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ABSTRACT

The primary objective of this project is to study the results in [13] pertain-
ing to a family of Cayley graphs on finite commutative rings, called quadratic
unitary Cayley graphs (QUCG). Let R be such a ring and R* be its set of
units. Let Qr = {u*:u € R*} and T = Qr U (—Qr). We define the
QUCG of R, denoted by Gg, to be the Cayley graph on the additive group
of R with respect to Tg. It is well known that any finite commutative ring R
can be decomposed as R = Ry X Ry X - -+ X R, where each R; is a local ring
with maximal ideal M; [3]. Let Ry be a local ring with maximal ideal M,
such that |Ro|/|Mo| = 3 (mod 4). We study the spectra of Gr and Gr, xr
under the condition that |R;|/|M;] = 1 (mod 4)) for 1 < i < s. We also

understand the conditions under which these graphs are Ramanujan.
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1. INTRODUCTION

Algebraic graph theory [7] is a field of mathematics that focuses on studying
various properties of graphs using algebraic techniques. One such approach
known as spectral graph theory [5] employs widely known concepts of lin-
ear algebra on graphs, which includes the study of the Laplacian and the
spectrum of a graph (i.e. the eigenvalues of its adjacency matrix). Thus,
spectral graph theory lends a unique perspective to the study of the fun-
damental properties of graphs such as graph-connectivity, which has broad

applications in the fields of communication systems and computer science.

It is well known the spectra of graphs are linked with many of their ex-
tremal properties. One such connection arises during the study of graph-
connectivity. A graph is well-connected if it has large spectral gap (i.e. the
difference between largest two eigenvalues of the adjacency matrix is large).
The Alon-Boppana theorem [10, Chapter 3] asserts that for a large, k-regular
graph G, the strongest upper bound for the second highest eigenvalue of its
adjacency matrix is 2v/k — 1. Consequently, k-regular graphs which have this
property (also known as Ramanujan graphs) are of great importance. In the
past few decades, the expander families of Ramanujan graphs, particularly
those arising from families of Cayley graphs have been extensively studied
(see [11, 14, 15, 16] and the references therein).

In Chapter 1, we begin by building a basic understanding of algebraic graph
theory. We start by understanding the basic notion of a graph isomorphism.
We then understand the interplay between linear algebra and graph theory
by studying the properties of graph invariant matrices such as the adjacency

matrix and the Laplacian. Further more we examine the correlation between
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properties of a k-regular graph and the eigenvalues of its adjacency matrix.
We then introduce two types of graph products, namely, dot product and
tensor product, and also study the relation between spectra of graphs and
their products. Since QUCGs are generalizations of Paley graphs, which are
a strongly regular family of Cayley graphs, we conclude this chapter with a
study of the basic theory of these special families of graphs.

In Chapter 2, we see a widely used graph invariant that quantifies the connec-
tivity of a graph G known as the isoperimetric constant [10] or the Cheeger
constant, denoted by h(G). Interestingly, for a k-regular graph the isoperi-
metric constant is closely related to its spectral gap. In this context, we will
also study the Rayleigh-Ritz theorem. Moreover, for a k-regular graph G
with second-largest eigenvalue A\;(G), the following inequality holds:

k—M(G)

5 < h(G) < V2k(k = M(G)).

Thus, k-regular graphs with large spectral gaps k—\;(G) have higher Cheeger
constant and hence higher connectivity. Additionally, we study a combina-
torial proof of the Alon-Boppana theorem which further motivates the study

of Ramanujan graphs [14, 16].

In Chapter 3, we begin by introducing QUCG as in [13] and look at some
properties of QUCG for finite fields. We then determine the spectra of
QUCGs associated with local rings which we then use to determine the spec-
tra of QUCGs for certain finite commutative rings. Finally, we explicitly
determine the conditions under which the QUCG of a finite commutative

ring is also a Ramanujan graph.



2. INTRODUCTION TO
ALGEBRAIC GRAPH THEORY

In this chapter, we will start by introducing basic notions from algebraic
graph theory that are relevant to this thesis. In Sections 1.2 and 1.3 we
introduce matrices associated with graphs called adjacency matrix and the
Laplacian. We also study the set of eigenvalues for their matrices for k-
regular graphs. In Section 1.4, we look at two different kinds of products
on graphs and also see their relations to their eigenvalues. In the last two
sections, we introduce two special families of graphs namely strongly regular
graphs and Cayley graphs and study their spectral properties. The results in
this chapter are based on [2, Chapters 3,4], [4, Chapter 9], [7, Chapter 10],
and [10, Chapter 1,3].

2.1 Preliminaries

Definition 2.1. An undirected graph X is a pair (V(X), E(X)), where V(X)
is a set called the vertexr set of X and E(X) is a multiset of pairs unordered

pairs {z,y} for x,y € V(X), called an edge set of X.

We say that z,y € V(X) are adjacent if {z,y} € E(X).

Definition 2.2. A graph X is said to be finite if |V (X)| < occ.

The order of a finite graph, denoted by |X|, is defined by |X| := [V (X)].

Definition 2.3. A graph X is said to be simple if each unordered pair in
E(X) has multiplicity one.

In this thesis, we will be only concerned with finite simple graphs.
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Definition 2.4. Let X,Y be a graphs, then we say graph Y is subgraph of
X if V(X) C V(Y) and E(X) C E(Y).
A subgraph Y of X is called spanning subgraph if V(X) =V (Y).

