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ABSTRACT

Let Cay(G,T') be the Cayley graph of the group G with respect to the gener-
ating set I', and let A,, be the alternating group on n symbols. The primary
goal of this thesis is to understand second largest eigenvalues of some Cayley
graphs on alternating groups, namely the alternating group graph AG, =
Cay(A,,T1), where T} = {(1,2,4),(1,4,2) |3 < i < n}, extended alternating
group graph FAG, = Cay(A,,T3), where T, = {(1,4,5),(1,7,9) |2 <i<j <
n}, and the complete alternating group graph CAG,, = Cay(A4,,T3), where
T5 ={(i,5,k), (i,k,5) |1 <i<j<k<n}, asderived in [5]. To this end, we
explore the necessary background from spectral and algebraic graph theory.
In particular, we study the notions of a Cayley graph, the isoperimetric con-
stant of a graph, and the Rayleigh-Ritz Theorem, which yields a bound on
the isoperimetric constant of a k-regular graph. Furthermore, we study the
Alon-Boppana theorem, which provides a lower bound on the second-largest
eigenvalue of the adjacency matrix of a k-regular graph. Finally, we will
discuss the concept of equitable partitions of graphs, and how they connect
with the central theme of this thesis.



LIST OF FIGURES

A 4-regular graph G

The path realizing the diameter of a graph X
Subgraphs of a graph

Isomorphic graphs

A directed graph

Two examples of complete graphs

A bipartite graph

The graph K3

An orientation of an edge

Cay(S5, {(12), (123), (132)})

Equitable partition of a graph and its quotient graph
The graph AG3 = FAG3 = CAG3

The graph AG,

The graph FAG,

The graph CAG,

O J 1 O Ot Ot = W

N NN NN =
© 00 0 N = O W



CONTENTS

Certificate . . . . . . . .. i
Academic Integrity and Copyright Disclaimer . . .. ... ... ii
Acknowledgement . . . . . ... ... ... iii
Abstract . . . . . . .. iv
List of Figures . . . . . . . . . . .. ... ... ... ... ... v
1. Introduction . . . . . . . . ... 1
2. Introduction to Graph Theory . .. .. ... ... ... .... 2
2.1 Graphs . . . . . .. 2
2.2 Matrix representation . . . . . .. ... 8
2.3 Adjacency operator . . . . . ... ... 9
2.4 Laplacian operator . . . . . . ... ... ... ... 13
3. Introduction to Algebraic Graph Theory . . . . . . . . . . .. 15
3.1 Cayley graph . . . .. . ... ... 15
3.2 Isoperimetric constant and Expander families . . . .. . . .. 17
3.3 Rayleigh-Ritz Theorem . . . . . . . . . ... ... ... .... 18
3.4 Alon-Boppana Theorem . . ... ... ... ... ....... 21
4. Equitable partitions of graphs . . . . . . ... ... ... ... 23
5. Cayley Graphs on Alternating Groups . . .. ... ... ... 27

5.1 Second largest eigenvalue of AG,, . . ... ... ... ... ... 29



Contents vii

5.2 Second largest eigenvalue of FAG,, . . . ... ... ... ... 34
5.3 Second largest eigenvalue of CAG,, . . .. ... .. ... ... 38
Bibliography . . . . . . .. ... 41



1. INTRODUCTION

Algebraic graph theory is a rapidly expanding area of mathematics where
various methods from linear algebra and group theory are used to address
problems in graph theory. In a broad sense, linear algebra is used to analyze
the spectra of graphs and group theory is used for studying the symmetries
of graphs. Moreover, these areas all connect with other branches of math-
ematics, such as logic and harmonic analysis. In spectral graph theory, the
eigenvalues of matrices (i.e graph spectra) associated with graph such as the
adjacency matrix, Laplacian matrix, etc. are studied to understand funda-
mental properties of graphs such as connectivity. In this regard, the spectral
gap of a graph, which is the difference in magnitude of the two largest eigen-
values of its adjacency matrix, is one of the fundamental measures of graph
connectivity. Thus, families of graphs which have large spectral gaps (also
known as expander families) have been widely studied from the viewpoint of
their applicability to communication networks.

One of the basic objects of study in algebraic graph theory are Cayley
graphs, which are graphs that capture the algebraic structures of the groups.
Thus, Cayley graphs possess an intrinsic symmetry that they inherit from
the groups they represent. It is a natural pursuit to examine the expander

properties of Cayley graphs yielded by infinite families of groups.



2. INTRODUCTION TO GRAPH
THEORY

Graphs can be used to model many types of relations and processes in phys-
ical, biological, social and information systems where it has a wide range of
useful application. In this chapter, we will introduce some basic notations
and terminologies in graph theory that will use later. Also, we will see ex-
amples of graph spectra and with the help of the matrix representation of a
graph, we will derive some important results in spectral graph theory. The

references used for this chapter are [2, 3, 6, 7].

2.1 Graphs

Definition 2.1. An undirected graph G is a pair of sets (V, E) where V is
a non-empty set of vertices and E is a multiset of edges of the form {v,w}
with v, w € V(X).

Definition 2.2. Let X = (V(X), E(X)) be a graph. Then:
(i) A loop is an edge of X whose endpoints are equal.
(ii) Multi-edges are edges having the same pair of endpoints.

(iii) Two vertices u,v € V(X) are said to be adjacent or neighbours if
{u,v} € E(X).

(iv) The degree of a vertex v € V(X), denoted by deg(v), is the number of

vertices adjacent to v.

(v) X is said to be k-regular if deg(v) = k, for every v € V(X).
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Example 2.3. In Figure 2.1, we give an example of a graph G = (V, E),
where V' = {v1, vg,v3,04} and E = {{v1}, {v1,vo}, {v1, 04}, {va, v3}, {v2, 04},
{vs,v4}}. The green coloured edge {v;} is a loop, the blue coloured edges
{vq,v3} and the red coloured edges {vs,v,} are two pairs of multi-edges.
Note that the degree of each vertex in the graph is four. Thus, the graph is
a 4-reqular graph.

V2

Fig. 2.1: A 4-regular graph G.

Definition 2.4. A simple graph is a graph having no loops or multi-edges.

For example, the graph obtained from the graph G in Figure 2.1 by removing
the green coloured edge and one of each blue and red coloured edges is a

simple graph.
Definition 2.5. Let G = (V, F) be a graph.

