed, for a discrete group G, the profinite completion G plays the same role that the group does
in the compact case, thanks to Proposition 2.5.

However, we now arrive at an apparent point of departure between the two theories. In [ ,
Theorem 3.9], Gardella has shown that for actions of finite dimensional, compact groups, the re-
striction of an action with finite Rokhlin dimension to a subgroup also has finite Rokhlin dimension.
In trying to extend this result to discrete groups, we arrived at an impasse. We were unable to prove
the theorem in full generality, but we were able to prove it for a large class of groups (including
all finitely generated, virtually abelian groups). It is to these ideas that we now turn and we begin
with a lemma that shows that subgroups of finite index play a crucial role in this context.

Lemma 3.5. Let G be a residually finite group and H <y;, G. Then there is a finite set Y and
an H-equivariant homeomorphism
0:Y xH—G
14



where H acts on'Y trivially and by left-translation on both H and G.

Proof. Let Jg := {K < G : K C H}, then we claim that Jg is cofinal in Zg. To see this, choose
L € Ig. Since H has finite index in G, there is a subgroup L’ C H such that L' <, G. Then

K:=LNL € Jgand K C L. Therefore Jg is cofinal in Zg and we conclude from | , Lemma,
1.1.9] that
G =1lmG/K and H = lim H/K.
Ja Ja
We need one more important ingredient: By a theorem of Ore | , Theorem 4.3], there is a finite

set Y of left-coset representatives of H in G such that Y is also a set of right-coset representatives.

In other words,
G=||yH=|]Hy.
yey yey

We fix one such set Y and define § : Y x H — G by
O(w, (hx K)kege) = (hkwK)Kkege
To see that 6 is well-defined, let (w, (hx K)) € Y x H and fix K, L € Jg with K C L. Then hgwlL =
hxLw = hpLw = hpwL. Therefore 6(w, (hxK)) € G. Also, if (w, (hgK)) = (v, (gxK)) €Y x H
are equal, then w = v and hx K = g K for all K € Jz. Hence,
hrwK = hgKw =gy Kw = ggwK = ggvK.
Therefore, O(w, (hgK)) = 0(v, (9x K)). We claim that € is the homeomorphism we are looking for.

(1) 0 is continuous: Let (w, (hxK)) € Y x H and let g = (9xK) = 0(w, (hx K)) € G. Let U
be an open set in G containing g, then there is a finite set F' C Jg such that

V=) {orl}) = () (75) " ({hrwl}) C U.
LeF LeF
(Note that we write 7¢¥ : G — G/L and 7 : H — H/L for the natural maps.) Let
(v, (txK)) € 0~Y(V) and fix L € F. Then, t;vL = hywL. Since L < G, this implies that
tr,Lv = hyLw. Since L C H and t;,h; € H, it follows that Hv = Hw. Since Y is a set of
right coset representatives of H, we conclude that v = w. Hence,

trwL = hpwlL.
Since L < G, hp, L = t; L. This is true for each L € F, so (txK) € W where

W= () (=) ({heL}).
LeF
Therefore, {w} x W is an open set in Y x H, it is contained in #='(V) c ~1(U) and
g € {w} x W. This is true for any (w, (hxK)) € Y x H, so 6 is continuous.

(2) 6 is injective: If §(w, (hxK)) = O(v, (txK)), then for any L € Jg, hpwL = tpvLl. As
above, this implies that Hw = Hwv. Since Y is a set of right coset reprentatives, it follows
that w = v. Then,

hrwL = tpwL
holds for all L € Jg. Since each L € Jg is normal in G, we conclude that h; L =t L, so
that (hKK) = (tKK).

(3) 0 is surjective: If g = (g, L) € G, then for each L € Jg, there exists wy, € Y and hy, € H
such that g7, = wrhy. Since g € G, it follows that whenever K, L € Jg with K C L, we
have

thKL = ’thLL.
15



Once again, this implies that wx H = wr H. Since Y is a set of left coset representatives
of H in G, we conclude that wx = wy, whenever K C L. Now suppose L1, Lo € Jg, then
there exists K € Jg such that K C L1 N Ly. Then it follows that

Wp, = WK = WL,

Therefore, there is a commmon Xalue w := wy, for all L € Jg. Now consider h = (hL) €
HLGJG H/L. The fact that § € G implies that whenever K, L € Jg with K C L, one has

thL = ’thL.