Definition 2.5. For v € V(X)) we define order of the vertex, denoted as |v|,
to be the number of vertices adjacent to v. We say a graph X is k-regular if
for all v € V(X)) we have |v| = k.

Example 2.6. Fig 2.1(a) shows a 2-regular graph of order four. Every 2-
regular graph of order n > 3 is called a cycle graph denoted by C,,.

N

(a) The 2-regular graph Cy. (b) The complete graph Kjy.

Fig. 2.1: Example of a k-regular and a complete graph.

Definition 2.7. A graph X is called a complete graph if for every pair of
distinct vertices x,y € V(X)) there exists an edge e = {z,y} € E(X).

A complete graph with n vertices is denoted as K,,.
Note that a complete graph K, is always (n — 1)-regular.

Example 2.8. Fig 2.1(b) shows a complete graph K, which is also a 3-

regular graph of order four.

Definition 2.9. A graph X is called bipartite graph if there exist disjoint
subsets Vi, V5 of V(X)) such that V/(X) =V, UV, and for every z,y € F(X)
we have x € V] and y € V5.

A complete bipartite graph (i.e. bipartite graph where every vertex in one
subset is adjacent to every vertex in other set) with |Vi| = n and |V,| = m is

denoted as K, .

Example 2.10. The graph K3, is shown in Figure 2.2 below.
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Fig. 2.2: A bipartite graph, K3 4.

Definition 2.11. Let X be a graph.

1. A walk in X is a sequence w = (v, e1,vy,...,ex, ;) of vertices v; €
V(X) and edges e; € E(X) such that for 1 < i < k, the edge e; =
{vi_1,v;}. The number of edges in the sequence is called the length of
the walk.

2. The walk w = (vg, e1,v1,. .., e, vg) is called a closed walk if vy = vg.

3. A trail is a walk with no repeated edges. A closed trail is called a

circuit.

4. A path is a walk with no repeated vertex. A closed path is called a

cycle.

5. A walk w = (vg, €1, 01, ..., ek, vg) is called non backtracking if e; # e;1
for all 1 <1 <k — 1 otherwise, the walk is called backtracking.

6. A closed walk u = (vg, €1, v1, ..., €k, vg) is called unfactorable if v; # vy
for all 1 <17 < k — 1 otherwise, it is called a factorable walk.

Note that every path is a trail but the opposite need not be true.

Definition 2.12. A graph is called connected if for any two vertices of the
graph there is a walk in the graph joining them. A non-connected graph is

said to be disconnected.

Definition 2.13. A graph X is called a tree if it is connected and has no

circuits.
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Example 2.14. A tree of order 7 is shown in Figure 2.3 below.

Fig. 2.3: A tree graph of order 7.

Definition 2.15. The distance between any two vertices u, v, denoted by
dist(u,v), is the length of a shortest path joining u and v in the graph,
where dist(u,v) = 0 if and only if u = v.

If no such path exist then we say that dist(u,v) is infinite.

Definition 2.16. The diameter of a graph X, denoted by diam(X), is de-
fined as

diam(X) = max{dist(u,v) : u,v € V(X)}.

Definition 2.17. Let X, H be graphs. A map ¢ : V(X) — V(H) is said to
be a graph homomorphism if {¢(v), ¢(u)} € E(H), whenever {v,u} € E(X).

Example 2.18. We exhibit a graph homomorphism between K53 and Cs.
Let Vi, Vo C V(Ks3) = {v1,Y2, Y3, Y, Y5 } such that |Vi| =2 and |Vo| = 3. If
V(C3) = {w1, 22}, then ¢ : V(Ky3) — V(C3) such that

x1, if y; € V1, and
o(yi) = ,
T, if y; € V5.

is a graph homomorphism as {¢(v),d(u)} € E(Cy), whenever {v,u} €
E(Ky3).

Definition 2.19. Two graphs X and H are isomorphic if there exists a
bijective map ¢ : V(X) — V(H) such that {¢(v),¢(u)} € E(H) if and only
if {v,u} € E(X).



Qo
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Example 2.20. Consider the following graphs X and Y as seen in Figure 2.4
below. Then ¢ : V(X) — V(Y) such that ¢(x1) = y1, ¢(22) = vya, d(x3) =
Y2, d(x1) = Y5, and ¢(z5) = ys is a graph isomorphism as {¢(z), ¢(y)} €

E(X) if and only if {z,y} € E(Y).
A

(a) X (b) Y

Fig. 2.4: Two isomorphic graphs.

2.2 The Adjacency Operator

In the section, we will study the spectra of k-regular graphs.

Definition 2.21. Let X be a graph with V(X) = {vy,...,v,}. The adja-
cency matriz of X, denoted by A(X), is defined by A(X) = (a;;)nxn, where

1, if {v;,v;} € E, and

CLZ'j =
0, otherwise.

Remark 2.22. Note that A(X) of an undirected graph X is a real and
symmetric matrix. Hence, by the Spectral theorem [10, Theorem A.53] for

symmetric matrices, all of its eigenvalues are real.
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Example 2.23. For the cycle graph Cy shown in Figure 2.1a(a), we have

010 1
1010
ACI=1 01 01
1010

Definition 2.24. The spectrum of a graph X is said to be the multiset of
eigenvalues of A(X).
We write the spectrum of X as

(X)) M(X) - (X
Spec(X>:< o(X) Au(X) i >>7

no ny e ng
where for each 0 < ¢ < k, \;(X) are distinct eigenvalues of A, and Zf:o n; =
n i.e. the order of graph X.

