RATIONAL K-STABILITY OF CONTINUOUS
C(X)-ALGEBRAS
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ABSTRACT. We show that the property of being rationally K-
stable passes from the fibers of a continuous C(X)-algebra to the
ambient algebra, under the assumption that the underlying space
X is compact, metrizable, and of finite covering dimension. As an
application, we show that a crossed product C*-algebra is (ratio-
nally) K-stable provided the underlying C*-algebra is (rationally)
K-stable, and the action has finite Rokhlin dimension with com-
muting towers.

Given a compact Hausdorff space X, a continuous C'(X)-algebra is the
section algebra of a continuous field of C*-algebras over X. Such alge-
bras form an important class of non-simple C*-algebras, and it is often
of interest to understand those properties of a C*-algebra which pass
from the fibers to the ambient C'(X)-algebra.

Given a unital C*-algebra, we write U,(A) for the group of n x n
unitary matrices over A. This is a topological group, and its homo-
topy groups m;(U,(A)) are termed the nonstable K -theory groups of
A. These groups were first systematically studied by Rieffel [20] in the
context of noncommutative tori. Thomsen [20] built on this work, and
developed the notion of quasi-unitaries, thus constructing a homology
theory for (possibly non-unital) C*-algebras.

Unfortunately, the nonstable K-theory for a given C*-algebra is noto-
riously difficult to compute explicitly. Even for the algebra of complex
numbers, these groups are naturally related to the homotopy groups
of spheres 7;(S™), which are not known for many values of j and n.
It is here that rational homotopy theory has proved to be useful to
topologists and, in this paper, we employ this tool in the context of
C*-algebras.
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A C*-algebra A is said to be K -stable if the homotopy groups 7; (U, (A))
are naturally isomorphic to the K-theory groups Kj;i;(A), and ratio-
nally K-stable if the analogous statement holds for the rational ho-
motopy groups (see Definition 1.3). In [23], we proved that, for a
continuous C'(X)-algebras, the property of being K-stable passes from
the fibers to the whole algebra, provided the underlying space X is
metrizable and has finite covering dimension. The goal of this paper is
to prove an analogous result for rational K-stability.

Theorem A. Let X be a compact metric space of finite covering di-
mension and let A be a continuous C(X)-algebra. If each fibre of A is
rationally K-stable, then so is A.

As an interesting application of these results, we consider crossed prod-
uct C*-algebras where the action has finite Rokhlin dimension (with
commuting towers). A theorem of Gardella, Hirshberg and Santiago [9]
states that such a crossed product C*-algebra can be locally approxi-
mated by a continuous C(X)-algebra (see Definition 3.3). This leads
to the following result.

Theorem B. Let o : G — Aut(A) be an action of a compact Lie group
on a separable C*-algebra A such that « has finite Rokhlin dimension
with commuting towers. If A is rationally K -stable (K -stable), then so
1s A X, G.

The paper is organized as follows: In Section 1, we introduce the ba-
sic notions used throughout the paper - that of nonstable K-groups,
C(X)-algebras, and the rationalization of H-spaces. In Section 2, we
prove Theorem A along with some applications and examples. Finally,
Section 3 is devoted to the proof of Theorem B.

1. PRELIMINARIES

1.1. Nonstable K-theory. We begin by reviewing the work of Thom-
sen of constructing the nonstable K-groups associated to a C*-algebra.
For the proofs of the results mentioned in this section, the reader is
referred to [20].

Let A be a C*-algebra (not necessarily unital). Define an associative
composition - on A by

(1) a-b=a+b—ab

An element u € A is said to be a quasi-unitary if

w-ut=u"u=0.
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We write U(A) for the set of all quasi-unitary elements in A. For
elements u,v € u (A), we write u ~ v if there is a continuous function
£ :[0,1] = U(A) such that f(0) = u and f(1) = v. We write Uy(A)
for the set of u € U(A) such that u ~ 0. Note that Uy(A) is a closed,

normal subgroup of u (A). We now define the two functors we are
interested in.

Definition 1.1. Let A be a C*-algebra, and £ > 0 and m > 1 be
integers. Define

Gi(A) == mU(A)), and Fi(A) = 1 (Up(A) ® Q = Gp(A) @ Q.

Recall [21] that a homology theory on the category of C*-algebras is
a sequence {h,} of covariant, homotopy invariant functors from the
category of C*-algebras to the category of abelian groups such that, if
0—J> B A— 0is ashort exact sequence of C*-algebras, then
for each n € N, there exists a connecting map 0 : h,(A) — h,—1(J),
making the following sequence exact

2 () 2 e (BY M A D ()

and furthermore, 0 is natural with respect to morphisms of short ex-
act sequences. Furthermore, we say that a homology theory {h,} is
continuous if, whenever A = lim A; is an inductive limit in the cate-
gory of C*-algebras, then h,(A) = lim h, (A;) in the category of abelian
groups. The next proposition is a consequence of [26, Proposition 2.1]
and [10, Theorem 4.4].

Proposition 1.2. For each m > 1, G,,, and F,, are continuous homol-
oqy theories.

The notion of K-stability given below is due to Thomsen [20, Definition
3.1], and that of rational K-stability has been studied by Farjoun and
Schochet [, Definition 1.2], where it was termed rational Bott-stability.

Definition 1.3. Let A be a C*-algebra and j > 2. Define¢; : M;_1(A) —
M;(A) to be the natural inclusion map

'_>a0
a K

A is said to be K-stable if G(t;) : Gp(M;_1(A)) = Gi(M;(A)) is an
isomorphism for all £ > 0 and all j > 2. A is said to be rationally
K -stable if F,,, (1) © Fin(M;_1(A)) = F,,(M;(A)) is an isomorphism for
allm >1 and all j > 2.
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Note that, for a K-stable C*-algebra, Gx(A) = Kj;11(A) and for a
rationally K-stable C*-algebra, F,,,(A) = K,11(A4) ® Q. A variety
of interesting C*-algebras are known to be K-stable (see [23, Remark
1.5]). Clearly, K-stability implies rational K-stability. By [22, Theo-
rem BJ, the converse is true for AF-algebras. However, as Example 2.1
shows, the converse is not true in general.

1.2. C(X)-algebras. Let A be a C*-algebra, and X a compact Haus-
dorff space. We say that A is a C'(X)-algebra [13, Definition 1.5] if there
is a unital *-homomorphism 6 : C(X) — Z(M(A)), where Z(M(A))
denotes the center of the multiplier algebra of A. For simplicity of no-
tation, if f € C(X) and a € A, we write fa :=0(f)(a).

If Y C X is closed, the set Cyp(X,Y") of functions in C'(X) that vanish
on Y is a closed ideal of C'(X). Hence, Co(X,Y)A is a closed, two-
sided ideal of A. The quotient of A by this ideal is denoted by A(Y),
and we write Ty : A — A(Y) for the quotient map (also referred
to as the restriction map). If Z C Y is a closed subset of Y, we
write 73 : A(Y) — A(Z) for the natural restriction map, so that
7y =myomy. If Y = {x} is a singleton, we write A(z) for A({z}) and
7, for m,y. The algebra A(z) is called the fiber of A at x. For a € A,
write a(z) for m,(a). For each a € A, we have a map

'y X — R given by = — |la(x)||.

This map is, in general, upper semi-continuous [, Lemma 2.3]. We say
that A is a continuous C'(X)-algebra if T, is continuous for each a € A.

If Ais a C(X)-algebra, we will often have reason to consider other
C(X)-algebras obtained from A. At that time, the following result of
Kirchberg and Wasserman will be useful.

Theorem 1.4. [1/, Remark 2.6] Let X be a compact Hausdorff space,
and let A be a continuous C(X)-algebra. If B is a nuclear C*-algebra,
then A® B is a continuous C(X)-algebra whose fiber at a point x € X
is A(r) ® B.

In particular, if A is a continuous C(X)-algebra, then so is Ms(A).
If Y € X is a closed set, we will denote the restriction map by
ny : My(A) = My(A(Y)), and we write vy : A(Y) — My(A(Y)) for the
natural inclusion map. If Y = X, we simply write ¢ (or ¢*) for tx. Note
that 1y ot = tyomy. Once again, if Y = {z}, we simply write ¢, for ¢(,y.

Finally, the notion of a pullback is important for our investigation: Let
B,C, and D be C*-algebras, and 6 : B — D and v : C — D be
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x-homomorphisms. We define the pullback of this system to be
A=BadpC:={(byc) e B&C:(b)=~(c)}.
This is described by a diagram

(2) A-2. B

o] s
C—~D
where ¢(b,¢) = b and ¢ (b, ¢) = ¢. The next lemma allows us to induc-

tively put together a C(X)-algebra from its natural quotients.