Once again, since L < G, this implies that hx L = hy L. We conclude that h € H and thus
g=0(w,h).
Since Y x H is compact and G is Hausdorff, @ is a homeomorphism. That 6 is H-equivariant is

easily verified. This completes the proof.
O

Definition 3.6. Let G be a discrete group and H be a subgroup of G. We say that H is a retract
of G if there is a group homomorphism p : G — H which restricts to the identity map on H. We
say that H is a virtual retract of G (denoted by H <,, G) if there exists K <¢;, G such that H is
a retract of K.

Theorem 3.7. Let G be a residually finite group and H be a subgroup of G. Let a: G — Aut(A)
be an action of G on a C*-algebra A and oy : H — Aut(A) be the restricted action of H on A. If
H <, G, then dimpox(ap) < dimpoi(a) and dimpe(ap) < dimpei©(a).

Proof. We prove the first inequality since the argument for the second is similar. Assume without
loss of generality that d := dimpgek(a) < co. Choose K <y;;, G and a homomorphism p : K — H
that is identity on H. By Lemma 3.5, there is a finite set Y and a K-equivariant homeomorphism
6 : G — Y x K. Projecting onto the second component gives us a continuous, surjective, K-
equivariant map p : G — K. Moreover, by the universal property of the profinite completion
(part (5) of Proposition 1.1), there is a continuous group homomorphism p : K — H such that
plk= p. In particular, p respects the left-translation action of H on both K and H. Therefore,
p:=pou:G— H is a continuous H-equivariant map, which induces a unital *-homomorphism

p*: C(H) — C(G)
that is equivariant with respect to action of H on both algebras. To prove that dimgok(ay) < d,
choose finite sets FF < A, S € C(H),M C H and € > 0. By hypothesis, there exist (d + 1) c.c.p.
maps
¢0,¢1,...,’¢d : C(é) — A
which form a (d, F, M,p*(S), €)-Rokhlin system (by Proposition 2.5). Hence, the system {t, o

p* 1 0 < ¢ < d} forms a (d,F,M,S,e)-Rokhlin system for the action ay. We conclude that
dimgek (an) < d. O

To understand how Theorem 3.7 may be used, we describe a few notions from geometric group
theory. These have been explored in | | and the reader will find a wealth of information
concerning these ideas in that article.

Definition 3.8. Let G be a group. We say that G has property (VRC) (for ‘virtual retractions onto
cyclic subgroups’) if every cyclic subgroup is a virtual retract of G. We say that G has property
(LR) (for ‘local retractions’) if every finitely generated subgroup is a virtual retract of G.

Remark 3.9. We list a number of facts concerning these properties. Once again, the reader is
referred to [ ] for proofs of all of these.
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If G satisfies (VRC), then it is residually finite.

If G is a residually finite group and H < G is a finite subgroup, then H <,, G.

If K, H are subgroups of G such that K <,, H and H <, G, then K <, G.

Clearly, if G satisfies (LR), then it satisfies (VRC), but the converse is false. However, if G

satisfies (VRC), then every finitely generated virtually abelian subgroup is a virtual retract

of G.

(5) If G is a finitely generated, virtually abelian group, then every subgroup H of G is a virtual
retract of G.

(6) Free groups satisfy (LR) and virtually free groups satisfy (VRC).

(7) If K is a finite index subgroup of G and K satisfies (VRC), then G satisfies (VRC).

(8) The Heisenberg group H (the group of all 3 x 3 unitriangular matrices with integer coeffi-

cients) does not satisfy (VRC).

(
(
(
(

~— — — —

1
2
3
4

The following consequence of part (5) of Remark 3.9 and Theorem 3.7 bears repeating.

Corollary 3.10. Let G be a finitely generated, virtually abelian group and H be a subgroup of G.
Let oo : G — Aut(A) be an action of G on a C*-algebra A and oy : H — Aut(A) be the restricted
action of H on A. Then dimpi(am) < dimpgek(a) and dimpy©(am) < dimpger©(a).