From here on, we will fix an ordering on V(X)) so that A\o(X) > A\ (X) >
. > A1(X). ( Note that the spectrum of the graph is independent to

ordering of its vertices.)

Example 2.25. A complete pseudo graph of order n, denoted by Io(n, is
a graph obtained by attaching a loop at each vertex of K,. Then Kn has
adjacency matrix A(Kn) = J, where J, is a matrix with each entry as 1.
Since, J, is real and symmetric, by the Spectral theorem, we know that it is
diagonalisable and has n real eigenvalues. But, note that rank(J,) = 1, so it
has only one non-zero eigenvalue. Consider the vector v = (1,1,...,1) € R

. Clearly, J,v = Av, which implies the X is an eigenvalue of .J,,. So,

Spec(K,) = <711 . 2 1) :

For a finite set S we consider the complex vector space L*(S) := {f : § — C}.
Then L?*(S) is an inner product space and for f,g € L*(S) and a € C:

1. The vector sum in L%(S) is given by (f + g)(z) = f(z) + g(z) for all
res.
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2. Scalar multiplication is given by f(az) = af(x) for all z € S.
3. The standard inner product are given is by (f,g), = > .5 f(z)g(2).

Let X be a graph with V(X) = {vy,...,v,}. Given f € L*(V), we may
think of f as a vector in C" and we A(X) as a linear transformation from
L*(V) — L*(V) given by the formula:

= Z Av,wf(w)

weV

The linear operator A defined above is called the adjacency operator of X.
Proposition 2.26. If X is a k-reqular of order n. Then

1. M(X) =k,

2. \NX)| <k fori=0,1,...,n—1,

3. M(X) < M(X,) if and only if X is a connected graph, and

4. If X is bipartite, then Spec(X) is symmetric about 0 i.e. if A € Spec(X)
with multiplicity m then —\ € Spec(X) with multiplicity m.

Proof. Throughout this proof, let V' = V(X) and A denote the adjacency
operator of X.

1. We show that there exists a eigenfuction associated with k. Let f, €
L*(V) be defined as fo(z) =1 for all z € V. Then

AfO ZArny ZAmy—k—k fO( )

yev yev

Thus, k is an eigenvalue of A.

2. Let X\ be an eigenvalue of A and f be a real-valued eigenfunction of
A associated with A (By Spectral theorem [10, Theorem A.53] we know such
an f exists). Pick an x € V such that |f(z)] = maxyev |f(y)|. Note that
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f(z) # 0 since f is an eigenfunction of A. By the definition of x, we see that

(Al f ()| = ZA wfy)| < Z [ Azl 1 f(y)
yev yev
<@ Y 1Ayl = kI f(2)].
yeVv
Thus, |\ < k.
3. Suppose that X is connected. We want to show that |A\;| < k. Let
v = (v1,v9, " ,vn)t € R™ be an eigenvector corresponding to k. Again, let

1 <3¢ <n be such that
o] = max {Jo,| | 1< j < n}.

Replacing v by —uv if necessary, assume that v; is positive. Then we have

au
a”v]:M}Z— k:

7=1

This implies v; is a convex linear combination of v;,1 < j < n. Since for each
7, |vj| < v, we get v; = v; for all j such that a;; = 1. Since X is connected,
any two distinct vertices are connected by a walk, which eventually gives
v; = v; for all j. Hence, v is a scalar multiple of (1,1,--- 1), which implies
eigenvalue k has multiplicity one.

To prove the converse, suppose that X is disconnected. Let v € V(X),
and let V| be the set of all vertices w € V(X)) such that there exists a walk
in X connecting v and w. We note that, if w € V is adjacent to a vertex in
Vi, then w € V;. Since, V\V; # ¢, X splits into two k-regular graphs with
vertex sets V} and V4, = V\Vy, respectively. Hence, k is an eigenvalue of both
these graphs, which implies that A\;(X) = k.

4. Suppose that X is a bipartite graph and V = V; UV} is a bipartition of
V. Let A be an eigenvalue of A with multiplicity m. By the Spectral theorem,

there exist linearly independent real-valued eigenfunctions fi,..., f,, of A
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associated with A. Consider the functions

filx)  wx,eViand
_f’b(aj) w7€ ‘/27

g9i(x) =

fori=1,...,m.

We will now show that each g; is an eigenfunction of A associated with
—A. Suppose that x € Vj. Then, since every y adjacent to x is in V5, we see
that

yeVa yev
= =\fi(x) = =Agi(x).
Similarly, if x € V4, then (Ag;) () = —Agi(z). One can check that ¢1,..., gm
form a linearly independent set. Hence, —\ is an eigenvalue of A with mul-

tiplicity [ > m. The same argument, on reversing the roles of A and —A\,
shows that m > [. ]

2.3 The Laplacian

In this section, we will discuss another linear operator associated to a graph,
called the Laplacian. The Laplacian on a graph is the discrete analogue of
the Laplacian A = div(grad(f)) from multivariable calculus.

Let X be a graph. Give edges in E(X) an arbitrary orientation. In par-
ticular, for each edge e € F(X), labelling one endpoint e* and the other e~
we call et the origin of e, and e~ the extremity of e (as illustrated in Figure

2.5 below).

e~ e et

>
>

Fig. 2.5: An oriented edge e € E(X).