(i) A walk of length k in G is an alternating sequence of vertices and edges

{vo, €1,v1, ..., €k, g}, where e; = {v;_1,v;}.
(ii)) A walk in G with no repeated vertex is called a path.
(iii) A path in G of non-zero length from a vertex to itself is called a cycle.
(iv) A walk in G with no repeated edge is called a trail.
(v) A closed trail in G is called a circuit.

Definition 2.6. A graph that is a cycle of length n is called a n-cycle, which
we will denote by C),.
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Definition 2.7. A graph G is said to be connected if there is a walk in

between any two vertices of G.

Definition 2.8. Let G = (V| E) be a graph. For z,y € V, the distance
dist(x, y) between = and y defined as the minimal length of any walk between

x and y.

Definition 2.9. The diameter diam(G) of a graph G is defined by

diam(G) = max dist(z, y).
z,yeV

Example 2.10. Consider the graph X shown in Figure 2.2. Observe that
dist(2,5) = 2, and diam(X) = 3, which is realized as dist(2, 7).

Fig. 2.2: The path realizing the diameter of a graph X.

Definition 2.11. A graph H is said to be a subgraph of the graph G if
V(H) C V(G) and E(H) C E(G).

Definition 2.12. Let G = (V, E) be any graph, and let S C V. Then the
induced subgraph of G on S is the graph G[S] = (V', E') defined as follows:

(i) V' =8, and
(i) ' ={{u,v} € E:u,veV'}.

Example 2.13. Consider the graph Ky in Figure 2.3(a) below. Observe
that the graph X in Figure 2.3(b) is a subgraph of Kjg, and the graph Y in
Figure 2.3(c) is an induced subgraph of Ky on the subset S = {1,3,5,7,8}
of V(Kjy).
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Fig. 2.3: Subgraphs of a graph.

Definition 2.14. Let G = (V, E) and G’ = (V', E’) be graphs. A graph ho-
momorphism between G and G’ is amap ¢ : V' — V' such that {¢(a), ¢(b)} €
E’, whenever {a,b} € E.

Definition 2.15. Let G = (V, E) and G' = (V', E’) be two graphs. The
graphs are called isomorphic if

(i) [V]=[V'|, and

(i) there exists a bijective map ¢ : V' — V' such that {a,b} € £ <—
{¢(a),¢(b)} € E.
Example 2.16. Consider the graphs G = C5 and H in Figure 2.4. The
graph in 2.4(b) is obtained by permuting the vertex set of 2.4(a).

5 5

(a) G (b) H

Fig. 2.4: Isomorphic graphs.
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Some important graphs

Definition 2.17. A directed graph (or digraph) G is a pair (V, E), where V'
is a finite non-empty set of vertices of G and E C V x V is a set of edges in

G.

We visualize the ordered pair (u,v) as an arrow incident at u and pointing
towards v. We call (u,v) the directed edge from u to v. We call u the initial
point and v the terminal point of the directed edge (u,v). A directed edge

of the form (v,v) is called a loop at v.

Example 2.18. The graph in Figure 2.5 is a digraph. Here, 2 is the initial
point and 3 is the terminal point of (2, 3).

4
2 f
Y5 1
Fig. 2.5: A directed graph.

Definition 2.19. A graph is said to be complete if every distinct pair of
vertices of the graph is connected by a unique edge.

A complete graph with n vertices is denoted by K.

Example 2.20. The graphs Kg and Ky, in Figure 2.6 are examples of com-
plete graphs.
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(b) Ko

Fig. 2.6: Two examples of complete graphs.

Definition 2.21. A graph G = (V, E) is called bipartite if there exists
Vi, Vo € V such that:

(i) V=V u Vs, and

(ii) £E={{v,w}:v eV and w € V}.

Example 2.22. The graph in Figure 2.7 is an example of a bipartite graph
with the partition V; = {1,4,6,7} and V5 = {2, 3,5, 8} coloured in black and

white, respectively.

Fig. 2.7: A bipartite graph.

Remark 2.23. Note that C,, is bipartite when n is even.

Definition 2.24. Let G = (V, E) be a bipartite graph, with vertex partition
Vi and Vs, such that £ = {{v;,v,;} |v; € Vi,v; € Vo, and i # j}. Then G is
called a complete bipartite graph.
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2.2 Matrix representation

Definition 2.25. Let X be a finite graph with vertex set V(X)) = {vy, v, ...,
vp}. Then the adjacency matriz of X is defined as A(X) = (a;;)nxn, Where

a;; = the number of edges incident to v; and v;.

Since A(X) is a symmetric matrix, its eigenvalues are real, and we can order
these as:

An—1(X) < Aa(X) <L S A(X) < Ao(X).
Remark 2.26. The adjacency matrix of a bipartite graph is of the form

0 B
BT 0

Definition 2.27. Let X be a graph, and let puq, uo, ..., i, be distinct eigen-
values of A(X) with multiplicity my, ms, ..., m,, respectively. Then spectrum
of X is defined by

Spec(X):[M1 fa - MT].

my Mo... My

Example 2.28. Consider the graph K3, shown in Figure 2.8 below.

2

Fig. 2.8: The graph K3 .
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Then: ) .
00011
00011
A(Ks2)=10 0 0 1 1/,
11100
11100
and Spec(K32) = [\? _1/6 g]

Definition 2.29. Let X be a simple graph with vertex set V(X)) = {vy, va, . ..
, Ut and edge set E(X) = {e1,ea,...,en}. The incidence matriz of X is
given by: M(X) = (M ;)nxm, where,

1, if v; is an endpoint of e;, and
mij = ,
0, otherwise.