4. AcTIONS ON C(X)-ALGEBRAS AND COMMUTATIVE C*-ALGEBRAS

Given a group G and a locally compact metric space X, every action & : G ~ X of G on X
induces an action a : G — Aut(Cp(X)) and vice-versa. If G is compact and finite dimensional,
then a is free if and only if « has finite Rokhlin dimension (see | , Theorem 4.1] and | ,
Lemma 4.1]). However, if G is a discrete group, then the analogous statement is not known in
full generality. What we do know is the following result, due to Szabd, Wu and Zacharias. Note
that the version stated here (for locally compact spaces) is more general than the one proved in
[ |. However, Szabé has proved this more general statement in his PhD thesis (see | ,
Remark 8.7]).

Theorem 4.1. [ , Corollary 8.5] Let G be an infinite, finitely generated, nilpotent group and
X be a locally compact metric space of finite covering dimension. If & : G ~ X is a free action of
G on X, then the induced action o : G — Aut(Co(X)) has finite Rokhlin dimension.

Our goal in this section is to investigate this question further, and the first observation is the
following.

Proposition 4.2. Let X be a locally compact Hausdorff space and G be a residually finite group
satisfying the (VRC) property. Let & : G ~ X be such that the induced action o : G — Aut(Cp(X))
has finite Rokhlin dimension. Then « is free.

Proof. With Theorem 3.7 in hand, this proof essentially reduces to that of | , Theorem 4.1].
Let g € G and x € X be such that ay(z) = . Let H be the cyclic subgroup generated by g, then by
Theorem 3.7, ar : H — Aut(Cp(X)) has finite Rokhlin dimension. Since {x} is closed and invariant
under this action, it follows from Theorem 3.2 that the induced action az : H — Aut(C'({z})) has
finite Rokhlin dimension. This action is trivial, so it follows that H must be trivial. Hence g = e,
proving that & must be free. O

To understand the extent to which the converse of Proposition 4.2 holds for arbitrary residually
finite groups (as against just nilpotent ones), we first study actions on Cp(X)-algebras. Our goal
is to prove an estimate for the Rokhlin dimension of certain actions on a Cy(X )-algebra analogous
to that of | , Theorem 2.3].
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Definition 4.3. Let X be a locally compact Hausdorff space. A C*-algebra A is said to be
a Cp(X)-algebra if there is a non-degenerate x-homomorphism O : Cy(X) — Z(M(A)), where
Z(M(A)) denotes the center of the multiplier algebra of A.

For a function f € Cy(X) and a € A, we will write fa := O(f)(a). If Y C X is a closed subspace,
let Cyp(X,Y’) denote the ideal of functions that vanish on Y. Then Cy(X,Y)A is a closed ideal in
A. We write A(Y) := A/Cy(X,Y)A for the corresponding quotient and 7y : A — A(Y") for the
quotient map. If Y = {x} is a singleton set, then the algebra A(z) := A({z}) is called the fiber of
A at z, and we write 7, : A — A(z) for the corresponding quotient map. If a € A, we simply write
a(x) := my(a) € A(z). For each a € A, we have a map I', : X — R given by = — ||a(z)||. This map
is upper semicontinuous (by | , Proposition 1.2]), a fact we will use crucially in the next proof.

Given a Cp(X)-algebra A, an automorphism § € Aut(A) is said to be Cy(X)-linear if f(fa) =
fB(a) for all f € Cp(X) and all a € A. We write Autx(A) for the subgroup of Aut(A) consist-
ing of all Cy(X)-linear automorphisms. Given an automorphism § € Autx(A) and a closed subset
Y C X, there is a natural automorphism By € Aut(A(Y')) such that Sy omy = my of. In particular,
if a: G — Autx(A) is an action of a discrete group G on A by Cy(X)-linear automorphisms, then
for each closed subspace Y C X, there is an action ay : G — Aut(A(Y')) such that the quotient
map 7y : A — A(Y) is G-equivariant. Once again, if Y = {z} is a singleton set, we write a, for
the action on A(z).

We begin with a variant of | , Theorem 4.26] that we need below.

Lemma 4.4. Let A be a separable, nuclear C*-algebra and G be an amenable group. Let « :
G — Aut(A) and B : G — Aut(B) be two actions, and 7w : A — B be a surjective G-equivariant *-
homomorphism. Then for each F < B, M C G and each € > 0, there is a c.c.p. section  : B — A
such that

[l (6(b)) — (B ()| < €
forallbe F andt € M.