Definition 2.27. Let X be a graph with V = V(X) and £ = E(X). We
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define:

1. d: L*(V) — L*(E) for each f € L*(V) as
(df)(e)=f(e") = f(e7), and (2.1)
2. d*: L*(E) — L*(V) for each f € L*(E) as

(df)(0) =Y fle)= > fle). (2.2)

ecE ecE
v=et v=e—

If we think of the function f as a flow on the edges of the graph G, (df)(e)
measures the change of f along the edge e of the graph and (d*f) (v) measures
the total inward flow at the vertex v. Hence, we have the following definition

of the Laplacian for a graph.

Definition 2.28. Let X = (V, E) be a graph with a orientation on its edges.
We define laplacian operator A : L*(V) — L*(V) to be A = d*d.

We will see in the following lemma that the Laplacian operator is inde-

pendent of the orientation of the edges.

Lemma 2.29. If X = (V, E) is a k-regular graph with adjacency operator
A, then A = kI — A.

Proof. Let f € L*(V) and x € V. Then:

(Af)(z) = (d"(df)) (x)
=Y ")) = > (df)(e)

eEIEJ'r eEEL
= > f@- > |- X fw-> f@
eckE eck ecl ecl
r=et r=eT and y=e~ r=e~and y=et r=e~
=kf(x) =) Avyf(y)
yeVv

= (kI = A)f)(x).
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]

Theorem 2.30. Suppose X = (V, E) is a k-regular graph of order n. For a

fixed ordering of vertices and orientation for edges the following holds:
1. The eigenvalue of A are given by
0=k—2X)<k—XMX)<...<Ek—-\,— 1(X).
In particular, the eigenvalues of A lie in the interval [0, 2k].

2. Let f € L*(V) and g € L*(E). Then (df,g), = (f,d*g), and

(Af )y =D Ifer) = fe)] (2.3)

eckE

Proof. 1. Let f be an eigenfuction of A corresponding to the eigenvalue

A. Then we have
Af=(kI—A)f =kf—Af = (k= NF.

Thus, f is an eigenfuction of A corresponding to eigenvlaue (k — A).

Then (1) follows from Proposition 2.30 and Proposition 2.26.

2. Note that
(df.g)2 =Y _(df)(e)gle) =D [f (") = f(e7)] gle)
=Y f(e)gle) = f(e)gle)
= ) > gle)=> @)Y gle)
=Y f(v)(d*g) (v)
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Thus,

so it follows that

df.df)e =23 (F () = £ () (T = Fle) =D | () = £ ()]

eclk eck

]

2.4 Product and Powers of Graphs

Definition 2.31. Let X; = (V, Ey) and Xy = (V] Es) be two finite graphs.
We define the dot product of graphs X; - X5 to be a graph (V, E), where the
multiplicity of the edge in E from vy to ve equals the number of pairs (eq, e )
such that e; € E(X)) is an edge with end point v; and e; is an edge from
the terminal point of e; to vs.

The n'" power of a graph X (V, E) is defined to be X" = X - X ...- X. In
this case, edge of X™ from v; to vy is a walk of length n from v; to vy in X

and mutliplicity of edge is the number of walks of length n.

Example 2.32. Let X; = (V, E}) and X, = (V] E3) be two finite graphs as
seen in the Figure 2.6, where V' = {a, b, c}, E1 = {{a,b},{a,c},{b,c}}, and
Ey = {{a,b},{b,c},{b,b}}. Then the dot product X; - X5 is as shown in the
third subfigure.

Theorem 2.33. Let X1(V, Ey) and Xo(V, Ey) be two finite graphs.Choose
an ordering of V. Let Ay and Ay be adjacency matrices of graphs X; and
Xo with respect to this ordering. Then the adjacency matrix of Xy - Xo with

respect to this ordering is Ay - As.

Proof. Choose an ordering of V|, let it be {vq,vs,...,v,}. Let A be adjacency

matrix of X - Xy, then by definition of adjacency matrix we get a;;, ., = kij,
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® i@ G

(b) X>

(a) X1

(» 5 S

(C) Xl . X2

Fig. 2.6: A dot product of graphs.

where k;; is multiplicity of edge between v; and v;. Then,

ki; = |{(e1,e2) | e1 € Ey and ey € E5 such that e; = v;, v, and ey = v, v, }

-y >

e1€E1  ex€ks
€1=V;,Vf €2=Vk,Vj

n

= Z airbrj

k=1
- AlAQ.

O

Corollary 2.34. For a X be a finite graph. Then A(X*) = Ak, Conse-
quently, the eigenvalues of X* are given by N(X)?, for 1 <j<n—1.

Theorem 2.35. Let X be a finite graph with eigenvalues Ay, . .., An_1, where
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Ai < N1 for 1 <i<n—1. Then the eigenvalues for X’ are )\6, ey )\jfl.

n

Proof. Let A be an adjacency matrix of X. Let O such that OAO™! is the

diagonal matrix with diagonal entries A, ..., A\,_1, as in [10, Theorem A.56].
Then OA’O~! is the diagonal matrix with diagonal entries /\6, ... N._,. The
result follows from [10, Theorem A.61]. O

Definition 2.36. The tensor product of two graphs X; and X,, denoted
by X; ® X, is the graph with V(X; ® X5) = V(X;) x V(X3) and (u,v) is
adjacent to (z,y) in E(X; ® X5) if and only if u is adjacent to z in X; and

v is adjacent to y in Xs.