Example 2.30. For the graph K3 in Figure 2.8, we have:

(1100 0 0]
0000T1°1
M(Kz3)=10 0 0 1 0 1
101100
0100 1 1

2.3 Adjacency operator

For a finite set S, we define complex vector space L*(S) by L*(S) = {f :
S — C}. Given f,g € L*(S) and a € C the vector space L?(S) has the

following properties:
(1) (f +9)(x) = f(z) + g(x),
(i) (af)(z) = af(z),
(iil) (f,9)s = Xres f()g(x), and
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() ||f], = VT, = VEoes TP

Definition 2.31. Let X = (V,F) be a graph with V = {v,...v,} and
A = A(X). Given f € L*(X), we may think of f as a vector in C", and we
define:

Z Am,vjf(Uj)
Av1,v1 Avl,vz Am,vn f(vl) Jil
AU2U1 Av2v2 AUQU (% ZAv%Ujf(U)
T e Il el I e J
Avvor Avvs oo A | LF(00) oo
'21 Avn,vjf<vj>
L= _

Thus, we view Af as a linear transformation from L?(X) to itself by

(AN) =) Apuf(w).

weV

Here, A is called the adjacency operator of X and f is called the eigenfunction
of A.

Proposition 2.32. Let X = (V, E) be a k-regular graph with n vertices.
Then:

(i) k is an eigenvalue of X,
(i) | Ni(X)| <k, for0<i<n-—1, and
(1ii) A (X) < Ao(X) if and only if X is a connected graph.

Proof. Let A(X) = A = (a;j)nxn, and f be the eigenfunction associated to
some eigenvalue A, and let v € V' be such that |f(v;)| = max,,ev |f(v;)], for
1<j<n

(i) Let fo € L?*(V) such that fo(v;) =1, for 1 < i < n. Then we have:

n

(Afo)(vi) = ai;fo(vy)

i=1
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= Zai?j
j=1

=k

= k. fo(vi).

Hence, k is an eigenvalue of X.
(ii) By definition, we have:
(AL ()| = A (v)]
=12 aiif ()
j=1

< Z |ai g1 f(v3)]

< [fi)] Y laiy]
j=1
= k.| f(vi)]-
Thus, the assertion follows, as f # 0.

(iii) («=) Let X be connected. We will show that \; < d.
Without loss of generality, we may assume that f(v;) > 0. Then

by definition, we have:

kf(vi) = (Af)(vi) = Z ai; f(v;)

— f(0) =D =L f ).

j=1

Now, suppose that f(u) < f(v;) for some u adjacent to v;. Then
as f(v;) < f(v), for all v; € V, it follows that:

D i1 @i



2. Introduction to Graph Theory 12

< f(vi)—z:j:]; e

= f(v),

which is a contradiction.
Hence, f(v;) = f(v;), for each v; adjacent to v; and since X is

connected, v; = v;, for all 1 < j < n.

(=) Let X be a disconnected graph. Pick a vertex v; € V and define
V1 as the set of vertices connected to v; and V5 = V' \ V;. Thus by
definition, V' can be divided into two non-empty disjoint k-regular

subgraphs. Hence, the multiplicity of k is more than 1.
m

Theorem 2.33. Let X be a bipartite graph. Then the spectrum of X 1is
symmetric about 0, that is, if X is an eigenvalue of X then —\ is also an

ergenvalue of G.

Proof. First, we observe that the

0 B

AX)=1pr

By assumption, A is an eigenvalue of A(X), and let [u, v]* be the eigenvector

associated to A. Then:

T _0 Bl |u
A(X) ]: T
Y _B 0f v
__Bv
B BTy
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Hence,
Bv = M and BTu = \v.

Now for the eigenvector [—u,v]T, we have:
—u 0 B||—u Bv Au —u
A(X = = = =-A :
& v BT 0 v — BTy [—)\v] [ v ]
Thus, —\ is also an eigenvalue of A(X). O

2.4 Laplacian operator

Let X = (V, E) be a graph. In order to orient the edges in E, for an edge
e € E, we label one end point of e by e™, and the other one by e~ as shown

in Figure 2.9 below.

Oo

e+
O=

Fig. 2.9: An orientation of an edge.

Definition 2.34. The gradient operator d : L*(V) — L*(FE) is defined by

Af(e) = f(e*) = fle7), for f € LA(V).

Definition 2.35. Let divergence operator d* : L*(E) — L?(V) is defined by

(A f)(w) = fle)= > fle), for f € L*(E).

eck e€lR
v=et v=e"

Definition 2.36. The Laplacian operator A : L*(V) — L*(V) is defined by
A=d*od.

Lemma 2.37. Let X be a k-reqular graph with A(X) = A. Then, we have:

A=Fkl—A.
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Proof. Let f € L*(V). Then by definition, for v € V, we have:

(AN @) = (d"(df) ()
=D _(d)(e) = > _(df)(e)

eck e€lR
v=e™t v=e"

= (e (N - cer (Hw)

v=e v=et&u=e~

—(Z_cer (Nw) = eern (N0))

v=e~ &u=e v=e~

= kf(v) =) Avuf(u)

ueVv

= (kI = A)f)(v).
O

Corollary 2.38. If A has eigenvalue \ with a eigenfunction f then A has

k — X\ as an eigenvalue.
Proof. By assumption, Af(v) = Af(v). By Lemma 2.37, we have:
Af(v) = (kI = A)f(v)
— Af(v) = (kI)f(v) = Af(v)

=kf(v) = Af(v)
= (k=) f(v).

Hence, A has eigenvalue k — . m



3. INTRODUCTION TO
ALGEBRAIC GRAPH THEORY

In this chapter we will explore some foundational topics in algebraic graph
theory such as Cayley graphs and expander families of graphs. The reference
used for this chapter is [6, Chapters 1-3].

3.1 Cayley graph

Definition 3.1. Let G be a group and I" be a multi-subset of G. We call '
to be a symmetric subset of G if for each v € I' with multiplicity n, there
exists v~! € I with equal multiplicity.

Definition 3.2. Let G be a group and I' be a symmetric subset of G.
Then the Cayley graph of G with respect to I', is defined to be the graph
Cay(G,TI") := (V, E), where:

(i) V=aG,

(ii) for any two vertices, z,y € V {z,y} € F if and only if 7'y € T, that
is, x = yy, for any v € I'; and

(iii) the multiplicity of an edge {x,y} € F equals the multiplicity of x~'y €
I.

Remark 3.3. We choose I" to be symmetric or else Cay(G,I") would be a
directed graph.

Example 3.4. Consider the group Ss; and let I' = {(12),(123),(132)}.
Then the Cayley graph Cay(Ss,I') is shown in Figure 3.1.
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Cycles[(1 3 2)] Cycles[(2 3)]

C sycles[(1

N
=

Cycles[(1 3)]

Fig. 3.1: Cay(Ss, {(12),(123),(132)}).