Proof. That there is a c.c.p. section 0 : B — A follows from the Choi-Effros theorem. Let (Fy) be
a Fglner sequence in G, and define

0u(b) = ,Fl| > (@B ().

seFy,

Then each 6,, is c.c.p. (because it is a convex combination of c.c.p. maps). Since 0 is a section and
moags = (s om, it follows that 6, is a section. Now observe that if ¢ € G, then

0 (0a(5)) — B (Au(b)) = ‘Fl, (Z @B () = 3 as@wslt(b))))
n seFy seEF,
= ‘Fl, ( > aw@(Bu-u) = > aw@(ﬂwlt(b))))
™ \wetF, wEF,
Hence,
Jau(69) ~ ou ()] < T
Therefore, 8 = 6, does the job for n large enough. O
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Theorem 4.5. Let X be a locally compact Hausdorff space and A be a separable, nuclear Co(X)-
algebra. Let G be an amenable, finitely generated, residually finite group and o : G — Autx(A) be
an action of G on A by Cy(X)-linear automorphisms. Then,

dimRok(a) < (dlm(X) + 1)(Sup dimRok(ax) + 1) -1
reX
Proof. Assume without loss of generality that n := dim(X) < oo and that d := sup,¢ x dimpok(cz) <
oo, and let m:= (n+1)(d+1)—1. Fix F € A, S © C(G),M C G and € > 0 and assume that
|la]] <1 for all @ € F and that [|f|| < 1 for all f € S. Set n := 5imoy and choose a compact set
K C X such that

sup la(z)|| <n
zeX\K

for all @ € F. Now observe that A(K) is a C(K)-algebra, which carries an action ag : G —
Autg (A(K)) of G acting by C(K)-linear automorphisms. Moreover, dim(K) < dim(X) and if
x € K, then A(K)(z) = A(x). Now assume for a moment that there exist (m + 1) c.c.p. maps

¢07¢1a---7¢m- ( )_>A( )

which form a (m, 7 (F), M, S,n)-Rokhlin system for the action ayx. Then, we may choose any
c.c.p. section 6 : A(K) — A (which exists by the Choi-Effros theorem), and observe that the maps
{fotp:0 << m} form a (m,F,M,S,e)-Rokhlin system for the action o. This calculation is
elementary and relies on the fact that for any b € A and a € F,

1ball < max{n|[b]], |7k (ba)|[} and [[[b, a][| < max{2n[|bl], ||[wx (b), 7k (a)]]}-

In turn, both of these follow from the fact that for any ¢ € A, ||c| = sup,cx ||c(z)] by | ,
Proposition 2.8]. Replacing X by K, it therefore suffices to prove the theorem when X is itself
compact.

We now assume X is compact. The remainder of the proof follows that of | , Theorem 2.3].
For x € X fixed, since d > dimgk(ay), there are (d 4 1) c.c.p. maps

w07¢17 ce 7¢d : C(é) — A(ZL’)

which form a (d, 7 (F), M, S,n)-Rokhlin system. By the Choi-Effros theorem (which is applicable
since G is finitely generated), there are c.c.p. maps wo, 7,/11, .. ,wd C(G) — A such that wmowj 1,
for all 0 < j < d. Since the maps {I'. : ¢ € A} are upper semicontinuous, for each = € X, there is
an open set V, containing = and (d + 1) c.c.p. maps @ ¢ @ . C(G) = A(V,) satisfying
the following conditions:

(1) o (fl)w(k (f2)a =, 0 for all fi, fo € S with f; L fo,alla € Fand all 0 < k <d.

(2) Zk o@b ( G))va( a) =y my-(a) for all a € F.

(3) [P (f),m m-(a)] ~ OforallaEF,fESandogk‘gd.

(4) (as)y (¥ Y () =y w(k)(as(f)) forall feS,se Mand0<k<d.
By | , Lemma 2.2, we may choose a strongly n-decomposable refinement of this cover U =
U Ul U ... UU,. In other words, if Uy = {Vi1,Via,...,Vik,}, then V;; NV, ;, = 0 whenever
J1 # j2. Now for each 0 <i <mn and 1 < j < k;, there are (d + 1) c.c.p. maps

POl Ll e@) - AVEy).
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satisfying the four conditions listed above on W] Write V; = I_I;?ilVi,j so that V; = U?;WJ- By

[ , Lemma 2.4], -

A(V;) = @A(v;,j).