Lemma 1.5. [2, Lemma 2.4] Let X be a compact Hausdorff space and
Y and Z be two closed subsets of X such that X =Y UZ. If A is a
C(X)-algebra, then A is isomorphic to the pullback

A L A(Y)
A(Z) —20% A(Y N 2).

1.3. Rational Homotopy Theory. We now discuss some basic facts
about the rationalization of groups and spaces as developed in [11].

A connected CW-complex Y is said to be nilpotent if 7 (Y") is a nilpo-
tent group and 71 (Y") acts nilpotently on 7;(Y) for all j > 2. A nilpo-
tent space Y is a rational space if, for each j > 1, the homotopy group
7;(Y) is a Q-vector space. A continuous map r : Y — Z is said to be a
rationalization of Y if Z is a rational space and 7, ® id : m.(Y) ® Q —
m(Z) ® Q = m,(Z) is an isomorphism. The next theorem (see [I1,
Theorem I1.3A]) is fundamental to the theory.

Theorem 1.6 (Hilton, Mislin, and Roitberg). Every nilpotent CW
complex Y has a rationalization v 1Y — Yo, where Yy is a CW com-
plex. The space Yg is uniquely determined up to homotopy equivalence.

We now specialize to the situation of our interest. Recall that an H-
space is a pointed space (Y,e) endowed with a ‘multiplication’” map
p Y xY — Y such that e is a homotopy unit, that is, the maps
Ap Y — Y given by A(y) := u(e,y) and p(y) := u(y,e) are both
homotopic to idy. We denote this by the triple (Y,e,u). We say
that (Y, e, ) is homotopy-associative if the maps p o (1 x idy) and
po (idy x p) : Y XY xY — Y are homotopic. In what follows, we
will implicitly assume that the H-spaces under consideration are all
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homotopy-associative.

Now suppose (Y, e, 1) is an H-space, where the space Y is a connected
CW-complex. Since Y is nilpotent, it has a rationalization r : ¥ — Yy
by Theorem 1.6. Now, by [17, Theorem 6.2.3], rx7: Y xY — Yp x Y
is a rationalization. By the universal property of the rationalization,
there is a unique map p : Yg x Y — Yg such that the following diagram
commutes upto homotopy.

(3) Y xY -2 vy

YQ X YQp—>YQ.

By the mapping cylinder construction, we may assume that r is a
cofibration. Then, r x r is also a cofibration as it is the composition of
two cofibrations Y XY — Y x Yy — Yy x Y. Hence, by [24, Problem
5.3], we may assume that the above diagram commutes strictly. If
we set eg = 7r(e), then it follows from [I7, Proposition 6.6.2] that
the triple (Yp, eg,p) is an H-space. Furthermore, by universality, we
may also ensure that the triple (Y, eq, p) is homotopy-associative. We
summarize this result below.

Proposition 1.7. If (Y, e, p) is a homotopy-associative H -space, where
Y is a connected CW-complez, then there is a homotopy-associative H -
space (Yo, eq, p) and a map r Y — Yy such that r is a rationalization,
and the diagram Eq. (3) commutes strictly.

If Ais a C*-algebra, then ﬁ(A) has the homotopy type of a CW-
complex [26, Corollary 1.6]. Therefore, LA{O(A) may be regarded as a
connected CW-complex. Since Uy(A) is a topological group (and hence
a connected H-space), it has as rationalization r : Up(A) — Z:{\O(A)Q.
By Proposition 1.7, Z/A{O(A)Q has the structure of an H-space, which we

write as (Uy(A)g, e, p), where eg = r(0). Finally, observe that the
commutativity of Eq. (3) implies that p(eqg, eg) = eg.

1.4. Notational Conventions. If A and B are two C*-algebras, the
symbol A ® B will always denote the minimal tensor product. If
B = Cy(X) is commutative, we identify Co(X) ® A with Cy(X, A),
the space of continuous A-valued functions on X that vanish at infinity.

Suppose f and g are two continuous paths in a topological space Y. If
f(1) = g(0), we write f e g for the concatenation of the two paths. If f
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and g agree at end-points, we write f ~j, g if there is a path homotopy
between them. Furthermore, we write f for the path f(t) := f(1 — )
and the constant path at a point * as e,.

If X and Y are two pointed spaces, we write C,(X,Y") for the space of
base point preserving continuous functions from X to Y. Note that if
A is a C*-algebra, and Y is either A or Z;{\O(A), then we always take 0
to be the base point. In that case, Ci(X, A) is a C*-algebra, and, for
any path-connected space X, there is a natural isomorphism

U(C.(X, A)) = CL(X, Up(A)).

Henceforth, we will identify these two spaces without further comment.

If (Y,e, p) is an H-space and a € Y, we may define non-negative powers
of a inductively by po(a) := e and p,(a) = p(pn-1(a),a). Similarly,
if f: X — Y is any function, we define non-negative powers of f
point-wise, that is, pu,(f)(z) = pn(f(x)) for all n > 0. Note that,
if f e C.(57Y), then [p,(f)] = n[f] in ;(Y) by [28, Theorem 4.7].
Throughout the rest of the paper, for any C*-algebra B, we write
pP for the multiplication in Uy(B) given by Eq. (1), and p? for the
multiplication in Z}O(B )o given by Proposition 1.7.

2. MAIN RESULTS

The goal of this section is to provide a proof for Theorem A. To put
things in perspective, we begin by constructing an example of a C*-
algebra that is rationally K-stable, but not K-stable.

Example 2.1. Let X be a connected, finite CW-complex such that
H(X;Z) is a finite group for all i > 1 (for instance, we may take X to
be the real projective space RP?), and set
A:=C(X,C).
Note that, for all n,m > 1,
Fy(Mp(A)) = 7 (Co(X;U)) @ Q = @f{l_n(XQ m(Un) Q) =0
>n

by [15, Theorem 4.20]. Hence, A is rationally K-stable.

Now suppose that A is K-stable. We fix a path connected H-space
Y, and consider the following fibration sequence (see the proof of |15,
Proposition 4.9])

Ci(X,Y) = C(X)Y) =Y.
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This fibration has a section, hence the long exact homotopy sequence
breaks into split short exact sequences

(4) 0= m(Ci(X,Y)) = m,(C(X,Y)) = m(Y) = 0
for all n € N. By a result of Thom [25, Theorem 2|, if Y = S! =
K(Z,1), then 7, (C(X,S")) & H'""(X;Z). It follows that
Gn(A) = 1, (U(CL(X, C))) = 1, (Cu(X, S1)) =0
for all n > 1. If A were K-stable, it would follow that
Tn(Co(X, Up)) = Gp(M,,(A) 2 GL(A) =0

for all n,m > 1. Hence, we conclude that m,(C,.(X,U(K))) = Gp(A @
K) =0 for all n > 1. Taking Y = U(K) in Eq. (4), we conclude that

Z :n odd

0 :neven

(5) mwwﬁmmgm@m»:{

Thus, in order to show that A is not K-stable, it suffices to show
that Eq. (5) cannot hold. To do this, we consider the work of Federer
(6], who constructed a spectral sequence converging to these homotopy
groups (note that X is a finite CW-complex, and U (K) is a simple
space, so the results of [6] do apply). The first page of this spectral
sequence, which converges to m,(C(X, U(K))), is of the form

~

W) o~ HUX;mp(U(K)))

pa
with differential d : C,g,lq) — ngl_)Lq 4o Therefore, for CZ(,}Q) to be non-
zero, p + ¢ must be odd. But in that case, C;?l7q+2 is zero. Hence,

the spectral sequence collapses at the very first page, so C’,(,,lq) = C’é?qo).
Therefore, we conclude that

ra(COGTK)) = @) X g @ (K)))
q=0
for all n > 1. This is a finite sum of finite groups (by our choice of X),
contradicting Eq. (5). Thus, A is not K-stable.

We now turn to the proof of Theorem A, and begin with some lemmas
that will be useful to us. The first lemma, which we will use repeatedly
throughout the paper, follows from [26, Theorem 1.9] and [3, Theorem
4.8].

Lemma 2.2. Let p: A — B be a surjective *—h/gmomorphz’s/m between
two C*-algebras, then the induced maps ¢ : U(A) — p(U(A)) and
0 : Us(A) — Uy(B) are both Serre fibrations.
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Lemma 2.3. [27, Lemma 2.2] Let a,b € U(A) such that ||a — b < 2,
then a ~ b in U(A).