Since the tensor product on graphs is associative [8], a finite tensor product
X;® Xy ® - ® X, of graphs X1, X, ..., X, (where s > 1) is well-defined.

Theorem 2.37. Let X, and X5 be graphs with eigenvalues A1, Ao, ..., A\, and
[y [42, - - -, [, Tespectively. Then the eigenvalues of X; @ Xy are A\jpj,1 <
1<n, 1 <j53<m.

Proof. Let A be adjacency matrix of X; and B be adjacency matrix of Xs.
It is easy to see that adjacency matrix of X; ® X; is tensor product of
matrices, A ® B. Let A be an eigenvalue of A corresponding to eigenvector
x = (r1,21,...,%y). Similarly, u be an eigenvalue of B corresponding to

eigenvector y = (y1,Y1,--.,Yn). Then we have,

(A B)(z ®y) = Az ® By = Az @ py = \u(z @ y).

2.5 Strongly regular graph

In the case of a k-regular graph, the regularity only tells us about the order
of each vertex in the graph. In this section, we introduce strongly reqular
graphs, which also give information about a number of adjacent and non-

adjacent vertices.
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We will also show that the spectrum of connected strongly regular graphs
comprises exactly three distinct eigenvalues and study how the eigenvalues,
as well as their multiplicities, are only dependent on certain parameters as-
sociated with such graphs. Finally, we will end with an example of a Paley
graph. This section is based on [4, Chapter 9] and [7, Chapter 10]. We will
start by introducing the parameters related to such graphs and study their

properties.

Definition 2.38. Let X be a regular graph that is neither complete nor
empty. We say that X is strongly reqular graph with parameters (n, k, A, 7)
if it is a k-regular graph of order n, in which every pair of adjacent vertices
has A common neighbors and every pair of non adjacent vertices have u

common neighbors.

Example 2.39. The simplest example of strongly regular graph is the graph
Cy as seen in Fig 2.1(a). Clearly, the graph is 2-regular or order 4. Every pair
of adjacent vertices has 1 neighbor in common and every pair of non-adjacent
vertices has 0 neighbor in common. Thus, C} is a (4,2, 1,0) strongly regular

graph.

Remark 2.40. If X is a (n,k, \, ) strongly regular graph and X be its
graph complement with V(X) = V(X) and E(X) = E(K,,)\E(X). Then X
is also a strongly regular graph with parameters (n, k, A, fi) given by:

k=n—Fk,
A=n—2k+p—2, and
pp=mn—2k+ A\

A strongly regular graph X is called primitive if X and its compliment are
complete. A non-primitive graph is called imprimitive. The lemma provides

a characterization of imprimitive strongly regular graphs.

Lemma 2.41. Let X be an (n,k,\, u) strongly regular graph. Then the

following statments are equivalent:

1. X 1is not connected,
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2. n=0,
3. A=k—-1, and

4. X 1s isomorphic to graph with m number of components as Kyyq for

some m > 1.

Thus, in the case of imprimitive strongly regular graph X, finding the spec-
trum for X is equivalent to finding spectrum of Kj;. We will now show that
for any primitive strongly regular graph there are exactly three eigenvalues

in its spectrum.

Theorem 2.42. Let X be a (n,k,\, u) primitive strongly regular graph.

Then
kK 60
Spec(X) = ( ! > :
1 my m,
where
) OmmE O et
I T = 2 9
and

11 2k —1)(A —
e~ L (L 2kt =D p)

P\ -t - p)

Proof. Let A = A(X) the (uv)™-entry of the matrix A? is the number of

walks of length two from the vertex u to the vertex v. In a strongly regular

graph, this number is determined only by whether u and v are equal, adjacent,

or distinct and nonadjacent. Therefore, we get the equation
A2 =kl +AA+u(J —1—A). (2.4)

Here the (uv)-entry of kI counts the number of walks length 2 starting and
ending at u. The (uv)"-entry of AA counts the number of walks of length 2
starting from u to its adjacent vertex. Finally the (uv)™-entry of u(J—1—A)
counts the number of walks of length 2 starting from u to its non-adjacent

verter.
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We rewrite (2.4) as
A= (A=A~ (k— )] = pJ

and can use it to determine the eigenvalues of A. Since X is regular with
valency k, it follows that k is an eigenvalue of A with eigenvector 1. We know
by [7, Lemma 8.4.1] that any other eigenvector of A is orthogonal to 1. Let

z be an eigenvector for A with eigenvalue 6 # k. Then
Az — (N—p)Az — (k—p)lz=pJz =0,

0> — (A — )b — (k — u) = 0.

Therefore, the eigenvalues of A different from k must be zeros of the quadratic
22— (N =z — (k—p). If we set A = (A —p)*+4(k — u) and denote the

two zeros of this polynomial by 6 and u, we get

A—p)+VA
2

) — VA
. .

0= and

(A—p

T =

Now, 07 = (u — k), and so, provided that pu < k, we get that § and 7
are nonzero with opposite signs. Assuming that § > 0, we see that the
eigenvalues of a strongly regular graph are determined by its parameters.
To see the multiplicities of the eigenvalues, let my and m, be the multi-
plicities of # and 7, respectively. Since k£ has multiplicity equal to one and

the sum of all the eigenvalues is the trace of A (which is 0), we have

mg+m,=n—1, myd +m, 7 =k.