Therefore, we get (d + 1) c.c.p. maps

O M D @) = AT

satisfying the four conditions listed above on V;. Choose a partition of unity {f; : 0 < i < n}

subordinate to the open cover {Vp,Vi,...,V,} and unital, c.c.p. sections 6; : A(V;) — A using
Lemma 4.4 such that

(0 (1)) = 0 ()5 (1))
forall f € Sandte M. For 0<i<n,0<k<d, define g; 1 : C(G) — A by

eir(f) = F0: P ().

Then each ¢; j is an c.c.p. map, and an argument entirely similar to | , Theorem 2.3] (with G
playing the role of G) shows that the collection {¢; ; : 0 <i < n,0 < k < d} forms a (m, F, M, S, €)-
Rokhlin system for . Thus, dimgek(a) < (n+1)(d+1) — 1. O

The next result now wraps up the discussion (to an extent) of the relationship between free
actions on a locally compact space X and finiteness of Rokhlin dimension of the associated action
on Co (X) .

Corollary 4.6. Let G be an amenable, finitely generated, residually finite group and let X be a
locally compact, separable metric space of finite covering dimension. Let & : G ~ X be an action
of G on X and let o : G — Aut(Co(X)) be the induced action on Co(X). If & is free and proper,
then

dim pgex() < dim(X).

Proof. Let Y := X/G, which is Hausdorff and locally compact and the natural map = : X — Y
is a local homeomorphism. Moreover, X is metrizable and separable, so by Alexandroff’s theorem
[ , Theorem 1.12.8] it follows that dim(Y) = dim(X) < oo (Note that small inductive dimen-
sion and Lebesgue covering dimension coincide for separable metric spaces).

If A:= Cp(X), the map 7 : Cop(Y) — Z(M(A)) = Cp(X) gives A the structure of a Cp(Y)-
algebra. A is separable because X is second countable and A is clearly nuclear. Moreover, the
action «a is by Cy(Y)-linear automorphisms. By [ , Example C.4], the fiber A(y) at a point
y = m(x) € Y is isomorphic to Cy(G - ). The map 0 : G — G - x given by g — a4(x) induces an
equivariant isomorphism

" : (CO(G ) 1’), O‘y) - (CO(G)a Lt)
where Lt : G — Aut(Cy(G)) is the natural action of G on Cy(G) induced by the left-translation
action of G on itself. We claim that dimpek(Lt) = 0. To see this, fix H <f;, G. Then the quotient
map p : G — G/H induces an equivariant, unital x-homomorphism

p*: (C(G/H),0q) — (Cy(G),Lt).

By Lemma 2.3, the action Lt : G — Aut(Cy(G)) has Rokhlin dimension zero. Since Cy(G) is a

G-invariant hereditary subalgebra of Cy,(G), it follows from Theorem 3.2 that Lt : G — Aut(Cy(G))

also has Rokhlin dimension zero. Hence dimpk(ay) = 0 for each y € Y. The result now follows

from Theorem 4.5. (|
20



5. IDEAL SEPARATION AND OUTERNESS

In this, the final section of the paper, we discuss three related notions for an action of a residually
finite group on a C*-algebra with finite Rokhlin dimension. We show that such actions are pointwise
outer. Using a theorem of Sierakowski [ ], we show that the ideals in the associated reduced
crossed product C*-algebra must arise from invariant ideals in the underlying C*-algebra. Finally,
we show how this property implies that such actions are also properly outer, provided the group
satisfies the (VRC) property.

Definition 5.1. Let A be a C*-algebra. An automorphism o € Aut(A) is said to be inner if there is
a unitary u € A such that a(a) = uau* for all a € A. In that case, we write o = Ad(u). Moreover,
a is said to be outer if it is not inner. If G is a locally compact group, an action o : G — Aut(A)
is said to be pointwise outer if o is outer for each non-identity element g € G.

If « : G — Aut(A) is an action of a compact group G on a C*-algebra A, then finiteness of
Rokhlin dimension implies that « is pointwise outer (] , Proposition 4.15]). We show that
the same is true for discrete, residually finite groups as well.

Proposition 5.2. Let A be a C*-algebra and G be a residually finite group. If a: G — Aut(A) is
an action such that dimpgy,(a) < 0o, then a is pointwise outer.