Remark 3.5. Let, X = Cay(G,T"), A be the adjacency operator of X, and
f € L*(G). Then:
(A(x) =) fla), Yo e G

yel
Proposition 3.6. Let G be a group and I is symmetric subset of G. Then:
(i) Cay(G,T) is |T'|-regular, and
(i) Cay(G,T) is connected if and only if I' generates G as a group.

Proof. Let g € G,and let I' = {71,792, ..., Y&}

(i) Then |T'| = k, and by the definition g7y, g2, ..., gV are the neigh-
bours of an arbitrary vertex g € G (counted with multiplicity). Hence,
Cay(G,T) is |I'|-regular.

(ii) Let 1g be the identity element of the group G.Then:

I’ generates G

< forevery g e G,g=m.Y .-V = lagy1% .- Yk

<= there is a walk from 145 to g, which can be seen as a walk
(lg = 1em — gy = .. = lamv2 .- - k)

<= 1 is connected to g.
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Now, given two distinct vertices g, h € G, we have that both g, and h

are connected to 1. Hence, Cay(G,T") is a connected graph.
m

Example 3.7. The Cayley graph in Figure 3.1 is 3-regular since |I'| = 3.

3.2 Isoperimetric constant and Expander

families

Definition 3.8. Let X = (V| E) be a graph, and F' C V such that |F| < |21|
Then the boundary of F, denoted by 0 F, is defined to be the set of edges in
FE with one endpoint in F' and another in V' \ F.

In other words, dF is the set of edges connecting F' to V' \ F.

Definition 3.9. Let X be a graph with vertex set V and F' C V. Then the
1soperimetric constant of X is defined by

OF Vv

h(X) = min u|FCVzaund |F| gu :

|| 2
Definition 3.10. Let {a,} be a sequence of nonzero real numbers. We say
that {a,} is bounded away from zero if there exists a real number ¢ > 0 such
that a,, > € for all n.

Definition 3.11. Let d be a positive integer. Let {X,} be a sequence of
d—regular graphs such that |X,,| — oo as n — oco. We say that {X,,} is an

expander family if the sequence {h(X,)} is bounded away from zero.

Example 3.12. Note that, {C,} is a sequence of 2-regular connected graphs.
We will show that {C),} is not expander family.

Let V' be the vertex set of C,. For some F' C V with |F| < %, the ratio

SFl . .. . .. ) ) )
% will be minimum when [0F| is minimum and |F| is maximum. This

happens precisely when there is a walk connecting any two vertices of the
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induced subgraph of C,, on F. Moreover, |F| is bounded above by 2 or 2%
depending on whether n is even or odd. Therefore we have:
OF|

h(C,) = min{—1} =
£ —Lif nis odd.

%, if n is even, and

Since, h(C,) — 0 as n — oo, we have that {C,} is not an expander family.

3.3 Rayleigh-Ritz Theorem

Definition 3.13. Let X be a finite set and fy be the function that is equal
to 1 on all of X. We define

LA(X,R) = {f: X >R},
and

Lo*(X,R) = {f € L*(X,R) : (f, fo), = 0}
—{feL*(X,R): > f(x) =0}

zeX

Theorem 3.14 (Rayleigh-Ritz). Let X = (V, E) be a k-regular graph. Then:

<Af7f>2

M(X) = = Af ). 3.1
1X) reLo(viey | fll2 feLOZ(v,R)< 5.0, (3.1)

[[f]l2=1

Equivalently,

o (Af )y :
E—XMN(X)= min -———== min (Af, f),. 3.2
1(X) reistvm T1f1 fﬁﬁof(v’lM fiF)y (3.2)

o

Proof. Let A be a n x n adjacency matrix of X. We know that there exist
an orthonormal basis {fo, f1, f2, .., fu_1} for L?(V,R), such that each f; is
a real-valued eigenfunction of A associated with the eigenvalues A\; = A\;(X)
and fy = 1.
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Now, let f € Lo*(V,R) and ||f||, = 1. Then, f = cofo+cifi+...+cn1fa

for some scalars ¢; € R so that

(f, fo)y = colfo, fo)y +c1(f1, fo)y+ -+ cne1{fu-1, fo)5 = Co.

By definition of Ly*(V,R), we have (f, fo), = 0, and so it follows that f =
cfiteafot .o+ faa

Now,
n—1 n—1
(Af, )y =(A Z ¢ifi, Z c;if)2
i=1 j=1
n—1 n—1
= (Z ciAifi, Z cjfi)e
i=1 j=1
n—1 n—1
= Z Z Cicj/\i<fi7 fj>2
i=1 j=1
n—1
= Z Ci2>\7;
i=1
n—1
<\ Z ci?
i=1
= MIf115
= A1
Hence,

M) > max (Af.f),.
T (e
i

Since, f1 € Lo*(V,R) and || f1]|, = 1, we have:

(Af1, f1)g = (M1, fi)g = M(f1, f1)s = A1

Thus,

M) = max (Af, f),.
{hiy
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The equivalent statement follows directly from Lemma 2.37.

]

With the help of Rayleigh-Ritz theorem we can bound the isoperimetric

constant of a k-regular graph.

Lemma 3.15. Let X = (V, E) be a k-regular graph. Then:

R

(3.3)

Proof. Consider, F' C V such that |F| < |V|/2 and h(X) = |0F|/|F|. Let

a=|V\F|andb=|F|
Define
a, if x € F, and

g(x) =
—b, ifxeV\F.

and f = g/l|gll,.
Observe that, f,g € Lo*(V,R) as

D gw)=> gw)+ Y gv)=0.

veV veF veEV\F

Moreover, we have:

(Ag.g)y = S lg(e") —g(e )P = 3 (b+a) = [0F|(b+a)?, and

eelR ecdF

lgll,> = (g, 90, = > _a’+ Y b =a’b+b%a=abla+b).

el zeV\F

Since by assumption b < [V'|/2, we have a > b, and so it follows that:

(Af f)y = —(Ag, gy, = OFI+a) b

1 2
HgHz ba a

= (1 + 2)h(X) < 2h(X).

By Theorem 3.14, we know that k — A\ (X) < (Af, f),, from which our

assertion follows.