Hence,

-1 k —1)0+k
mg= P DTHE 4 = (RO

0—1 0—1
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and so,
O —7)2=0+7)2 =407 = (\— p)* +4(k — p) = A.

Substituting the values for § and 7 into the expressions for the multiplicities,

o4 (10 - = DAY,

we get

and

]

We will now look at a well-known example of a primitive strongly regular

graph.

Definition 2.43. Let p be a prime number and n be a positive integer such
that p” =1 (mod 4). The graph P = (V, E) with

V(P) =Fpn and E(P) = {{$7?J} Yy €Fpnr—y € (F;")Z}

is called the Paley graph of order p™.

Note that the set F(P) in the Definition 2.43 of Paley graph is well-defined
because x —y € (IF;TL)2 ifand only if y —x € (IF;”)Q. Since t —y = —1(y —x),
we need only to show that —1 € (F;n)Q.

Example 2.44. Let P be a Payley graph as defined above of order ¢ = p”,
then P is strongly regular graph with the parameters

g—1 q¢—5 q—1
Q7 2 ] 4 ) 4 .

Then by Theorem 2.42 we get

q
Spec(P) = ( S o
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2.6 Cayley Graph

In this section, we will introduce an important class of regular graphs called
Cayley graphs, which are graphs that capture the abstract structures of
groups. Given a group and a subset of that group, we can construct a Cayley
graph with respect to the subset. The properties of the group often determine

the properties of its Cayley graph and vise versa.

Definition 2.45. Let G be a group and I' C G. We say that I is a symmetric
subset of G if y € I', then y~1 € T,

Example 2.46. Consider the group Zg. Consider subsets of Zg, I'y =
{1,2,5} and I'y = {1,3,5}. Clearly, I'; is not symmetric since —2 = 3 ¢ I'y,

but I'y is symmetric.

Definition 2.47. Let G be a finite group and I' C G be symmetric. The
Cayley graph on G with respect to I' is defined by Cay(G,T") := X(V, F),

where
1. V=G, and
2. for x,y € G, {z,y} € F if and only if y 'z € T.

Example 2.48. Consider the group Zg and I' = {1, 3,5}. Then the Cay(Zg,I")
has vertex set V = Zg and edge set E = {{0,1},{0,3},{0,5},{1,2},{1,4},

{2,3},{2,5},{3,4},{4,5}}.

Proposition 2.49. Let G be a finite group and I' C G be symmetric. Then:
1. Cay(G,T) is |I'|-reqular, and
2. Cay(G,T) is connected if and only if I' generates G.

Proof. 1. For a vertex g of the graph Cay(G,T), let E, denote the set of
edges incident to ¢g. By definition, it is clear that

E,={{9,97} | v €T} = |E,| = |T'|.
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2. Suppose that C'ay(G,T') is connected. Then for any two vertices a,b €
G, there is a path in Cay(G,T") joining them, that is, there exists
Y1,Y2s - Y € I' such that

a=bnye -y =b0"la=17 Y

Since the vertices chosen were arbitrary, it proves that I' generates G.
Conversely, suppose that I' generates G. Then for any g € G, there
exists v1,72, -,V € ' such that g = 172 - --,. This implies that all
the vertices are connected to the identity element of GG, which proves

the assertion.

]



3. THE ALON-BOPPANA
THEOREM

Study of graph spectra [4, 5] has wide applications in the areas of computer
science [9], chemistry [12] as well as communication systems [10]. In this
chapter, we define a discreet analog of the Cheeger constant for a graph X,
also known as the isoperimetric constant (h(X)), measures the connectivity
of X. In Section 3.2 we study the proof of the Rayleigh-Ritz Theorem,
which provides a method to calculate the second-largest eigenvalue of a graph.
Additionally, we see the relation between h(X) and Spec(X). In section 3.3,
we look at a combinatorial proof of the Alon-Boppana theorem as stated
by A. Lubotsky, P. Sarnak, and R. Philips [14] in their seminal paper on

Ramanujan graphs.

3.1 Isoperimetric constant

One can see any communication network as a graph, where entities that want
to communicate are vertices, and the connection between them is represented
by edges. Then two entities can communicate if there is a path from one of
them to the other, and the larger the length of the path, the longer it takes
for the communication. Thus, a communication network is efficient if it is

reliable and fast, i.e., if the graph is “well-connected”.

Definition 3.1. Let X be a graph and F' C V(X). The boundary of F,
denoted by OF, is defined to be the set of edges with one end point in F' and
one endpoint in V(X)) \ F.

Definition 3.2. The isoperimetric constant or the Cheeger constant of a
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graph X denoted by h(X), is defined as follows

oF V(X
h(X) :min{% ’ FcCcV(X)and |F| < | (2 )|}

The boundary of a subset F' of V(X)) tells us the number of connections
between the set and its complement. Thus, the larger the boundary, the more
the number of connections between the subset F' and its complement. Thus,
the higher the value of the isoperimetric constant, the more “well-connected”

the graph is.

Example 3.3. In Figure (2.1) below, we see all possible F' C V(Cy) such
that |F| < |V(Cy)|/2.

\;\

Fig. 3.1: Computing h(Cy).

Thus h(Cy) = 1.