Proof. Let d := dimpgok (o) < 0o and suppose g € G is a non-identity element such that ay = Ad(u)
for some unitary u € A. Write u = v + Aly for some v € A and A € C. Choose a subgroup
H <¢i, G such that g ¢ H and let n := [G : H|. Fix a non-zero element x € A with [jz| <1, and
set F = {z, " 2"/ v,v*} € A,S:={0s:5€ G/H} © C(G/H), M = {g} and choose € > 0. By
Lemma 2.3, there exist (d + 1) c.c.p. maps

@07@17"'7§0d:C<G/H)_>A

which form an (H,d, F, M, S, e)-Rokhlin system. For 0 < ¢ < d and 5 € G/H, let yg) = @u(J3).
Then,
2172 0, « 1/2 _

uys uw = g1/?

(f))x1/2 ~. x1/2y%)x1/2 ~ O

g (Ys ~e Ygs -

However,

1/ uy( )u*xl/Q 1/2(1)3/( )’U +/\vy( ) +>\y(£) x4 ‘)\’2 ) 1/2

~o 1/2(y£)vv +)\y§)v+)\y§ v* 4 A2 yg )xl/2
2172 0, % 1/2

Y uu T

()

~e Yz

Since c.c.p. maps preserve adjoints, the yg)

Y4 * Y4 YA * l % (£ Y4
(2" 42) mse (y02) (4 2) = 2*y0ya ~. 0.

Hence, yg)x ~ /g 0 for each 5 € G/H. This implies that

d
Z Z ys 'z~ n(d+1)v6e O-

t=035eG/H

are self-adjoint, and

This is true for any € > 0, so = 0. This contradicts our assumption on z, so we conclude that oy
cannot be inner. OJ
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We now turn our attention to the ideal structure of the reduced crossed product C*-algebra. Let
A be a C*-algebra and « : G — Aut(A) be an action of a discrete group G on A. We write A x, G
for the associated crossed product C*-algebra. If I is a G-invariant ideal of A, then I x,. G forms an
ideal in A %, G. An interesting question, therefore, is to determine conditions under which every
ideal of A x, G arises in this way.

Definition 5.3. For an action o : G — Aut(A), we say that A separates ideals in A x, G if the
only ideals in A %, G are of the form I %, G for some G-invariant ideal I < A.

The following result due to Sierakowski is relevant to us, as it gives an easily verifiable condition to
determine if an action has the ideal separation property. Recall that if o : G — Aut(A) is an action
of a discrete group G on a C*-algebra A, then there is a conditional expectation F : A x,. G — A
such that E() .o asAs) = ac on C(G, A) (see, for instance, [ , Proposition 4.1.9]). Given a
C*-algebra B and an element x € B, we write Ig[z] for the ideal in B generated by x.

Theorem 5.4. [ , Theorem 1.13] Let G be a discrete group and o : G — Aut(A) be an exact
action of G on a C*-algebra A. If E(x) € Iax,qlz| for every positive element x € A X, G, then A
separates ideals in A %, G.

In | , Theorem 2.2], Pasnicu and Phillips have shown that if G = Z and the action has the
Rokhlin property, then it has the ideal separation property. Sierakowski extended this result to
include finite groups in | , Theorem 1.30] (the result is originally due to Pasnicu and Phillips
[ , Corollary 2.5], although the proof does not rely on Theorem 5.4). The analogous result
for actions of compact abelian groups with finite Rokhlin dimension was proved in | , Corol-
lary 2.17]. We now extend these result to actions of residually finite groups with finite Rokhlin
dimension. The following lemma (whose proof we omit) will be useful to us.

Lemma 5.5. Let B be a C*-algebra, {v1,vs, ... ,v,} be orthogonal contractions and a,b € B. Then

n n
E V;Q0; — E v;bv;
i=1 i=1

Theorem 5.6. Let A be a C*-algebra and o : G — Aut(A) be an action of a residually finite group
on A. If the action is exact and if dimpg.i(a) < oo, then A separates ideals in A X, G.