Note that, for any element a in a C*-algebra A (not necessarily a quasi-
unitary), we write p4(a) for a-a-...a (N times). The next lemma is
a variation of [23, Lemma 2.3] that we need for our purposes.

Lemma 2.4. For any € > 0 and any N € N, there exists 6 > 0 satis-
fying the following condition: For any C*-algebra A, and any element
a € A such that |ja]| < 2,]la-a*|| <, and ||a* - a|| < 9§, there exists a

quast-unitary u € U(A) such that

iy () = (@)l <.

Proof. Note that the function d + 4 (d) is a polynomial in d (that is
independent of A). Thus, for any € > 0, there exists n > 0 satisfying
the following condition: For any C*-algebra A and any ¢,d € A with
Jell, ld]l < 2 such that e — || < 5, we have [[u(¢) — p ()] < e

We choose > 0 satisfying the conditions of [23, Lemma 2.3] with
¢ = 7, then there exists u € U(A) such that |ju — a|| < 7, so that
v (u) — p (@) < e. m

Our proof of Theorem A is by induction on the covering dimension of
the underlying space. The next theorem is the base case, and it holds
even if the space is not metrizable. In what follows, we will repeatedly
use the fact that, for any abelian group A, any element in A ® Q can
be represented as an elementary tensor of the form u ® 1/m for some
ue Aand meZ.

Theorem 2.5. Let X be a compact Hausdorff space of zero covering
dimension, and let A be a continuous C'(X)-algebra. If each fiber of A
1s rationally K -stable, then so is A.

Proof. We show that the map
L ®id s w5 (Uo(A)) ® Q = 5 (Uo(Ma(A))) © Q
is an isomorphism for each n > 2 and j > 1. For simplicity of notation,

we fix n = 2.

We first consider injectivity. Suppose [f]®q € 7; (Z:I\O(A)) ®Q such that
[Lofl®qg=01inT; (Uy(M2(A)) ® Q. Then by elementary group theory
[¢ o f] has finite order in ﬂj(ﬁo(Mg(A))). Thus for x € X, |1, 0 7, 0 f]
has finite order in m; (Uo(My(A(z))). Since A(z) is rationally K-stable,
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(7, o f] has finite order in ﬂj(ao(A(x))). Hence, there exists N, € N
and a path F: [0,1] = C.(57,Uy(A(z))) such that

F(0) =0, and F(1) = uy(m, o f).

By [23, Lemma 2.4], there is a closed neighbourhood Y, of z such
that 10 (my, o f) ~ 0 in Cu($7,o(A(Y))). Since X is zero di
mensional, we may assume that the sets {Y, : x € X} are cl-open

and disjoint. Since X is compact, we may obtain a finite sub-cover
{Yy, Yar, ..., Y, }. By Lemma 1.5,

A2 AY,) @AY, @ ... 0 AY,,)

via the map b — (7y, (b),7y,,(b), ..., 7y, (b)). If N = lemicicn(Ny,),
then uﬁy'”)(ﬂyzi o f) ~ 0 in C.(S,Uy(A(Yz,))), for each 1 < i < n.
Thus, iy (f) ~ 0 in 7;(Uo(A)). Hence, [f] has finite order in 7;(Z(A)),
so [f]®q=0in 7;(Uy(A)) ® Q. Thus, ¢, ®1id is injective.

A~

For surjectivity, choose [u] € 7, (Uy(Ms(A))) and m € Z non-zero. We
€ mj(Up(A)) and g € Q such that

wish to construct an element [w]
1

« ®id = —.

@] @) = ] ®

To this end, fix x € X. Since A(z) is rationally K-stable, there exists
[fz] € m;(Us(A(2))) and ¢, € Q such that

@ﬁ@ﬁ@ﬂ@@zhwﬂ@%.

Replacing f, by a multiple of itself if need be, we obtain integers
L., N, € N such that

Nx[ba: © fx] - L$[n$ © u]

in 7 (Uo(Ma(A(x)))). Hence, there is a path g, : [0,1] = C,(S7, Up(Mz(A(z))))
such that g, (0) = uﬁzm(x))(nmou) and g,(1) = M%j(‘q(lﬂ))(%ofm). Choose

e, € C,(S7, A) such that m,o0e, = f,. Note that e, may not be a quasi-
unitary, but we may ensure that ||e,|| = || f.]| < 2. Since the map

N+ Cu(S7,Un(Ma(A))) — 1a(Co(S7,Un(Ma(A))))

is a fibration, g, lifts to a path Gy : [0,1] = C,(S7,Uy(Ms(A))) such
that G,(0) = 13> (u). Let b, := G,(1), and so that n, o b, =

%E(A(m))(bz om, oe,). Choose § > 0 so that conclusion of Lemma 2.4
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holds for e = 1 and N = N,. Since A is a continuous C(X)-algebra,
there is a closed neighbourhood Y, of z such that

17y, o (€5 - €a) |l <6, |lmy, o (ex - €3)l| <6

and ||ny, o by — u]]\ff(A(Y’))(nyz otoey)| < 1. By Lemma 2.4, there

is a quasi-unitary d, € C.(S7,Uy(A(Y,))) such that ||uf,iy“”)(dx) —

uﬁiyx)(w% oe;)|l <1, so that

H/J’JA\;IIZ(A(YI))OYJE o d:r) — Ny, © bm“ <2

By Lemma 2.3, jn>""*) (1, o d,) ~ ny, 0b, in CL(S7,Up(Ma(A(Y))).
Hence, 1y, o pf\‘,iy””)(dx) ~ MKQ(A(YI))(UYI ou). As before, since X is
compact and zero-dimensional, we may choose a finite refinement of
{Y, : x € X} consisting of disjoint cl-open sets, which we denote by

{Y.,,Ye,, ..., Y, }. Then, by Lemma 1.5,
AZAY,) DAY, ® ... 0 AY,,)
via the map a — (7, (a), 7y, (a),..., 7y, (a)). Similarly,
My(A) = My(A(Yz,)) & Ma(A(Ya,)) & ... & Ma(A(Y,))

via the map b — (ny, (b),7y,,(b), ..., 7y, (b)). Define L := lemi<i<,(Ly,),

so that
Mo (A(Ye,
Ly, O Ca; ™~ [y, 2l ’))(nyzi ou)

in C’*(Sj,Z:{\O(MQ(A(%i))), where ¢,, € C*(Sj,ﬁo(A(Yxi))) is an appro-
priate power of d,,. Choose w € C.(S7,Uy(A)) such that 1y, ow = ¢,
for all 1 <14 < n. Furthermore, for each 1 < i < n,

_ Ma(A(Yz,))

in C. (57, Uy(My(A(Yz,))), so that tow ~ p 2> (u) in C,.(S7, Uy (M (A))).

Thus,
1 1
« ®id — | = —.
woia(le o) =l e
This proves the surjectivity of ¢, ® id. U

The next few lemmas allow us to extend this argument to higher di-
mensional spaces.

Lemma 2.6. Let (Y, e, ) be an H-space, where Y is a connected CW-
complez. Let r: (Y e, ) — (Yo, eq, p) be the rationalization map from
Proposition 1.7, and let 5 > 1 be a fixed integer.
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Let [f] € m;(Y) and n € N, and suppose there is a path H :
0,1] — C.(S7,Y) such that H(0) = e and H(1) = p,(f).
Then, there exists a path G : [0,1] = C.(S?, Yg) with G(0) = eg
and G(1) =ro f, and such that

roH ~y pn(G)

m C*(Sj, YQ)

Let [f] € m;j(Y), and suppose there is a path G' : [0,1] —
C.(87,Yy) such that G'(0) = eq and G'(1) = r o f. Then,
there exists a natural number N € N and a path H' : [0,1] —
C.(S?,Y) with H'(0) = e and H'(1) = un(f), such that

roH' ~y py(G)
m C*<Sj, YQ)

Since Y is a rational space, [rof] = 0in 7;(Yg). Let L : [0,1] —
C.(S87,Yp) be such that L(0) = eg and L(1) = r o f. Thus,
pn(L) 1 [0,1] = C,(S7,Yy) is a path that satisfies p,(L)(0) = eg
and p,(L)(1) = pu(r o f). Note that m (C.(57,Yy)) is itself a
Q-vector space [!1, Theorem I1.3.11] and (r o H) e p,(L) is a
loop in C,(S57,Yg). Thus, there exists [T] € m1(C.(57, Yg)) such
that

[(ro H) @ pp(L)] = n[T] = [pa(T)].

Hence, G := T'e L is the required homotopy (since the operation
pn TEspects concatenation).