Definition 3.4. Let (a,) be a sequence of nonzero real numbers. We say
that (a,) is bounded away from zero if there exists € > 0 such that a, > €

for all n.

Definition 3.5. Let k be a positive integer. Let (X,,) be a sequence of k-
regular graphs such that |X,,| — oo as n — oco. We say that (X,,) is an

expander family if the sequence (h(X,)) is bounded away from zero.

Remark 3.6. One can think of expander families as infinite families of “well-
connected” graphs, particularly from the viewpoint of communication net-

works.
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Example 3.7. Consider (C,,), a sequence of 2-regular connected graphs. If

m is a fixed integer such that 1 < m < n/2 then,

F 2
min 1oF| FcVand |F|=m};=—.
|F| m

Note that there exists a F' C V/(C,) such that |F| is n/2 or (n — 1)/2,

depending on whether n is even or odd. Therefore,

W(C,) = min {|3F!} _J4/n, if n is even and
' o<@$<vn/2 |7 4/n—1, if n is odd.

Therefore h(C,,) — 0 as n — oo. Thus, (C,,) is not an expander family.

3.2 The Rayleigh-Ritz Theorem

Definition 3.8. Let X be a finite set and f; be the function that is equal
to 1 for all of X. Define,

L*(X,R)={f: X - R}, (3.1)
and  L3(X,R) = {f € (X,R): (f, fo), = 0}
={f€(X,R): ) _f(x) =0} (3.2)

Theorem 3.9. (Rayleigh-Ritz) Let X = (V,E) be a k-reqular graph with
A= A(X). Then,

<Af7f>2
M (X) = = A 1),. 3.3
1(X) rerzvm | fI2 feILn%E(L&}/(,R)< 590, (3:3)

If113=1
Consequently,

<Af7f>2
k—M\(X) = —t = AT, ). 3.4
W)= BRI~ seiim A5 (34

I £13=1
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Proof. By Spectral theorem, there exists an orthanormal basis { fo, f1, .. .,

for L?(V,R), such that every f; is a real valued eigenfuntion of A associated

with the eigenvalue \; = A\;(X) where i =0,1,...,n — 1.
Consider f € L(V,R) with || f||? = 1. Then we have f = cof; +c1f1 +
Cn-1fn_1, where ¢; € Rfor all4 =0,1,...,n — 1. So,

0 =(f, fo)o = co(fo, fo)y + c1(f1, fo)o + -+ cno1(fu1, fo), =

Therefore,
f=afi+ - +crfu

Now,

n—1 n—1
<Af f <Azczfzazczfi> = <Zcz/\zfuzczfz>
2 2

i=1 =1

n—1n—1 n—1
— cidic; (fis i)y =D _ci® A
=1 j=1 =1

<M Ci2:)\1||f‘|§:)\l-

Since this is holds for any f € L3(V,R) with ||f||3 = 1, we have

A > max  (Af, f),.
IF13=1

Taking f = fi, we get (Af, f), = (M f, f)y = A1, and so it follows that

A(X) = max <Af’f>2: max  (Af, f),.

rerzvry |1 f113 FEL(V.R)
IFl13=1




3. The Alon-Boppana Theorem 28

Consequently, by Theorem 2.30, we get that

. <Af7f>2 :
E—X(X)= min ——3== min (Af, f),.
1( ) fEL(Q)(V,R Hf”% fEngz(V,R)< ff>2
llFllz=1

]

By applying Rayleig-Ritz, theorem we obtain a lower bound on A(X) in terms
of the spectral gap of X given by k — A\ (X).

Theorem 3.10. Let X be a k-reqular graph. Then,

k— A (X
% < h(X) < \/2(k = M (X)). (3.5)
Thus, we get an alternate condition to check whether a sequence of graphs

given by (X,,) forms an expander family.

Corollary 3.11. Let (X,,) be a sequence of k-reqular graphs with |X,| — oo
asn — oo. Then (X,) is a family of expanders if and only if the sequence
(k — X\ (X,)) is bounded away from zero.

3.3 Alon-Boppana Theorem

3.3.1 Catalan Numbers

Definition 3.12. Let a = (a1, as, ..., as;) be a sequence where a; = +1 for
2k

1 =1,2,...,2k. We say that the sequence a is balanced if Zai = 0 and
i=1

Zai >0forn=12,...,2k.

i=1

Example 3.13. The sequence a = (1,1, —1,1,—1,—1) is balanced since the
sum is zero and Zai >0forn=1,2,...,6.

i=1
However, the sequence a = (1,1,—1,—1,—1,1) is unbalanced, as even

n
though the sum is zero at n = 5, we have Zai =-1<0.
i=1
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Remark 3.14. Let X be a connected graph. Then for a fixed vertex vy €
V(X), every walk w = (vg, €1, v1,...,€x, vx) can be seen as a sequence a as
above, where a; = +1 when e; takes a step away from vy and a; = —1 when
e; takes a step towards vy. Thus, when the sequence a is balanced, w is a

unfactorable walk.

Definition 3.15. Let n be a positive integer. The n* Catalan number C,, is
the number of balanced sequences of length 2n consisting of n positive ones
and n negative ones.

By convention Cy = 1.

Remark 3.16. It is easy to see that definition above is equivalent to the

recurring relation as stated below.

Cn+1 = Z C’lCn,l and CO =1.

