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Graph Isomorphism Problem (GIP)

» Given graphs Gy = (V, E1),Gy = (V, E) with V ={1,...,n}.
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Graph Isomorphism Problem (GIP)

» Given graphs Gy = (V, E1),Gy = (V, E) with V ={1,...,n}.
» Does there exist a bijection (permutation) o : V(G1) — V(G)
s.t. {u,v} € E iff {o(u),o(v)} € E?
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» Does there exist a bijection (permutation) o : V(G1) — V(G)
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» Not known to be either in P or NP-Complete.
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Graph Isomorphism Problem (GIP)

v

Given graphs Gy = (V, E1),Gy = (V, Ep) with V ={1,..., n}.
Does there exist a bijection (permutation) o : V(G1) — V(G)
s.t. {u,v} € E iff {o(u),o(v)} € Ex?

Not known to be either in P or NP-Complete.

Best known algorithm runs in 20(Vnlogn) time.
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An Integer Linear Program for GIP

IP-Gl: Find a point Y € {0,1}™*" subject to the following:

Yik — Yuij=0,Vij kIl (1a)
Yij,i/ _/I i = O Vi Vj 7& / (1b)
Z Yij ki = Z Yiu = Yiij» Vi,Jj,1 (1c)
ZY’JU_Z Yiiji=1, Vi (1d)
J
Yij,k/ =0, {I,k} S E(Gl) and {j, /} ¢ E(GQ) or
{i,k} ¢ E(G1) and {j, I} € E(G2) (Le)
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An Integer Linear Program for GIP

IP-Gl: Find a point Y € {0,1}™*" subject to the following:

Yiik — Yi,ij =0, Vi j k| (la)
Yij,i/ _/I i = O Vi Vj 7& / (1b)
Z Yijkl = Z Yik = Yijii» Vi j, 1 (1c)
ZY’JU_Z Yiiji=1, Vi (1d)
J

Yij,k/ =0 , {I,k} S E(Gl) and {j, /} ¢ E(GQ) or

{i,k} ¢ E(G1) and {j, I} € E(G2) (Le)

Theorem

IP-GI has a solution iff Gi ~ Go>.
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Solution Points of IP-Gl

Second-order Permutation Matrix, P,[f]

» The n? x n? symmetric matrix with (P([,2]),-j,k/ = (Ps)ij(Ps)ui-
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Solution Points of IP-Gl

Second-order Permutation Matrix, P&
» The n? x n? symmetric matrix with (P([,2]),-j7k/ = (Ps)ij(Ps)ui-

For example:

10001000 17
0000O0O0O0T OO
0000O0O0OTO 0O

100 000O0O0O0OOTO OO
P,=|010/|,PAl=]1 00010001
00 1 000O0O0O0OT OO O
0000O0O0OG 0O
000O0O0O0OT OO

|1 0001000 1]
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Polytope B!

» Convex hull of PPV 5 € S,

P

T3

PP

1
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Solution Points of IP-Gl

Figure: Red Vertices Correspond to the Isomorphisms Between Gy, G;
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Linear Programming Relaxation of IP-Gl

LP-GI:  Find a point Y
subject to  (1a)-(1e)
\/ij,kIZOa\V/i,.jakal (23)
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Linear Programming Relaxation of IP-Gl

LP-GI:  Find a point Y
subject to  (1a)-(1e)
\/ij,kIZOa\V/i,.jakal (23)

Note
Yiik < 1is implied.
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Feasible Region of LP-GI

™

S

Figure: The Blue Vertices are the Non-Integral Vertices of Polytope Pg, ¢,
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Polytope P

» Feasible region of LP-GI (Pg,¢,) when G; =Gy = (V,0) or G, = Gy = K,

Figure: The Vertices in Blue are the Vertices of Polytope P
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Isomorphic Graphs

» Graphs G),Gs are isomorphic iff Pg ¢, N B2 is non-empty

Figure: Pg,c, N B2 is Non-Empty
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Non-Isomorphic Graphs

» Poc, C P\ B? when G # G,

Figure: Region P\ B2
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Pocket

P Region of P\ B2 on non-B? side of a Facet plane of B
P Pockets are disjoint
» Pc,c, must belong to a unique Pocket

Facet Plane 1

Pockets

Facet Plane 2
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An Important Property for Non-lIsomorphic Graphs

Pe,c, violates a unique Facet Plane of B2

Peyc,
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The Algorithm

=

Feasible egion empty

xy=0

Feasible region empty

25 =0

Feasible region empty
Pawan Aurora

7= No. of Split-Nodes along any path
Complexity: Exponential in 7
Feasible region empty
A Geometric Approach to Graph Isomorphism
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First Family of Facets

Theorem

Yijot + Yojht + o+ Vinjmt < Ykt + 2rzs Yijrisjs, where
i,...,im, k are all distinct and ji,...,jm,| are also distinct. In
addition, n > 6, m > 3.
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First Family of Facets

Theorem
Yiiki T Yipt + oot Yinjmdt < Yirht + 3z Yinje,isisr where
i,...,im, k are all distinct and ji,...,jm,| are also distinct. In

addition, n > 6, m > 3.

Lemma
7 = 0 when the feasible region lies in a pocket defined by any facet
above with m > 3.
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First Family of Facets

Theorem
Yiiki T Yipt + oot Yinjmdt < Yirht + 3z Yinje,isisr where
i,...,im, k are all distinct and ji,...,jm,| are also distinct. In

addition, n > 6, m > 3.