Since [ro f] =0, in 7;(Yg), under . ® Q : m;(Y) @ Q — 7,(Yg)
we get that [ro f] = [fl]®1 = 0 in 7;(Y) ® Q. Hence by
elementary group theory, this implies that [f] has finite order
in 7;(Y’). Thus, there exists n € N such that n[f] =0 in 7;(Y)
say by homotopy K : [0,1] — C.(57,Y") such that

K(0)=e, K1) = pn(f).

Now, by a similar argument to that of part (1), (ro K) e p,(G’)
is a loop in C,(S57,Yy), which is a rational space. Hence, there
exists [T] € m1(C.(57,Yp)) satisfying
n[T] = [pn(T)] = [r o K @ pu(G")].
Now n[T] € m(CL(S7,Yg)) = m(Ci(S7,Y))®@Q, so there exists
[h] € m1(CL(S7,Y)) and m € Z such that
[r o hj

n[T] = —
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Thus, by the fact that p is homotopy-associative,

mro K & pn(G')] = [pm(r 0 K) & pyn(G')] = mn[T] = [r o h].

Thus, if H' := he,,(K) and N := mn, then H'(0) = e, H'(1) =
pun(f), and r o H' is path homotopic to py(G’). O

The next result will be useful to us in the following context: Suppose
B,C, and D be C*-algebras, and 6 : B — D and v : C — D are
s-homomorphisms. Let A = B @p C be the pullback as in Eq. (2).
Then, U(A) may be described as a pullback (in the category of pointed
topological spaces) by the induced diagram

U(A) — 2~ U(B)
of
U(C) —=U(D)

v

In other words, a pair (b,c) € A is in U(A) if and only if b € 2(B) and
c € U(C). We now introduce some notation we will use in the future:

Given a path G : [0, 1] — Y in a topological space Y, Gisa path given
by

ec(0)(3s) for0 <z < %
(6) G(s)=¢G(3s—1) for s <z <2
eqa)(3s —2) :for % <z<l1

Lemma 2.7. Consider a pullback diagram of pointed topological spaces
given by

P x
¢2j lﬂl
Y — -7

T2

such that one of the maps m or my is a Serre fibration. Let p = (x,y),
p = (2',y) be in P, such that there exists paths

Gi:[0,1]] = X, Go:[0,1]>Y

with the property that G1(0) = z, G1(1) = 2/, G»5(0) =y, Ga(1) = ¢/
and m 0 Gy ~y, my0 Gy in Z. Then, there is a path H : [0,1] — P such
that H(0) =p and H(1) =p'.
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Proof. Assume without loss of generality that 7 is a Serre fibration.
Then since, 130G ~, oGy, there is a homotopy F : [0, 1]x[0,1] — D
such that
F(s,0) =m0 Gi(s), F(s,1)=m0Gs(s)
F(0,4) = m(2) = m(y), F(Lt) =m(x) = m(y).
Then, F' lifts to a homotopy F”: [0,1] x [0,1] — X, such that
F,(S,()):Gl, 7T10F,:F, 7T10F/<t,1>:7T20G2<t>.

So if we define

F'(0,3s), for 0 <s <3
Gx(s) = F'(3s—1,1), fors<s<2
F'(1,3—3s), for2<s<1

then m,0Gyx =m0 é} Therefore, the pair (G, a;) defines a path in
P from p to p'. O

Lemma 2.8. Let X and Y be two connected topological spaces, and
1: X =Y and q : Y — X be homotopy inverses of each other. For
x€ X, let H:[0,1] =Y be a path in'Y, such that

H(0)=1i(z), H(l)=ioqgoi(x)
Then, there ezists a path T : [0,1] — X such that

T0)=z, T(1)=gqoi(x)
and 1 oT" is path homotopic to H in'Y .
Proof. Since q o i ~y, idx, there is a path S : [0,1] — X such that
S(0) =qoi(x), and S(1) = x. Thus, H e (i0.S) is a loop in Y based
at i(z). Since m(Y) = i.(m (X)), there exists a loop L based at x in
X such that
ix[L] = [H o (ioS5)].

Then, T := L ¢ S is the required path. O

Note that, if B is a C*-algebra, then the rationalization Uy(B)g of

Uo(B) carries an H-space structure by Proposition 1.7. We shall use
pP to denote this multiplication map. Furthermore, we write eg and

eg for the units of LAIO(B)Q and Z:{\()(MQ(B))Q respectively.

Proposition 2.9. Let B be a rationally K-stable C*-algebra, [f] €
7j(Uy(B)) and n € N such that [t o f] is is an element of order n in
7;(Us(M2(B)). Let H : [0,1] — C.(S7,Uy(M2(B))) be a path satisfying

H(0) =0 and H(1) = p* P10 f) = 1o p2 ().
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Then, there exists a natural number N € N and a path H' : [0,1] —
C.(S7,Uy(B)) such that

Iuj\vb(B)(H) ~p Lo H'
in C,.(S7,Uy(Ms(B))).

Proof. Since B is rationally K-stable, there are maps Z;I\O(B)Q — Z:I\O(MQ(B))@

and Uy (M,(B ))o — Uy(B )o which are homotopy inverses of each other.
Therefore, we get a commuting diagram

C.(87,Up(B)) —= Cu(S7, Up(Mo(B))
| |
Cu(57,Up(B)g) — C.(87,Uo(Ma(B))o)
where r and R represent the rationfxlization maps. ]5‘111"theerrr101re7 )
has a homotopy inverse q : C.(S7,Uy(Mz(B))g) — Ci(S7,Us(B)g).
Let H : [0,1] — C.(S7,Uy(Mo(B))) as above. Since R is a rational-

ization map, applying Lemma 2.6, we get a homotopy G : [0,1] —
C.(S7,Uy(Ms(B))g) such that

G(0) =¢p, and G(1) = Roto f=rorof
Furthermore, pﬁb(B)(G) is path homotopic to RoH in C, (57, ﬁo(MQ(B))Q).
Now, qo G : [0,1] = C.(S?,Uy(B)g) is such that

qoG(0) =eq, and goG(l) =qoioro f

Note that ¢ and ¢ are homgtopy equivalences, hence G and 7 0 g o
G are homotopic in C,(S?,Uy(Mo(B))g) say by K : [0,1] x [0,1] —
C.(S7,Uy(Ms(B))g) satisfying

K(s,0) =G(s), K(s,1)=1io0qoG(s), K(0,t)=¢e}
Define T : [0,1] — C,(S7,Uy(Ma(B))g) as T(t) = K(1,1 — t). Then
T(0)=ioqgoiorof, T(l)=iorof

Thus, by Lemma 2.8, there is a homotopy S : [0, 1] — C,(S7,Uy(B)g)
such that

S(0)=goiorof, S(l)=rof
and 7 o S is path homotopic to T in O*<Sj71:{\0(M2(B))Q). Since (i o
q o G) e T is path homotopic to G, this implies (i o qo G) e (i 0 5)
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is path homotopic to G in C’*(SJ,LA{O(Mz(B))@). Thus, we get a path
(qoG) @S :[0,1] = C.(S7,Uy(B))g) so that

(o G)eS(0) =ep, gqoGeS(l)y=rof, io(goGeS)~,G

Again, since r is a rationalization map, by Lemma 2.6, there exists a
natural number m € N and a path H' : [0,1] — C.(S’,Uy(B)) such
that

H'(0)=0, H'(1)=pl(f), roH ~ypi((goG)eS).

Take k = lem{n,m}, and write k = nf; = mly for some (1,0, € N.
Then p(H') : [0,1] = C,(S7,Uy(B)) is such that

pig, (H")(0) = 0, gy (H')(1) = g (f), and ropg (H') ~y pi((qoG)eS).
Also 11,2 (H) 1 [0,1] = C.(S7,Uy(Ms(B)) is such that
Ms(B Ms (B Ms (B Ms (B
pe PV H)(0) = 0,1 P (H)(1) = vopf (f), and Ropg P (H) ~y oy ().
Then, from the earlier arguments, we have the following relations
e PUG) ~p Ro g P (H),
io((goG)eS)~y, G, and
ropp(H') ~p pp((qgo G) e S)
Alsoioro H' = Rovo H'. Hence
Rovopu(H) =ioropul(H') ~y pp*P(io((goG)eS))
~n e PG ~on Ro P (H)
Thus
[R o (L o ,ug(H’) . ,ué‘ib(B)(H))] =0

in 7T1(C*<Sj,ao(M2(B))@). Then, by Lemma 2.6, there exists a natural
number P € N such that

My (B Mz (B M2 (B M2 (B
o e (') = up™ P (0 o ufy (HN) e ™ P (H)) = ™ (1)

in C,(SY,Uy(My(B))). Thus, replacing H' by (15, (H') and taking N :=
Ply, we have

vo H ~y pi? P (). O

The next lemma is an analogue of [23, Lemma 2.7|, and is a consequence
of that result and Proposition 2.9.
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Lemma 2.10. Given X a compact Hausdorff space, A a continuous
C(X)-algebra, and v € X such that A(x) is rationally K-stable. For

[f] € m;,Us(A)), let F : [0,1] = Cu(S7, Up(Mo(A))) be a path and
n € N such that

F(0) =0 and F(1) = p?2WD(, 0 f).