]
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3.4 Alon-Boppana Theorem

Lemma 3.16. Let X be a connected k-regular graph. If the diam(X) > 4,
then

M(X)>2VE—1— L;d;a]fn ?;)__11 T (3.4)

Proposition 3.17. If {X,,} is a sequence of connected k-reqular graphs with
| X,,| = 00 as n — oo, then

liminf Ay (X,,) > 2vk — 1. (3.5)

n—oo

Proof. Consider a connected k—regular graph X. Fix a vertex v of X. Note
that, the number of walks of length ¢ starting at v is k* and a walk of length
¢ contains at most ¢ 4+ 1 vertices. We can cover the entire graph by taking
all walks of length diam(X) from the fixed vertex v. There are k%#™(X) such

walks, each containing at most diam(X) + 1 distinct vertices. Hence,
|X| < (diam(X) + 1)kdiamE0, (3.6)

Let (X,,) be a sequence of connected, k—regular graphs such that | X,,| — oo
as n — oo so that diam(X,) — oo, as n — oo. Then % — 0, as
n — 00.

Since the expressions in both sides of Equation 3.4 are bounded sequences,

we have:

2k —1-1
lim inf A;(X) > lim inf (2\/k —1- )

n—00 n—o00 L%dlam(X) — 1J

— 2k —1—1
=2 k_1+117?i£f<_§diam()<)—1j>

‘ 2Vk—1-1
=2V =T+ lim (- [ 3diam(X) — 1J)

=2Vk -1
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Definition 3.18. Given a graph X, we define

AX) = max{|A1(X)|, [A\—1|}, if X is non-bipartite, and
L max{M (X)), [Aas|}, if X is bipartite.

Since by definition A(X) > A;(X), the next theorem follows immediately

from Proposition 3.17.

Theorem 3.19 (Alon-Boppana Theorem). If {X,} is a sequence of con-
nected k-regular graphs with | X,| — 0o as n — oo, then

liminf A\(X,,) > 2VEk — 1. (3.7)

n—o0

Definition 3.20. Let X be a k-regular graph. We say that X is Ramanujan

ifA(X) <2vE—1

Example 3.21. For the r-regular complete bipartite graph K, ,, we have:

T 0 —r
Spec(Kir) = (1 o —2 1 ) ’

S0, A =0 < 2y/r — 1, for any choice of r. Hence, K, , is Ramanujan.



4. EQUITABLE PARTITIONS OF
GRAPHS

Partitioning a graph equitably is a process of decomposing a graph into
smaller graphs with strictly smaller adjacency matrices. Equitable decompo-
sition can be used to bound the simple eigenvalues and the spectral gap of a
undirected graph effectively. The references used for this chapter are [1], [4,
Chapters 8-9].

Definition 4.1. Let X = (V, E) be a graph. We say that a partition 7 :
V=CuCyU...UC, of Vis equitable if any vertex u of C; has b;; number
of neighbours in Cj}, where b;; is constant that is independent of the choice

of the vertex u.
The sets C1,Cs, ..., C, are called the cells of the partition .

Definition 4.2. Let 7w be an equitable partition of a graph X as in Definition
4.1. The directed graph X /7 with the r cells of 7 as its vertex set and b;;
arcs from the " to the j cells of 7 as its edge set is called the quotient

graph of X over .

Note that the adjacency matrix is called the quotient matriz and the entries

of that matrix are given by A(X/m) = b;;.

Definition 4.3. Given an equitable partition of graph X as in Definition
4.1, the characteristic matriz x of the partition 7 is a |V| X r matrix defined
by:

1, if ¢ belongs to the cell C}, and

Xij = )
0, otherwise.
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Example 4.4. Consider the Peterson graph X = (V, E) in Figure 4.1(a).
The partition 7 : {1,2,3,4,5} LU {6,7,8,9,10} is an equitable partition of X
as indicated in Figure 4.1(b). The quotient graph X /7 of this partition is

shown in Figure 4.1(c) whose adjacency (or quotient) matrix is:

s =3 3)-

The characteristic matrix is a 10 X 2 matrix given by

{11 11100000\
“loooo0oo01 111 1)

(b) Partition

Fig. 4.1: Equitable partition of a graph and its quotient graph.

In contrast with the quotient graph in Figure 4.1(c), quotient graphs are
generally directed graphs.

Lemma 4.5. Let © be an equitable partition of the graph X, with character-
istic matriz x, and let B = A(X/mw). Then:

(i) Ax = xB, and
(i) B = (x"x)"'x"Ax.

Proof. The (kj)™ entry of Ay is (Ax)k; = # neighbours of the vertex k in Cj.
Now, if k € C;, then (Ax)x; = bi; and (xB); = bi;. Moreover, since x”y is
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a diagonal matrix with (7)™ entry C; # 0, for all i, we have YT Ax = xTxB,
and (ii) follows. O

Lemma 4.6. Let X = (V, E) be a graph with adjacency matriz A, and let ©
be a partition of V(X) with characteristic matrix x . Then m is equitable if

and only if the column space of x is A-invariant.

Proof. The column space of x is A-invariant if and only if Ax = yB for some
square matrix B. Now, if 7 is equitable partition we can set B = A(X/x).
On the other hand, if such a B exists then every vertex of C; is adjacent to

b;; number of vertices in C;. Hence, 7 is equitable. O

Theorem 4.7. If © is an equitable partition of a graph X, then the charac-
teristic polynomial of A(X /) divides the characteristic polynomial of A(X).

Proof. Let A = A(X) and B = A(X/m). Let |X| = n vertices and the
characteristic matrix of X with respect to partition w be x. Moreover, let k
be a n x (n — |7|) matrix whose columns, together with the columns of ¥,

forms a basis of R™. Then,
Ak = xP + rQ,

for some matrices P and (). This can be also written as

A [X lﬁ} = [X /f} f g [ Ax = xB]
— A= [X ,L{;i| _f g_ [X /1] - [ [X Hi| is invertible]
B-A, P

— |A—-\,| =

0 Q — Mn—ix|)
— |A = AL, = |B = M(||Q — Mn_imp-

Hence, the characteristic polynomial of B divides the characteristic polyno-
mial of A. O

An immediate consequence is the following corollary.
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Corollary 4.8. Let m be an equitable partition of a graph X. If X is an

eigenvalue of X/m, then X is also an eigenvalue of X .

