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Problem 1

The Heisenberg Uncertainty Principle and expectation values. The probability density
for a quantum mechanical particle is given by |Ψ|2, where Ψ(x) is the wavefunction. |Ψ|2 is
proportional to the probability of finding the particle near a particular position. The exact
definition is that the probability of finding the particle somewhere between x = a and x = b is∫ b

a |Ψ|
2dx∫∞

−∞ |Ψ|2dx
(1)

The term on the bottom is a normalizing factor; the numerator is the integrated probability
density over the range of interest, whereas the denominator is the integrated probability density
over all space. If the wavefunction is properly normalized, then the denominator equals 1.
Let’s say we measure some function of the position of the particle, f(x). The expectation value
of f , and is computed like this:

〈f〉 =

∫ b
a |Ψ|

2f(x)dx∫∞
−∞ |Ψ|2dx

(2)

The standard deviation of x is a measure of the width (in x) of the graph of |Ψ|2 versus x, and
is defined as

∆x =
√
〈(x− 〈x〉)2〉 (3)

The quantity (x−〈x〉)2 is the difference between x and the average value of x. The ∆x defined in
this way is the more careful definition of the width in the discussion of the Heisenberg uncertainty
principle.
(a) Assume that

Ψ = Ae−
1
2
x2

σ2 (4)

where A and σ are constants. Show that ∆x = σ√
2
.

(b) We can write any wavefunction Ψ as a Fourier sum: Ψ(x) =
∫∞
−∞ Y (k)eikxdx. The Fourier

transform Y (k) plays the same role in k-space that Ψ(x) plays in real space. For example, the
probability of measuring a k for the particle that lies between ka and kb is∫ kb

ka
|Y |2dk∫∞

−∞ |Y |2dk
(5)

We can define the width (in k) of the graph of |Y |2 versus k: ∆k =
√
〈(k − 〈k〉)2〉. For the Ψ

assumed in part (a), show that ∆k = 1√
2σ

.

(c) Combine the results of parts (a) and (b) to show that ∆x∆k = 1
2 .

(d) For a quantum mechanical particle, the momentum is given by p = ~k, where ~ is Planck’s
constant. Show that therefore, for the Ψ assumed in part (b), ∆x∆p = ~

2 . (In fact, the Ψ
assumed in part (b) gives the minimum value for ∆x∆p, so that in general we have ∆x∆p ≥
~
2 ,which is Heisenberg’s uncertainty relation.)



Problem 2

Illustration of Parseval’s theorem: We know that the energy is proportional to the square
of amplitude. For example, the potential energy of a simple harmonic oscillator is 1

2kA
2. There-

fore, it is reasonable to expect that the sums of squares of amplitudes in the time domain
are proportional to the sums of squares of amplitudes in the frequency domain, since both
sums should be proportional to the energy. We have a simple illustration of this idea. Let
y(t) = A1 cos (ω1t) + A2 cos (ω2t), where ω1 = 2π

T and ω2 = 2ω1. The sum of squares of am-
plitudes in the frequency domain would simply be A2

1 + A2
2. To find the sum of squares of

amplitudes in the time domain, we must integrate:
∫ T

0 [y(t)]2dt. Show that this is proportional
to A2

1 +A2
2.

Problem 3

Interference as a Fourier Transform. Thomas Young showed in 1800 that light has
wave character. He did this by sending a beam of light through a pair of slits, and observing the
resulting interference pattern. We can model his two-slit apparatus with the following function:

y(x) = 1 − b− a < x < −b and b < x < b+ a

= 0 elsewhere
(6)

as shown in figure. Surprisingly, Fourier transforms turn out to be very handy in understanding
the interference pattern. Show that the Fourier transform of the above y(x) is proportional to

Y (k) = sin (k(a+b)−sin (kb)
k . However, it turns out that the Fourier transform we just calculated is

equal to the amplitude of the electric field as the interference pattern impinges on the screen.
Since the observed intensity is proportional to E2, if we plot Y 2, we get the interference pattern.
The plot of our Y 2 is shown in figure. We can see the short wavelength wiggles, which are due
to the interference between the two slits, and also the more slowly varying structure which is
due to the single slit diffraction pattern. In fact, one can show that the Fourier transform of
the aperture function always gives the amplitude of the electric field, so that the square of the
Fourier transform gives the interference pattern.



Problem 4

Optical wave trains emitted by radiating atoms are of finite length and only an infinite wave
train may be defined in terms of one frequency. The radiation from atoms therefore has a fre-
quency bandwidth which contributes to the spectral linewidth. The random phase relationships
between these wave trains create incoherence and produce the difficulties in obtaining interfer-
ence effects from separate sources. Let a finite length monochromatic wave train of wavelength
λ0 be represented by f(t) = f0e

i2πν0t and be a cosine of constant amplitude f0 extending in
time between ± τ

2 . The distance l = cτ is called the coherence length. This finite train is the
superposition of frequency components of amplitude F (ν) where the transform gives

f(t) =

∫ ∞
−∞

F (ν)ei2πνtdν (7)

so that

F (ν) =

∫ ∞
−∞

f(t)e−i2πνtdt (8)

Show that

F (ν) = f0τ
sin (π(ν − ν0)τ)

π(ν − ν0)τ
(9)

Show that the total width of the first maximum of the energy spectrum has a frequency range

2∆ν which defines the coherence length l as
λ20
∆λ . For a ruby beam the value of ∆ν is found to

be 104 Hz and λ0 = 6.936 ∗ 10−7 m. Show that ∆λ = 1.6 ∗ 10−17 m and that the coherence
length l in meters of the beam is 30000