Then, there is a closed neighbourhood Y of x, a natural number N, €
N and a path Ly : [0,1] — C.(S7, Us(A(Y))) such that Ly (0) =
0,Ly(1) = NJ/\‘&)(WY of), and

ty © Ly ~y MJA\?E(A(Y))(UY oI)

in C,(S7, ij\o(M2(A(Y)>))~

Remark 2.11. We are now in a position to prove Theorem A, but
first, we need one important fact, which allows us to use induction:
If X is a finite dimensional compact metric space, then covering di-
mension agrees with the small inductive dimension [/, Theorem 1.7.7].
Therefore, by [/, Theorem 1.1.6], X has an open cover B such that, for
each U € B,

dim(0U) < dim(X) — 1.
Now suppose {Uy, U, . .., Uy, } is an open cover of X such that dim(9U;) <
dim(X) — 1 for 1 <i < m, we define sets {V; : 1 <1i < m} inductively
by

Vi :=U, and Vj := U \ (UUZ> for k > 1
i<k
and subsets {WW; : 1 < j <m —1} by

J
W, = <U w) NV
=1

It is easy to see that W; C ngl 0U;, so by [1, Theorem 1.5.3], dim(W;) <
dim(X)—1forall1 <j<m-—1.

Proof of Theorem A. Let A be a continuous C(X)-algebra such that
each fiber of A is rationally K-stable. By Theorem 2.5, we assume
that dim(X) > 1, and we assume that A(Y) is rationally K-stable for
any closed subset Y C X with dim(Y) < dim(X) — 1. We now show
that the map

b ®@id 75 (Uo(Mn(A))) © Q — m;(Un(M1a(A))) © Q
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is an isomorphism for 5 > 1, n > 1. For simplicity of notation, we
assume that n = 1.

We first prove injectivity. Fix [f] € 7, (Uo(A)) such that [co f] has order
n in 7;(Uy(M2(A))), then we wish to prove that [f] has finite order in
7;(Up(A)). For this consider F : [0,1] — C.(S7,Uy(Mz(A))) such that

F(0)=0, F(1)=p*W (o0 f).
For x € X, by Lemma 2.10, there is a closed neighbourhood Y, of &,
N, € N and a path Ly, : [0,1] — C.(S7,Uy(A(Y;))) such that
Ly.(0) =0, Ly.(1) = iy, (mv, © f)

and ty, o Ly, ~p pin> ) (ny, 0 F) in CL(S7, Uy (Ma(A(Yy)))). We may
choose Y, to be the closure of a basic open set U, such that dim(9U,) <
dim(X) — 1. Since X is compact, we may choose a finite subcover
{Uy,Us, ..., Upn}. Nowdefine {Vi, Vo, ..., V. }and {Wy, Wy, ... W, 1}
as in Remark 2.11. We observe that each V; is a closed set such that
pﬁi}f)(ﬂw o f) ~0in Cy(S7,U(A(V;))) since V; C T for all 1 < i < m.

Note that W7 = V1N Vs, and dim(WW;) < dim(X) — 1. By induction hy-
pothesis, A(W7) is rationally K-stable. Let H; : [0, 1] — C.(S7,Uy(A(V;))),
i = 1,2 be paths such that H;(0) =0, H;(1) = ,uﬁ%)(ﬂvi o f), and

tv; © Hy ~op i " (g, 0 F).

Setting M := lem(Ny, N,), we may assume that H; : [0,1] — C,(S7, Uy (A(V;))),
i = 1,2 are paths such that H;(0) =0, H;(1) = ,uf}:f)(ﬂvi o f), and

vy, 0 Hy ~opy i A (0 F),
Let S : [0,1] = C.(S7,Uy(A(W1))) be the path
S = (my, o Hy) o(7r“,/[§1—on).
Note that S(0) = S(1) =0, so S is a loop in C,(S7,Uy(A(W1))), and
w08 = (nyh 0wy 0 Hi) e (g 0w, 0 Hy)

~n A (s o F e (w0 F)) ~ 0.

Also, since A(W7) is rationally K-stable
Uy, @id -y (CL(S7, Un(A(W7)))) @Q — 1 (Cu(S7, Un(Ma(A(W7))) ) ©Q
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is an isomorphism. Hence, there exists m € N such that m[S] = 0 in
7T1<C*(SJ,UO(A<W1)>>) Thus

Wx‘z/&loﬂi(m(ﬂﬂ _ MA(Wl)(W“//VlloHI) ~, HJA(WI)(,R-KEIOH2) _ W‘\%OMA(VQ)(J%)

in C.(S7,Uy(A(W1))). Now, by Lemma 1.5, and [19, Theorem 3.9], we
have a pullback diagram

ViuVy
s Vl

C.(S7, A(Vi U Vp)) C.(87, A(W))

ViuVe Vi
s s
Vo j v L Wi
T 2

C.(57, A(Va)) ———— C.(S7, A(Wy)).

As mentioned before, this induces a pullback diagram ongroups of
quasi-unitaries. Furthermore, the map my : Up(A(V1)) — Up(A(W1))
is a Serre fibration. Thus, by Lemma 2.7,

A
/‘Lm(]‘\?nUVQ)(Wvluvz of)~n0

in C,.(S7,Uy(A(ViUVR))). Thus, mMn[my,ov,0f] = 0, so that [ry,u1,0f]

~

has finite order in m;(Us(A(V7 U V3))).

Now observe that Wy = (V3 U V,) N V3, and dim(Ws;) < dim(X) — 1.
Replacing V; by VUV, and V5 by Vi in the above argument, we may re-
peat the earlier procedure. By induction on the number of elements in
the finite subcover, we conclude that [f] has finite order in =; (U (A)),
as required.

We now prove surjectivity of ¢, ® id. Choose [u] € 7; (Uo(My(A))) and

A~

m € Z non-zero. We wish to construct an element [w] € m;(Uy(A)) and
q € Q such that

1
@i (W @) = e —.
So, fix € X. Then by rationally K-stability of A(z) (as in the proof
of Theorem 2.5), there is a closed neighbourhood Y, of x, a natural
number L, € N, and a quasi-unitary c, € C.(S?,Uy(A(Y,)) such that

A(Y,
Mff( i ))(UYZ ° U) ~p by, O Cg.

As in the first part of the proof, we may reduce to the case where X =
Vi U V,, and there are quasi-unitaries cy, € C.(S7,Uy(A(V1))), ey, €
C.(S7,Uy(A(V3))) such that

MY (g, 0 u) ~ ;0 ey, in Cu(ST Un(Ma(A(V2)))) i = 1,2

%
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and if W := V3 N Vs, then dim(W) < dim(X) — 1. Furthermore, by
replacing the {L;} by their least common multiple, we may assume
that L; = L, =: L. Now, fix paths H; : [0,1] = C,(S7, Us(Mz(A(V;))))
such that

Hi(0) = wioen,  Hi(1) = "y, o w)
Hy(0) = 1" (s, 0w, Ha(1) = 1w, 0 cus.
Consider the path F : [0,1] — C,(S7,Uy(Mo(A(W)))) given by
F = (nyt o Hy) e (my? o Hy).

Then F(0) = ty o myp o cy; and F(1) = wy o my o cy,. Then since
A(W) is rationally K-stable, by Proposition 2.9, there exists a path
F':10,1] = C.(S7,Uy(A(W))) and a natural number N € N such that

F0) = ud™ (¥t ocy), F'(1) = pa™ (72 0 ey

and tyyoF” is path homotopic to /LJA\?(A(W)) (F) in C,(S7, Uy (Ma(A(W)))).
The map m2 : C.(S7,Up(A(Va))) — mz(C.(S7,Up(A(V3)))) is a fibra-

~

tion, so there is a path F” : [0,1] — C.(S7,Uy(A(V2))) such that
F"(1) = /LJIL:[(V2)(CV2), and mp2 o F" = F'.
Define ey, := F"(0) so that

VQ S A(W) Vl
Ty © vy = Uy (ﬂ-W © CVl)‘

Recall that, given a path G'in a topologigal space, the path G is defined
by Eq. (6). Define Hs : [0,1] — C.(S7,Uy(Mo(V3))) as

Hsy = M%Q(A(VQ))(HQ) o (1, 0 F").