Corollary 4.9. Let 7 be an equitable partition and let x be the corresponding
characteristic matriz. Then, y is an eigenvector with eigenvalue A for X/,

if and only if xy is an eigenvector with eigenvalue \ for X.

Proof. Since by assumption A(X/7)y = Ay, we have:

A(X)xy = xA(X/m)y
= X\y
= AXY-

Hence, yy is eigenvector of A(X) with eigenvalue .

Conversely, if the column space of y is A(X)-invariant, then it must have
a basis consisting of eigenvectors of A(X). Each of these eigenvectors is
constant on the cells of y, and hence has the form yy, where y # 0. Thus, if
A(X)xy = A(X/m)xy, then it follows that A(X/7)y = \y. O

Remark 4.10. Let m be an equitable partition of a graph X, and let yx
be the corresponding characteristic matrix. Then A(X) has two kinds of

eigenvectors, namely:
(i) eigenvectors of the form xy, where y is an eigenvector of A(X/7), and

(ii) eigenvectors whose coordinates sum to zero on each cell of 7.



5. CAYLEY GRAPHS ON
ALTERNATING GROUPS

Our central goal is to examine second largest eigenvalues of some Cayley
graphs on alternating groups. To this end, we will first define alternating
group graph AG,,, extended alternating group graph EAG,, and the com-
plete alternating group graph C'AG,,. We will also see respective structures

of those graphs for small n. This chapter is based on the work in [5].

Definition 5.1. Let A, denote the alternating group of degree n > 3. The
alternating group graph AG,, extended alternating group graph EAG,, and
the complete alternating group graph C AG,, are defined respectively as fol-

lows:
1. AG,, := Cay(A,,T1) where Ty = {(1,2,7),(1,4,2) |3 < i <n}.
2. EAG, = Cay(A,,Ty) where Ty = {(1,4,7),(1,7,9) |2 < i< j <n}.

3. CAG, := Cay(A,,Ty) where Ty = {(i,,k), (i, k,j) |1 <i<j<k<
n}

Cycles[(1 3 2)]

ycles[{}] Cycles[(1 2 3)]

Fig. 5.1: The graph AG3 = FAG; = C AG;.
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Example 5.2. For n = 3, AG,, = FAG, = CAG,, and the structure of the
graph is shown in Figure 5.1.

For n = 4, AG,, has the structure in Figure 5.2, EFAG, has the structure
shown in the Figure 5.3, and C'AG,, is the graph in Figure 5.4.

14
Cycles[(2 3)] Cycles[(1 3 2)]

Cycles[(1 2 3)]

Cycles[(2 3 4)]

Fig. 5.2: The graph AG,.

Cycles[(1 3 4)] Cycles[(2 3 4)]

4
\/wkﬂﬂ[?’) 2§3N\Cycles[( 12 4)]

c 2
3
Cyc Sy Al
2
413)] 34 Cycles[(1 4 2)]
(1 ﬁs)}

Fig. 5.3: The graph FAG,.

b
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Cycles[(1 2 3)] Cycles[(1 3 2)]

Cycles[(1 2 4)]

*C 214
2
Cycles[(1 4 2)]

Cycles[(1 3 4)]

[#%]

Fig. 5.4: The graph C AGy,.

Notation. Given an equitable partition 7 for a graph X, we will fix the

following notation for the remainder of this chapter.
(a) The quotient matrix of a graph X over m by B,.

(b) For v € V(X), we will define N(v) :={u € V(X) |[{u,v} € E(X)}.

5.1 Second largest eigenvalue of AG),

Let consider a partition m of AG,, for n > 4 defined as follows:
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IN(r) N Z()| = |{(1,2,n)r}] = 1, and
IN(T) N W (i)| = |o] = 0.

For 7 € Y (1),
IN(T) N X(@)] =K, 2,n)7} =1,
IN(T) Y (@)] = |¢] = 0,
IN(T)N Z(3)| = {(1,k,2)7|3 <k <n}|=n—2, and
IN(T)NW (@)= {(1,2,k)7|3<k<n-—1} =n-3.

IN(7) N X(©@)] = [{(1,n,2)r] =1,

IN(T)NY ()] = {(1,2,k)7|3<k<n} =n—2
IN(T) N Z(i)] = [{¢}] =0, and

IN(T) MW (@) = {(Lk2)T[3<k<n—-1}[=n-3.

IN(T) N X (@) = |¢] =0,

IN(T) Y (@) = {1, 6,2)7H = 1,

IN(r) N Z(i)| = [{(1,2,0)r}| =1, and

IN(F) AW (@) = [{(1,2.k)7, (1, k,2)7 |3 < k < n,k # (}| = 2n — 6.

Hence, the quotient matrix of AG,, with respect to 7 is

2n —6 1 1 0
1 0 -2 -3
B — n n ’
1 n—2 0 n—3
0 1 1 2n —6

and the eigenvalues of B, are 2n — 4, 2n — 6, n — 4 and 2 — n.

Theorem 5.3. Forn > 4, we have A\ (AG,,) = 2n — 6.
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Proof. We establish this by induction on n. For n = 3, by direct computation
we can show that the second largest eigenvalue is —1. Now suppose that
n > 4, and assume that the result holds for n — 1, that is, \{(AG,_1) =
2(n —1) — 6 = 2n — 8. Let, A be an eigenvalue of AG,, other than 2n — 4,
2n — 6, n — 4, and 2 — n. We need to show A\ < 2n — 6. First, we make the
following claim.

Claim: There exists an ¢ such that
2 Z f@P= Y fw?+ Y f(z
xeX (3 yeY (i) z2€Z(1)

and

> f (5.1)

z€X (7)

Proof to claim. To see this, first note that:

A, = X(UXEQ)U...UX(n)=Y(1)U...uY(n) = Z(1)U...UZ(n).