Lemma
7 = 0 when the feasible region lies in a pocket defined by any facet
above with m > 3.

Note
The case of m = 3 is handled by explicitly adding the corresponding
polynomially many inequalities to LP-Gl.
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Second Family of Facets

Theorem (Jiinger-Kaibel)
2

=8
—-(8-1) Z Yijii+ ) Z . Yijki+ 5 > 0, where
(i)ePxQ ()A(KNePxQ,i<k

P.QC[n];, B+1<I|P,|Q <n-3;

P|+|Q|<n—3+8;8>2.

Pawan Aurora A Geometric Approach to Graph Isomorphism ISAAC 2014, Jeonju, Korea



Second Family of Facets

Theorem (Jiinger-Kaibel)
2

=8
—-(8-1) Z Yijii+ ) Z . Yijki+ 5 > 0, where
(i)ePxQ ()A(KNePxQ,i<k

P|+|Q|<n—3+8;8>2.

P.QC[n];, B+1<I|P,|Q <n-3;

Lemma
7 = 0 when the feasible region lies in a pocket defined by any facet
above with |P| > f+1or|Q|>fB+1or|P|=|Q|=5+1,8>2.
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Second Family of Facets

Theorem (Jiinger-Kaibel)
2

=8
—-(8-1) Z Yijii+ ) Z . Yijki+ 5 > 0, where
(i)ePxQ ()A(KNePxQ,i<k

P,QC [n]; B+1<|P[|Q<n-3;

P|+|Q|<n—3+8;8>2.

Lemma
7 = 0 when the feasible region lies in a pocket defined by any facet
above with |P| > f+1or|Q|>fB+1or|P|=|Q|=5+1,8>2.

Note
The case of =2 and |P| = |Q| = 3 is handled by explicitly adding
the corresponding polynomially many inequalities to LP-GI.
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Third Family of Facets

Theorem (Jiinger-Kaibel)
In the following Py, P>, Q C [n], PN Py = {):

—(B—1) Z Yiiiji+ 08 Z Yiii + Z Yijki

(i)eP1xQ (i) €P2xQ (i) A(kI)EPLx Q,i<k
B -8
+ > _ Yij ki — ) > i +—5— =0
(i) A(K) P2 x Q,i<k (i) Py x Q,(KI)EP3x Q
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Third Family of Facets

Theorem (Jiinger-Kaibel)
In the following Py, P>, Q C [n], PN Py = {):

—(B—1) Z Yiiiji+ 08 Z Yiii + Z Yijki

(i)eP1xQ (i) €P2xQ (i) A(kI)EPLx Q,i<k
B -8
+ > . Yij ki — ) > i +—5— =0
(i) A(K) P2 x Q,i<k (i) Py x Q,(KI)EP3x Q

Lemma

7 = 0 when the feasible region lies in a pocket defined by any facet
above subject to: (i) |P1|, |P2| > 3, (ii) if 3 > 0 and min{|Q|, | P1|} >
B+1 then |Q|+|P1|+3 < n+ g, (iii) if 3 < 0 and min{|Q|, |P2|} >
2— [ then |Q|+|P2| +3<n+1-3.
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Fourth Family of Facets

Theorem
Yorai,kl + Yookl + Yorao,kt < Yidki + Ypigi,paqe, Where p1, p, k are
distinct and q1, g2, | are also distinct and n > 6.

Pawan Aurora A Geometric Approach to Graph Isomorphism ISAAC 2014, Jeonju, Korea 18 / 24



Fourth Family of Facets

Theorem

Yorarkl T Yoaao kl + Yoy, ki < Ykt + Ypra1,p2q0, Where pr, p2, k are
distinct and qi1, g2, | are also distinct and n > 6.

Note
The above are polynomially many and can be included in LP-GI.
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Fourth Family of Facets

Theorem

Yorarkl T Yoaao kl + Yoy, ki < Ykt + Ypra1,p2q0, Where pr, p2, k are
distinct and qi1, g2, | are also distinct and n > 6.

Note
The above are polynomially many and can be included in LP-GI.

Modified Linear Program

LP-GI with the base case facets and the above family of facets
included is referred to as modified LP-Gl.
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Trivial Facets

Theorem (Jiinger-Kaibel)
Yiik = 0 forevery i,j, k,| such that i # k and j # I.
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Trivial Facets

Theorem (Jiinger-Kaibel)
Yiik = 0 forevery i,j, k,| such that i # k and j # I.

Note
The above are already part of LP-GI.
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The Main Theorem

Theorem

The Algorithm, using modified LP-Gl, detects non-isomorphic graph
pairs in polynomial time if the solution is confined to a pocket due
to any of the known facets.
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Gl e P?

Yes, if the known facets are all the facets of B2,
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A General Inequality

All the known facets of B2l are special instances of a general
inequality

> nna Y+ (8—1/2)* > (28 —1))_ ny Y+ 1/4

ijkl if

where 8 € Z and nj; € Z for all (if).
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A General Inequality

All the known facets of B2l are special instances of a general
inequality

> nna Y+ (8—1/2)* > (28 —1))_ ny Y+ 1/4

ijkl if
where 8 € Z and nj; € Z for all (if).

There are more Facets

Theorem
There exists at least one facet of B2l which is not an instance of
the above inequality.
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Future Direction

» Find the remaining facets of B?l and show that 7 = O(log n)
for them.
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Future Direction

» Find the remaining facets of B?l and show that 7 = O(log n)
for them.

» Give a general inequality that includes all the facets.
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Thank you!
Questions?

Pawan Aurora
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