Then, Hs(0) = puh2 A (1, 0 w), Hy(1) = 1y, 0 ey, and

me o Hy = e o (") (H,)) o (o F7).

Also myt = C(S7, Un(Ma(A(V1)))) = mit (CL(S7, UM ((A(1A)))) is a
fibration, thus 72 o (M%Q(A(VQ))(HQ)) has a lift, denoted by 7": [0, 1] —
C.(S7,Uy(M5(A(11)))) so that

Mo(A
7(0) = pn2 "1y, 0 ).

Then, letting G := M%Q(A(Vl))(ﬂﬂ o T’ gives 771‘/1/} oG = M%Q(A(W))(F)-
Again by the above fibration map, since m‘,/[} oG = MJJ‘V/IQ(A(W))(F) ~p Lw O
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F’, by calculation done in Lemma 2.7, Lﬁ/ has alift in C, (57, Un (M (V4))),
denoted by T”. Then

e~

iy © (T o 1) =i o (uy* " (Hy)) @ (1 o F).
As before, C,(S7, A) is a pullback

71'\/1

C.(57, A) C.($7, A(W))

v
Ty l lﬂ'wl
Va

CL(S7, A(Va)) — 2= C.(57, A(W))

so that w := (,uﬁ(vl)(cvl), ey,) defines a quasi-unitary in C,(S7, A), and
Low ~ /LA]\%(A) (u) in CL(S7,Uy(Mo(A))), where the path is given by the
pair (Hs, T o T"). Hence, for ¢ := 1/(mNL), we have

1

L id([w] ® q) = [u] ® -

as required. O

We conclude this section with a discussion on the extent to which the
converse of Theorem A holds.

Proposition 2.12. Let X be a locally compact, Hausdorff space, and
A be a C*-algebra. If A is rationally K-stable, then so is Co(X) ® A.
The converse is true if X s a finite CW-complex.

Proof. If A is rationally K-stable, we wish to show that Cy(X) ® A is
rationally K-stable. By appealing to the five lemma (as in [23, Lemma
2.1]), we may assume that X is compact. Now, X is an inverse limit of
compact metric spaces (X;) by [16], so that C(X)® A = lim C(X;)® A.
Since the functors Fj are continuous (Proposition 1.2), we may assume
that X itself is a compact metric space. Any metric space can, in turn,
be written as an inverse limit of finite CW-complexes [7]. Therefore,
we may further assume that X is a finite CW-complex. In that case,
by [15, Theorem 4.20], one has

(7) Fy(C(X, A)) = P H" 7 (X; Fj(4))

n>j

where the isomorphism is natural. Since the map ¢, : Fj(M,—1(A)) —
F;(M,(A)) is an isomorphism, it follows that ¢, : F;(C(X, M,—1(A4))) —
F;(C(X, M, (A))) is an isomorphism as well. Hence, C(X) ® A is ra-
tionally K-stable.
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Now suppose X is a finite CW-complex and C(X) ® A is K-stable.

Then,

and the isomorphism of Eq. (7) is component-wise. This implies that
H" (X5 Fj(My-1(A))) = H" (X5 Fy(My(A)),  Vn > j

For any connected H-space Y, as in Example 2.1, there is a fibration
sequence C,(X,Y) — C(X,Y) — Y, which induces a short exact
sequence of rational homotopy groups

(8) 0= Fj(C(X,Y)) = F(C(X,Y)) = F;(Y) = 0
Now, we take Y = Uy(My(A)) and apply [15, Theorem 4.20] to get
Fj(Cu(X, My(A))) = @D H"(X; F;(My(A)))
n>j
and the isomorphism is natural. Hence, we conclude that
Fi(Cu(X, My, —1(A))) = F5(C.(X, My (A)))

as well. By Eq. (8) and the five lemma, we conclude that A is rational
K-stable. O

In [22, Theorem B]|, we proved that, for an AF-algebra, rational K-
stability is equivalent to K-stability. Combining this fact with Propo-
sition 2.12, and [23, Theorem A], we have

Corollary 2.13. Let X be a finite CW-complex, and A be an AF-
algebra. Then, C(X) ® A is K-stable if and only if A is K-stable.

The next example shows that the converse of Theorem A need not hold
for arbitrary continuous C'(X)-algebras

Example 2.14. Let Dy := My~ denote the UHF algebra of type 2°°,
and let Dy := Dy & M,(C). Consider the C[0, 1]-algebra
A={(f,9) €C[0,1/2] ® D1 & C[1/2,1] ® D> : ©(f) = g(1/2)}

where @ : C'[0,1/2] ® Dy — Dy is given by ®(f) = (f(1/2),0). Since ®
is injective, it follows that A is a continuous C0, 1]-algebra. Note that
A may be described as a pullback

A ClL 1@ Dy
l l
C[0, 3] ® Dy — Dy
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where ev is the evaluation at 1/2. The Mayer-Vietoris theorem [21,
Theorem 4.5] for the functor F,, gives a long exact sequence

o= F(A) = Fpu(Dy) ® F(Dy) 22225 F,(Dy) — ..

where ev, : Fy,(D2) — F,(Ds) is the identity map and ®, : F,, (D) —
F.(Dy) is given as ®,(r) = (r,0), thus (ev,—®,) : F,(D2)® F(Dq) —
F,.(Ds) is given by

(ev* - CI)*)((a, b)v C) = (CL -G b)

Consider the case where m is odd: By [22, Lemma 3.2], F,,_1(D;) =
Foi1(D;) =0 for i = 1,2. Hence, the above long exact sequence boils
down to

_(D*

0= Fo(A) = F(Dy) @ F(Dy) &= F,(Dy) — ...

Thus, there is a natural isomorphism
F.(A) = ker(ev, — &) = F,, (D)

Similarly, F,,,(Ms(A)) = F,,(M2(D;)) and the following diagram com-
mutes

Fn(A) Fo(Dy)

LAl LDll
Fyo(My(A)) — F(Ma(Dy)).
Since D is rationally K-stable by [22, Theorem B, it follows that ¢4
is an isomorphism. Doing the same for the inclusion map M, (A) —
M, 11(A), we conclude that the map F,,(M,(A)) = F,(M,+1(A)) is
an isomorphism if m is odd.

Now suppose m is even: The above long exact sequence reduces to
Fr1(A) = Fp 1(Ds) @ Fpy 1 (Dy) <2225 Fy (D) — Fpy(A) = 0
so that F,(A) = coker(ev, — ®,). Now, by [22, Theorem A, it follows

that F,,_1(D1) = Q for all even m, and

QaeQ :m=24
Q :m > 4 even.

Fro1(Ds) =2 {

Thus, elementary linear algebra proves that ev, — ®, is surjective, so
that F,,(A) = 0. Similarly, F,,(M,(A)) =0 for all n > 2 as well (if m

is even).
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Thus, we conclude that A is rationally K-stable. However, one of its
fibers (namely Ds) is not rationally K-stable because it has a non-zero
finite dimensional representation [22, Theorem B|.

3. AN APPLICATION TO CROSSED PRODUCT C*-ALGEBRAS

As an application of our earlier results, we wish to show that the class
of (rationally) K-stable C*-algebras is closed under the formation of
certain crossed products. To begin with, we fix some conventions. In
what follows, G’ will denote a compact, second countable group, and A
will denote a separable C*-algebra. By an action of G of A, we mean
a continuous group homomorphism « : G — Aut(A), where Aut(A) is
equipped with the point-norm topology. We write o : G — Aut(C(G))
for the left action of G on C(G), given by o4(f)(t) := f(s~'t).

The notion of Rokhlin dimension was invented by Hirshberg, Winter
and Zacharias [12] for actions of finite groups (and the integers). The
definition for compact, second countable groups is due to Gardella [3].
The ‘local” definition we give below is different from the original, but
is equivalent due to [3, Lemma 3.7] (See also [27, Lemma 1.5]).