Then:
SN fa) = FWP=>_ > f(z°>0
J=1 zeX(j) J=1 yey (j) J=1 2€Z(j)
= > 2> f@P=) () fw+ ) fz?)>0
J=1  zeX(j) J=1 yey(j) 2€Z(j)

Therefore, there exists an index ¢ such that

IS WIS WIEPT

z€X (3) yeY (7) 2€Z(i

> flz)?

x€X (7)

as f # 0. Hence, our claim follows.
Now observe that, induced subgraph of AG,, on X(i) := AG,[X(7)] is
isomorphic to AG,_; = Cay(A,_1,T7), where T} = {(1,2,k), (1,k,2)|3 <
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k < n—1}. To prove the isomorphism between AG,[X(i)] and AG,_;, we
define
QZS : X(Z) — An—l

1 2 ... n—1 n . 1 2 ... n-—1
(1) 7(2) ... 7(n—1) i (1) 7(2) ... T(n—1))"
By a direct computation, we can check that for 7,7/ € X (i), we have 7/771 =

¢(7/>¢(T>_1. So, we have

by

{r, 7'} € E(AG,[X(1)])
7 teT]
< ¢(o(r) ' €T
= {o(7), ¢(71)} € E(AG,-1).

Hence, ¢ is graph homomorphism between AG,,[X (i)] and AG,,_;. Moreover,
we can easily check that ¢ : X (i) — A,_; defined by

1 2 ... n—1 n . 1 2 ... n-—1
(1) 7(2) ... 7(n—1) i (1) 7(2) ... 7(n—1)
is bijective. Thus, ¢ is a isomorphism between AG,[X (i)] and AG,,_;.

Notice that any vertex x € X (i) has exactly one edge in Y (i) and Z(i). Let

x' and x” be two neighbours of x in Y (i) and Z(i) respectively. So,

Ma)y= > f)+ f@)+ f”)

yEN (z)NX ()

= M@= Y f@)f)+ f@) (@) + f@").

yeN (z)NX (i)

Now summing both sides over x € X (i) and dividing by >_ c v f(x)?, we
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get:

zxex(i) ZyGN(a:)ﬁX(i) f(@)f(y) n erX(i) f(@)(f(a') + f(2"))

> wexqy f(@)? D wex( f(2)? - (5:2)

A:

Setting g = f|x() € L, we see that g L [1,1,..., 1] since 3 v,y f(z) = 0.
Considering the first term (in the RHS) of Equation 5.2, we have:

> wex(i) 2oyen@nx ) (@) (1Y) _ 9" A(AGL[X ()])g
> vex@ f(@)? 99
o HTA(AG, X (i))h
=0 hTgh
= M(AG,[X(0)])
—M(AG, )
=2n — 8.

[by 3.14]

For the second term, we have:

Saexo JUE) + 167 Can TN e U + 7))
erx(z‘) f(x)? N erx(i) f(x)?

| Reexp (F@) + f (2))%)
erX(i) f(x)?

[as we know, (a +b)* < 2(a® + b°)]

_ \/(erx(i) 2(f(@")? + f(2")?))

B > wexqy [ (@)?

_ \/Q(Zyey(i) fy)?+ ZzeZ(i) f(2)?)
a ZzeX(i) f(z)?

[by Equation 5.1]

_ 2.2 erx(i) f(z)?
B erX(i) f(z)?
=2.
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Combining the last two inequalities we obtain
A<2n—-8+42=2n—6.

Therefore, A\ (AG,) = 2n — 6. O
Corollary 5.4. {AG,} is an expander family.

Proof. M\o(AG,,) = 2n — 4 since AG,, is a 2n — 4-regular graph. By Theorem
5.3, the spectral gap of AG,, is 2, and by Lemma 3.15, we get:

h(AG,) > 1.

Hence, by Definition 3.11, the assertion follows. O

5.2 Second largest eigenvalue of FAG),

For 1 < 1,7 <n, we define:
Xi(j) ={r € A, | 7(j) = i}.
We can see that,

X;(1), X;(2),...,X;(n), for fixed 4, and
Xi1(5), Xa2(j), .., Xn(y), for fixed j,

are partitions of A, respectively. Moreover, we can easily verify that, = :
A, = X;(1) U X;(2) U...UX;(n) is a equitable partition of FAG,, for each
i

For 7 € X;(1) we have:

IN(T) N X;(1)| = |¢] =0, and
IN(T) N X () = H{(L k)T |2 <k <nk#j}=n-2
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For fixed 2 < j < n, let 7 € X;(j), we have:

IN(T) N XD = {3, k)72 <k <n.k # 5} =n =2,
IN(T) N XiG) = {1k, O, (L LE)T |2 <k <€ <n; k£ # j}] = (n—2)(n—3), and
IN(T) N X(O)] = {16, 7)7 [ £ & {1, 53}] = 1.

With the partition 7 of FAG,, we get

0 n—2 n—2 ... n—2
n—2 (n—2)(n—-3) 1 ... 1

n—2 1 1 (n—2)(n—3)

The characteristic polynomial of B, is equal to

A —(n—2) —(n—2)
Mh—BA:'%?_” A—mfgxn—a - 1
—(n —2) —1 o A= (n—2)(n—3)

[CL=Ci+Co+...+C,

1 —(n—2) —(n—2)
:pmﬁn—nm—m)?A_““?ﬂn—a.” .

1 -1 o A= (n—2)(n—3)
[Cs = (n = 2)Cy + C; for i # 1]

1 0 0
=u—ow4xn_@y?A—W—@m=4)u. n—3

1 n—3 o A=(n—=2)(n—4)

[Expanding along R ]
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A—(n—=2)(n—4) ... n—3
n—3 n—3
~ (= (1= (=) |
n—3 oo A—=(n—=2)(n—4)
[Ri=Ri+ Ro+ ...+ Ry
A—(n=2) ... A—(n—2)
n—3 n—3
- (A= (= 1D)(n—2) |
n—3 A—(n—=2)(n—4)
1 1

=A== -10n-2)A-(n-2)

n;3 )\—(n—.2)(n—4)

by C; = Cy + C; for i # 1 and expanding along (1]
= (A= (n—1)(m— 2)(A — (n? — 50+ 5))"(A + (n — 2)).

Hence, B, has the eigenvalues (n — 1)(n —2), n> —5n + 5, and 2 — n.
Theorem 5.5. Forn > 3, \{(FAG,) =n*—5n+5.

Proof. We will prove this result by induction on n. A direct computation
yields the result for n = 3. Now, suppose that n > 4, and assume that the
result holds for EAG,,_1, that is, \{(FAG,_1) = (n—1)> —5(n — 1) + 5.
Let A be an eigenvalue other than (n — 1)(n —2), n> —=5n +5 and 2 — n
and f be a eigenvector corresponding A. Then }_ . f(z) = 0, where
1<4,5 <n.