< la— o]

Proof. Let d := dimgek(a) < oo and set B := A x,. G. Fix z € BT and we wish to prove

that E(z) € Iglx]. For e > 0 fixed, there exists z € C.(G, A) such that ||z — 2| < m. Let

M « G be a finite set such that z = Y7, aiA;. Assume e € M, [|as|| < 1 for all £ € M and
choose H <yi, G such that M N H = {e}. For convenience of notation, we write k := |M|. Let
F={a;:te M} A,S:={0s:5€ G/H} € C(G/H) and fix n > 0 to be chosen later. Choose
0 < § < n such that if d,d’ € A are two positive contractions, then

Ild, d]|| < 6 = [|[Vd,d']|| < 7 and
|d—d|| <d=|Vd—Vd| <n.
The first condition can be met by | , Exercise 3.9.6] and the second by | , Lemma 1.2.5]
applied for K = [0,1]. By Lemma 2.3, there exist (d + 1) c.c.p. maps
@0y P1y---,Pd * C(G/H) — A

which form a (H,d, F, M, S, §)-Rokhlin system. Moreover, since the cone over C(G/H) is projective,
we may arrange it so that

@i(05)pi(d7) =0
whenever 5 # 7 in G/H (see | , Remark 1.18] and | , Theorem 4.6]). For s € G/H and

0 <i <d, define yéi) := /¥i(ds). Then for all a € F,
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(1) g Yseqyn()?a ~s a.

2 y@y@ = 0 for any 5,7 € G/H with s # 7. In particular, if t € M \ {e}, then y@y@ =0
s Jr s Jts
for all 5 € G/H.
(3) [yg),a] ~p0forallse G/H.
4) oy y@ a~ y(i)a and aoy y@ R~ ay(i) forany t € M and s € G/H.
5 N Jis s n ts
For any s € G/H and 0 < < d,

W) = 3 s

teM
= > P aon (),
teM
~ >y aryuy
teM
Nkn Z yg)yt%)am
teM
= (y§1))2ae-
Therefore,
B(z) ® e B(2)
= ae
d
~n Z Z ( g))Qae
=0 seG/H
d o .
~(d+1)(2k)n Z yé”zyé’)
i=0 5eG/H
: (@) ... (i)
Mt D D Vs s
i=0 5¢G/H

where the last approximation follows from Lemma 5.5. If we choose 17 > 0 so that

TS30 1 (d+D@2k)

then,
d . .
E@)~ Y S V) e Ipla].
1=035eG/H
Hence, E(z) € Ig[z] for each z € B, so by | , Theorem 1.13], A separates ideals in Ax,G. O

We end with a short application of this result. If A is a C*-algebra and o € Aut(A) is an
automorphism of A, we write Sp(«) for the Arveson spectrum of « (see [ , Section 8.1]). If
H*(A) denotes the set of all non-zero, a-invariant, hereditary C*-subalgebras of A, then the Connes
spectrum of « is defined as

T(@)= () Splals)
BeHe(A)
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Write Hf(A) for the set of all B € H*(A) with the property that the closed ideal generated by B
is an essential ideal of A. Then the Borchers spectrum of « is defined as

Ip(@)= () Splals)

BeH%(A)
For more about these objects and their relationship with the ideal structure of the reduced crossed
product, the reader is referred to [ ]. The notion of proper outerness (defined below) is
originally due to Kishimoto | ]. For separable C*-algebras, this definition is equivalent to
a number of other conditions (see [ , Theorem 6.6]). For convenience, we adopt one such

condition as our definition.

Definition 5.7. Let A be a separable C*-algebra. An automorphism « € Aut(A) is said to be
properly outer if I'p(a|p) # {1} for each B € H*(A). Moreover, an action « : G — Aut(A) of a
discrete group on A is said to be properly outer if oy is properly outer for each non-identity element
g€ @q.

Corollary 5.8. Let A be a separable C*-algebra, G be an amenable, residually finite group satisfying
the (VRC) property, and let o : G — Aut(A) be an action of G on A. If dimpgyi(a) < oo, then «
s properly outer.

Proof. Fix g € G\ {e} and let H be the cyclic subgroup generated by g. Since G satisfies the (VRC)
property, the restricted action auyy : H — Aut(A) also has finite Rokhlin dimension by Theorem 3.7.
Replacing G by H, we may assume that G is cyclic. We write § for the automorphism a4 (and for
the action 8 : G — Aut(A)), and write G for the Pontryagin dual of G.

Now, if B is a non-zero, [-invariant, hereditary C*-subalgebra of A, then 5|p: G — Aut(B)
also has finite Rokhlin dimension by Theorem 3.2. Note that G is exact, so by Theorem 5.6, each

non-zero ideal in B %, G has non-zero intersection with B. By | , Theorem 2.5, I'(5|B) = G
Hence, R

I'p(Bl) =G
This is true for each B € H*(A), so [ is properly outer. O
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