Definition 3.1. Let GG be a compact, second countable group, and let
A be a separable C*-algebra. We say that an action a : G — Aut(A)
has Rokhlin dimension d (with commuting towers) if d is the least
integer such that, for any pair of finite sets FF C A, K C C(G), and
any € > 0, there exist (d + 1) contractive, completely positive maps

¢07¢1,---7¢d : C(G) — A
satisfying the following conditions:

(1) For fi, fo € K such that f; L fs, ij<f1>¢j(f2)u < € for all
0<j<d

(2) For any a € F and f € K, ||[¢;(f),a]|| <eforall 0 <j <d.

(3) For any f € K and s € G, ||a,s(¢;(f)) — ¢;(os(f))|| < € for all
0<j<d

(4) For any a € F, || Z;l:o Vi(leey)a —al| < e

(5) For any f17f2 € K? H[¢j<f1)7¢k(f2)]” < e for all 0 < j?k < d.

We denote the Rokhlin dimension (with commuting towers) of « by
dim%, ;. (a). If no such integer exists, we say that « has infinite Rokhlin
dimension (with commuting towers), and write dim¥%,, (o) = +o0.

We now describe the local approximation theorem due to Gardella,
Hirshberg and Santiago [9] that will help prove the permanence result
we are interested in.
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Proposition 3.2. [0, Corollary 4.9] Let G be a compact, second count-
able group, X be a compact Hausdorff space and A be a separable C*-
algebra. Let G ~ X be a continuous, free action of G on X, and
a: G — Aut(A) be an action of G on A. Equip the C*-algebra C(X, A)
with the diagonal action of G, denoted by . Then, the crossed prod-
uct C*-algebra C(X, A) x, G is a continuous C(X/G)-algebra, each of
whose fibers are isomorphic to A @ K(L*(G)).

In the context of Proposition 3.2, the natural inclusion map p : A —
C(X, A) is a G-equivariant *-homomorphism. Hence, it induces a map
p:Ax, G — C(X,A) x, G. To describe the nature of this map,
we need the next definition, which is due to Barlak and Szabo [1].
Once again, we choose to work with the local definition as it is more
convenient for our purpose.

Definition 3.3. Let A and B be separable C*-algebras. A s-homomorphism
¢ A — B is said to be sequentially split if, for every compact

set ' C A, and for every ¢ > 0, there exists a *-homomorphism

Y =Yg, B — Asuch that

|10 dla) —all <e
for all @ € F.

The next theorem, due to Gardella, Hirshberg and Santiago [9, Propo-
sition 4.11] is an important structure theorem that allows one to prove
permanence results concerning crossed products with finite Rokhlin
dimension (with commuting towers).

Theorem 3.4. Let o : G — Aut(A) be an action of a compact, second
countable group on a separable C*-algebra such that dim%, () < oo.
Then, there is exists a compact metric space X and a free action G ~
X such that the canonical embedding

p:Ax,G—C(X,A) %, G

is sequentially split. Furthermore, if G finite dimensional, then X may
be chosen to be finite dimensional as well.

In light of Theorem 3.4, we now show that the property of being ra-
tionally K-stable (K -stable) passes from the target algebra B to the do-
main algebra A, in the presence of a sequentially split x-homomorphism.
To this end, we fix the following notations, given x-homomorphism
v:A— B, @, : M,(A) = M,(B) represents the inflation of ¢, given
by ¢n((aij)) = (¢(a;;)). Furthermore (” : B — My(B) represents the
canonical inclusion.
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Proposition 3.5. Let A and B be separable C*-algebras, and ¢ : A —
B be a sequentially split x-homomorphism. If B is rationally K -stable
(K -stable), then so is A.

Proof. Since the proof of both cases is entirely similar, we only prove
that rational K-stability passes from B to A. As before, we need to
show that the map

(1) ®id : 7y (Uo(Ma(A))) © Q = 73U (Mn41(4))) © Q

is an isomorphism for all j > 1, and n > 1. If p : A — B is sequentially
split, then so is ¢, : M, (A) — M, (B), so we may assume without loss
of generality that n = 1.

We first show that (:4).®id is injective. So suppose [f]®q € T; (Up(A)®
Q is such that [1# o f]@q = 0 in 7, (Uo(Mz(A))). Then, 1o f] has finite
order in 7; (Z;{\O(MQ(A))), which implies [ps 0 14 o f] = [t 0 p o f] has
finite order in ﬂj(LA{O(M2(B)) ). Since B is rationally K-stable, [p o f]

also has finite order in 7, (Uo(B)). Let F := {f(x) : x € $7}, which is a
compact set in A, so there exists a *-homomorphism ¢ = ¢p; : B — A
such that |9 o ¢(a) — a|| < 1 for all @ € F. Hence,

[popof—fl<1
in 2(C,(S7, A)). Thus, by Lemma 2.3, we conclude that
[popo fl=]f]

in Wj(ﬁo(A)). However, since [p o f] has finite order in Wj(Z;I\O(B)),
(¥ o po f] = [f] has finite order in 7;(Uy(A)). Hence, [f] ®q = 0,
proving that (1), ® id is injective.

For surjectivity, fix an element [u] € Wj(ﬁo(MQ(A)) and m € Z. We
wish to construct elements [w] € 7;(Up(A)) and ¢ € Q such that

("), @id) (W] @) =[] @

Now, [prou]® L € ; (Us(M(B)))®Q. Since B is rationally K-stable,
there exists [g] € m; (Uy(B)) and n € Z such that

(. wi0) (17 ) =loule .

Again, as in previous calculations, there exists Ny, Ny € N such that

(9) Ni[iP o g] = Naps o u]



RATIONAL K-STABILITY OF CONTINUOUS C(X)-ALGEBRAS 27

in Wj(z;{\o(Mz(B))). Now, fix F := {u(z) : = € 57}, so we get a *-
homomorphism ¢p : My(B) — My(A) such that ||¢F o g9 0 u(z) —
u(x)|| < % for all z € S7. Hence,
(10) [ odrou] = [u
n WJ(Z:{\()(MQ(A)» NOW, we write ©u = (ui,j)lgi,jg% and take K =
{uij(x) : 1 <4,j<2,2€8}C A Then K is compact, so we get a
x-homomorphism ¢, : B — A such that
1

lWxc 00 oui(w) —uiy(2)] < g
for all z € S7 and 1 < 4,5 < 2. Thus |[(¢¥k)2 0 p2 0 u(z) —u(z)| < 3
for all x € S7. Therefore, ||t)r 0 g 0o u(x) — (Y )s 0 g o u(x)|| < 1 for
all z € 57, so that [tr o g 0 u] = [(Vk)a2 © 2 0 u] in 7;(Us(Ma(A))).
Now, from Eq. (9) and Eq. (10),

N [(dr)2 0% 0 g] = Na[(x)2 © 2 0 u] = No[thr © d2 0 u] = Nolu].
Since (Y )a 0 1B 0 g =14 01hg o g, we have
Ni[1* 0 thk 0 g] = Na[u].
Therefore, if w := g 0 g and ¢ := =, then

Nom’

(). @d(W®)=ue

proving that (1), ® id is surjective. O
We are now in a position to complete the proof of Theorem B.

Corollary 3.6. Let o : G — Aut(A) be an action of a compact Lie
group on a separable C*-algebra A such that dim%, (o) < oo. If A is
rationally K -stable (K-stable), then so is A X, G.

Proof. We first discuss the case of K-stability: Let X be the (finite di-
mensional) metric space space obtained from Theorem 3.4. By Propo-
sition 3.2, C(X, A) x,G is a continuous C'(X/G)-algebra, each of whose
fibers are isomorphic to A ® K(L*(G)), and are hence K-stable. Since
X is compact and metrizable, so is X/G. Furthermore, since G is a
compact Lie group, it follows that

dim(X/G) < dim(X) < 0o
by [18, Corollary 1.7.32]. By [23, Theorem A], we conclude that

C(X,A) x, G is K-stable, and hence A x, G is K-stable by Proposi-
tion 3.5.
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The argument for rational K-stability is entirely similar, except that
we apply Theorem A instead of [23, Theorem A]. O

ACKNOWLEDGEMENTS

The first named author is supported by UGC Junior Research Fellow-
ship No. 1229, and the second named author was partially supported
by the SERB (Grant No. MTR/2020,/000385).

1]

REFERENCES

Selcuk Barlak and Gabor Szabé. “Sequentially split *-homomorphisms
between C*-algebras”. In: International Journal of Mathematics
27.13 (2016), pp. 1650105, 48. 1ssN: 0129-167X. por: 10. 1142/
S0129167X16501056.

Marius Dadarlat. “Continuous fields of C*-algebras over finite
dimensional spaces”. In: Advances in Mathematics 222.5 (2009),
pp- 1850-1881. 18sN: 0001-8708. DOI: 10.1016/j.2aim.2009.06.
019.