Consider, a partition of the vertex set of EAG,,, A, = X;(2)UXy(2)U... U
X,(2).

As in the proof of Theorem 5.3, we can show that the induced subgraph of
FAG, on X;(2) := FAG,[X;(2)] is isomorphic to EAG,,_1, for each 1 <i <

n, by defining a function

¢ : Xz<2) — Anfl.
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Setting E := Ul E(EAG,[X;(2)]) and Ey := E(FAG,) \ Ey, we make the
following claim.

Claim: F is the set of edges of AG,,.

Proof to claim. For any v € X;(2) and 7/ € X;(2) (i # j), we have {y,7'} €
E(EAG,) iff yYy=1 € Ty iff /4y~ € T1(C Ty). This implies that the edges
in F5 come from T;. On the other hand, we see that T} can only be used to
produce the edges in Fy because each edge in E; comes from 75 \ T, the set

of three cycles in T fixing 2. Thus, we have:

B fTA(EAG,)f

- frf

_ 2 Z{x,y}eE(EAGn) f(@) f(y)

B Dvea, f(@)?

2 agren J(@)f(y) N 2> (aurer f (@) f (W)
2 wea, f(2)? Dwen, [(@)?

From the first term (on the RHS) of Equation 5.3 we have:

2 Z{gc,y}eEl f(@)f(y) _ Z?:l 2 Z{x,y}eE(EAGn[Xi(z)]) f(@)f(y)
D ven, f(2)? > i ZmeXi(Q) f(z)?
22 epenwacaxi) f (@) f(y)
< X :
pREEs Seexir) F@)?
< M(EAG,_1).

A

(5.3)

For the second term, we get:

2 oy, S@IW) _  gTA(AG.)g _ M(AG,)

Dowen, f(@)? T gLt g’y

since, f is orthogonal to the vector [1,1,...,1]T. Combining both bounds

for \, we get :

A< M(EAG, 1) + M (AG),)
=(n—-12-5n—-1)+5+2n—6
=n? —5n+5.
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Hence, A (EAG,) = n®> —5n +5. O
Corollary 5.6. {FAG,} is an expander family.

Proof. The largest eigenvalue of EAG,, is (n — 1)(n — 2) because FAG,, is
(n — 1)(n — 2)-regular. By Theorem 5.3, the spectral gap is 2n — 3, and by
Lemma 3.15, we get:

WEAG,) > (n— ;).

Hence, it follows that h(EAG,,) — oo, as n — oo, and the assertion follows.
[

5.3 Second largest eigenvalue of CAG),

In this case also we will partition the vertex set in the same way we did in

the last one. For 1 <1, <n, we define
Xi(j) ={r € Au|7(j) = i}.

Now, we will verify that 7 : A, = X;(1) U X;(2) U... U X;(n) is also an
equitable partition of CAG,, for fixed i. For each fixed 1 < 57 < n, for
7 € X;(j), we have

IN(T) N Xi(5)] = Kk, &, m)7, (k,m, )7 |1 <k <l <m <njk,{,m# j}

-1
:2(n3 ), and

NG N X0 = (g T [L <k <mik £ 04 7} =n—2.

Thus, the quotient matrix becomes

2";Y) n—-2 ... n-2
o n=2 2(%%) 0 n-2
n—2 n—-2 ... 2("}")

We can check that B, has eigenvalues 2(}) and $n(n — 2)(n — 4).
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1
Theorem 5.7. Forn > 3, \(CAG,) = gn(n —2)(n—4).

Proof. We will once again use induction on n to prove the result. For n =3

we have, \{(CAG3) = A\ (K3) = —1 as required. Suppose that n > 4, and

assume that the assertion holds for n—1, that is, \; (CAG,_1) = 3(n—1)(n—

3)(n —5).

Let A be an eigenvalue other than those eigenvalues two mentioned previously.
Considering a partition the vertex set of CAG,, given by A, = X;(1) U

Xo(1)U...UX,(1), we define:

E,:={{r,0} € E(CAG,)|7(1) #0(1)}, and
By ={{r,0} € E(CAG,)|7(1) = o(1) =i}, for 1 <i < n.

Then Ey U E) U ... U EY is a partition of E(C'AG,,) and E; is exactly the
set of edges of the extended alternating group graph EAG,. For each i, E}
is exactly the set of edges of the induced subgraph of CAG,, on X;(1) which

is also isomorphic to CAG,,_1. Then, we have

- fTA(CAG,)f
frr
2 Z{x YYEE(CAG,) f(@)f(y)
o Yeea, S
_ 2 Z{x,y}eEl f(z)f(y) Z?:l 2 Z{x,y}eE; f(x)f(y)

+ (5.4)
Z:peAn f(fl')2 erAn f(x>2
From the first term (on the RHS) of Equation 5.4, we get:
2) s f(@)f(y TA(EAG,
2 iagrem S )2 () < maXQ(T—)g = M(EAG,).
>wen, [ (@) gl1 979
For the second term, since f is orthogonal to the vector [1,1,..., 1], we

have:

Dic1 2 Z{x,y}eEg f(@)f(y) _ > i1 2 Z{z,y}eE(C’AGn[Xi(l)}) f(z)f(y)
erAn f(x)z Z?:l ZxEXi(l) f(x)z
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S max 2 Z{zvy}GE(CAGn[Xz(l)pj(x)f(y)
s ZmGXi(l) f($)
< M(CAG,_y).

Combining both bounds for A we get:

A< M(FAG,) + M (CAG,—1)
=n?—5n+5+1/3 (n—1)(n—3)(n—5)
=1/3n(n—2)(n—4).
Hence, A\ (CAG,) =1/3 n(n —2)(n —4). O

Remark 5.8. The largest eigenvalue of C'AG, is 2(2) because C'AG,, is
2 (g) -regular.

Corollary 5.9. {CAG,} is an expander family.

Proof. By Theorem 5.7, the spectral gap of CAG,, is

2(7;) - %n(n—Q)(n—ll) _ %n(n— 1)(n—2)— %n(n—2)(n—4) — n(n—2).

By Lemma 3.15, we get:

n(n — 2)
2
= h(CAG,) — oo, as n — 00, and

MCAG,) >

the assertion follows. O
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