Albrecht Dold. “Partitions of unity in the theory of fibrations”.
In: Annals of Mathematics. Second Series 78 (1963), pp. 223-255.
ISSN: 0003-486X. DOIL: 10.2307/1970341.

Ryszard Engelking. Dimension theory. Translated from the Polish
and revised by the author, North-Holland Mathematical Library,
19. North-Holland Publishing Co., Amsterdam-Oxford-New York;
PWN—Polish Scientific Publishers, Warsaw, 1978, x+314 pp.
(loose errata). 1ISBN: 0-444-85176-3.

Emmanuel Dror Farjoun and Claude L. Schochet. “Spaces of sec-
tions of Banach algebra bundles”. In: Journal of K-Theory. K-
Theory and its Applications in Algebra, Geometry, Analysis &
Topology 10.2 (2012), pp. 279-298. 1sSN: 1865-2433. DOI: 10 .
1017/1s012002001 jkt183.

Herbert Federer. “A study of function spaces by spectral se-
quences”. In: Transactions of the American Mathematical Society
82 (1956), pp. 340-361. 1sSN: 0002-9947. DOI: 10.2307/1993052.
Hans Freudenthal. “Entwicklungen von Raumen und ihren Grup-
pen”. In: Compositio Mathematica 4 (1937), pp. 145-234. 1SSN:
0010-437X.

Eusebio Gardella. “Rokhlin dimension for compact group actions”.
In: Indiana University Mathematics Journal 66.2 (2017), pp. 659—
703. 18SN: 0022-2518. DOI: 10.1512/iumj.2017.66.5951.


https://doi.org/10.1142/S0129167X16501056
https://doi.org/10.1142/S0129167X16501056
https://doi.org/10.1016/j.aim.2009.06.019
https://doi.org/10.1016/j.aim.2009.06.019
https://doi.org/10.2307/1970341
https://doi.org/10.1017/is012002001jkt183
https://doi.org/10.1017/is012002001jkt183
https://doi.org/10.2307/1993052
https://doi.org/10.1512/iumj.2017.66.5951

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

REFERENCES 29

Eusebio Gardella, Ilan Hirshberg, and Luis Santiago. “Rokhlin
dimension: duality, tracial properties, and crossed products”. In:
Ergodic Theory and Dynamical Systems 41.2 (2021), pp. 408-460.
ISSN: 0143-3857. DOI: 10.1017/etds.2019.68.

David Handelman. “Kj of von Neumann and AF C* algebras”.
In: The Quarterly Journal of Mathematics. Ozford. Second Se-
ries 29.116 (1978), pp. 427-441. 1sSN: 0033-5606. DOI: 10.1093/
gmath/29.4.427.

Peter Hilton, Guido Mislin, and Joe Roitberg. Localization of
nilpotent groups and spaces. North-Holland Mathematics Studies,
No. 15, Notas de Matemética, No. 55. [Notes on Mathematics, No.
55]. North-Holland Publishing Co. Amsterdam-Oxford; American
Elsevier Publishing Co. Inc., New York, 1975, pp. x+156. ISBN:
0-7204-2716-9.

Ilan Hirshberg, Wilhelm Winter, and Joachim Zacharias. “Rokhlin
dimension and C*-dynamics”. In: Communications in Mathemat-
ical Physics 335.2 (2015), pp. 637-670. 1sSN: 0010-3616. DOI: 10.
1007/s00220-014-2264-x.

G. G. Kasparov. “Equivariant K K-theory and the Novikov con-
jecture”. In: Inventiones Mathematicae 91.1 (1988), pp. 147-201.
ISSN: 0020-9910. por: 10.1007/BF01404917.

Eberhard Kirchberg and Simon Wassermann. “Operations on con-
tinuous bundles of C*-algebras”. In: Mathematische Annalen 303.4
(1995), pp. 677-697. 1sSN: 0025-5831. DOIL: 10.1007/BF01461011.
Gregory Lupton et al. “Banach algebras and rational homotopy
theory”. In: Transactions of the American Mathematical Society
361.1 (2009), pp. 267-295. 1sSN: 0002-9947. DOI: 10.1090/50002~
9947-08-04477-2.

Sibe Mardesi¢. “On covering dimension and inverse limits of com-
pact spaces” . In: Illinois Journal of Mathematics 4 (1960), pp. 278~
291. 18sN: 0019-2082.

J. P. May and K. Ponto. More concise algebraic topology. Chicago
Lectures in Mathematics. Localization, completion, and model
categories. University of Chicago Press, Chicago, IL, 2012, pp. xxviii4+-514.
ISBN: 978-0-226-51178-8; 0-226-51178-2.

Richard S. Palais. The classification of G-spaces. Mem. Amer.
Math. Soc. No. 36, 1960, pp. iv+72.

Gert K. Pedersen. “Pullback and pushout constructions in C*-
algebra theory”. In: Journal of Functional Analysis 167.2 (1999),
pp. 243-344. 18SN: 0022-1236. DOI: 10.1006/jfan.1999.3456.


https://doi.org/10.1017/etds.2019.68
https://doi.org/10.1093/qmath/29.4.427
https://doi.org/10.1093/qmath/29.4.427
https://doi.org/10.1007/s00220-014-2264-x
https://doi.org/10.1007/s00220-014-2264-x
https://doi.org/10.1007/BF01404917
https://doi.org/10.1007/BF01461011
https://doi.org/10.1090/S0002-9947-08-04477-2
https://doi.org/10.1090/S0002-9947-08-04477-2
https://doi.org/10.1006/jfan.1999.3456

30

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

28]

REFERENCES

Marc A. Rieffel. “The homotopy groups of the unitary groups
of noncommutative tori”. In: Journal of Operator Theory 17.2
(1987), pp. 237-254. 1SSN: 0379-4024.

Claude Schochet. “Topological methods for C*-algebras. III. Ax-
iomatic homology”. In: Pacific Journal of Mathematics 114.2
(1984), pp. 399-445. 1ssN: 0030-8730.

Apurva Seth and Prahlad Vaidyanathan. “AF-algebras and ratio-
nal homotopy theory”. In: New York Journal of Mathematics 26
(2020), pp. 931-949.

Apurva Seth and Prahlad Vaidyanathan. “K-stability of continu-
ous C'(X)-algebras”. In: Proceedings of the American Mathemat-
ical Society 148.9 (2020), pp. 3897-3909. 1ssN: 0002-9939. DOT:
10.1090/proc/15035.

Jeffrey Strom. Modern classical homotopy theory. Vol. 127. Grad-
uate Studies in Mathematics. American Mathematical Society,
Providence, RI, 2011, pp. xxii+835. ISBN: 978-0-8218-5286-6. DOT:
10.1090/gsm/127.

R. Thom. “L’homologie des espaces fonctionnels”. In: Colloque de
topologie algébrique, Louvain, 1956. Georges Thone, Liege; Mas-
son & Cie, Paris, 1957, pp. 29-39.

Klaus Thomsen. “Nonstable K-theory for operator algebras”. In:
K-Theory. An Interdisciplinary Journal for the Development, Ap-
plication, and Influence of K-Theory in the Mathematical Sci-
ences 4.3 (1991), pp. 245-267. 1ssN: 0920-3036. pOI: 10. 1007/
BF00569449.

Prahlad Vaidyanathan. “Rokhlin Dimension and Equivariant Bun-
dles”. In: (Oct. 2020). arXiv: 2010.14034 [math.0A].

George W. Whitehead. Elements of Homotopy Theory. Springer
New York, 1978. por: 10.1007/978-1-4612-6318-0. URL:
https://doi.org/10.1007%2F978-1-4612-6318-0.

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF SCIENCE EDUCATION
AND RESEARCH BHOPAL, BHOPAL BYPASS ROAD, BHAURI, BHOPAL 462066,
MabDuYA PRADESH. INDIA.

Email address: apurval7@iiserb.ac.in, prahlad@iiserb.ac.in


https://doi.org/10.1090/proc/15035
https://doi.org/10.1090/gsm/127
https://doi.org/10.1007/BF00569449
https://doi.org/10.1007/BF00569449
https://arxiv.org/abs/2010.14034
https://doi.org/10.1007/978-1-4612-6318-0
https://doi.org/10.1007%2F978-1-4612-6318-0

	1. Preliminaries
	1.1. Nonstable K-theory
	1.2. C(X)-algebras
	1.3. Rational Homotopy Theory
	1.4. Notational Conventions

	2. Main Results
	3. An application to Crossed Product C*-algebras
	Acknowledgements
	References