1=0

Lemma 3.17. [10, Lemma 3.23] The n'" Catalan number is given by C, =

(20
n+1 n :

Definition 3.18. Let x be a connected k-regular graph. Let vy € V(X) be

a fixed vertex. The universal covering graph, denoted by U,,, of X using v

3.3.2 Universal Covering Graphs

as a base point is constructed as follows.

1. Each vertex of U,, is a non backtracking walk of X that begins at vy.

2. Two vertices are adjacent via an edge of multiplicity 1 if one walk

extends the other by a single step.

Example 3.19. Consider the graph X as shown in Figure 3.2. Then uni-
versal covering graph of X corresponding to fixed vertex vy is U, as in the

Figure 3.3. Notice that U,, is an infinte tree.

Proposition 3.20. Let X be a connected k-reqular graph . Let U,, be the

universal covering graph of X constructed using some fized vertex vy € V(X)
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(ort, v, g, v,)

Fig. 3.3: Universal covering graph Uy,.

as a base point. Let d be a fixed positive integer. Then the number of unfac-

torable walks of length 2d in U,, that begin and end at (vo) equals

1 (2d—2
- k(k— 1)1
T
Definition 3.21. Let X be a connected k-regular graph U,,, be the universal

covering graph of X constructed using some fixed vertex vy € V' as a base

point. We define the covering map ¢,, : U,, = X, of U,, as follows:

1. For a vertex (vg, €9, V1, -+, Un_1,€n_1,Un) Of Ty, by, (Vo, €0, 01, ., Up_1,

€n—1,Un ) = Un-

2. Let e be the edge of T' that is incident to (v, €, V1, ..., Vn_1,€n_1,Vn)
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and (Vg, €0, V1, -+ -, U,y €ny Unt1), Ou(€) = €n.

Lemma 3.22. Let X, vy, Uy, ¢y, be as described above. The number of closed
walks of length 2d in X beginning and ending at vy is greater than or equal to

the number of closed walks of length 2d in U,, beginning and ending at (vp).

3.3.3 A combinatorial proof of the Alon-Boppana

theorem

Definition 3.23. Let X be a k-regular graph with n vertices. We define

max{| A (X)|, |[An—1(X)|}, if X is non bipartite, and

AMX) =
max{| A1 (X)], [A_2(X)|}, if X is bipartite.

1/2d
) 2d — 2
Lemma 3.24. lim = 2.
d—o0 d—1

Theorem 3.25. If (X,,) is a sequence of connected k-regular graphs with
| X,,| = 00 as n — oo, then

liminf A\(X,,) > 2vEk — 1.

T—00

Proof. For n > 3, let X be a k-regular graph of order n and A = A(X). Let
w(2d) be the number of walks of length 2d in X then by [10, Lemma A.60],

we have
n—1 n

DN =tr (4%) = (A4M),, = w(2d).

=0 i=1
Given a vertex v € V, let p,(2d) be the number of walks of length 2d
beginning and ending at (v) in the covering graph U,. By Lemma 3.22, we

have
D_ANOM =w(2d) =Y pu(2d). (3.6)

Let p)(2d) denote the number of unfactorable closed walks of length 2d in
the covering graph U, beginning and ending at (v). Then, p,(2d) > p(2d).
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By Lemma 3.20, we have

o (2d) = é ( 2;__12 ) k(k —1)%". (3.7)

Hence, p! (2d) is independent of the choice of v. Henceforth, we denote p/ (2d)
by p/(2d). So, from (2.6) , we have

D ONX )= p(2d) = np/(2d).

i=0 i=1
Now, we consider the following cases:

e If X is bipartite, then by Proposition 2.26 we have \y(X) = k and
An—1(X) = =k, so

(n—2AX)* > \(X)* > np/(2d) — 2™

n 2424 , 2424
2d) — > p(2d) — .
2 5 (2d) = — 2 p(2d) - —

e If X is not bipartite, then A\g(X) = k, so

(n — HAX)* > nz_l Ni(X)?* > np'(2d) — k>

k‘2d 2k2d
— AX)2 > D

In either case, we have

2k>
n—2

A(X)™ > ff(2d) -

Letting d — oo and applying Lemma 3.24, we get the desired result.
O

Thus, the Alon-Boppana theorem allows us to infer that for a large, k-
regular graph X, the strongest upper bound for A(X) is 2¢/k — 1. Since
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(k—A(X)) < (k=X (X)), for large k-regular graphs the best spectral gap is
k —2+/k — 1. This motivates the study of Ramanujan graphs [14, 16], which

are regular graphs with spectral gaps as large as possible.

Definition 3.26. Let X be a k-regular graph. We say that X is Ramanujan

if AN(X) < 2VE — L.

Example 3.27. The complete graph K, is a Ramanujan graph for n > 3.

Its spectrum is given by

-1 -1
Spec(Kn):<n1 n—1>'

Since K, is n — 1 regular, (n — 1) is the trivial eigenvalue of K,,. Therefore,
MK, =1<2yn—2forn>3.



4. QUADRATIC UNITARY
CAYLEY GRAPHS

In this chapter, we will look at a special family of Cayley graphs called
quadratic unitary Cayley graphs. Furthermore, we also calculate their spec-
trum for a few cases. Finally, we will study the conditions under which these

graphs are Ramanujan. This chapter is based on the results in [13].

4.1 Introduction

Definition 4.1. Let R be a finite commutative ring. The quadratic unitary
Cayley graph (QUCG), denoted by Gg, is the Cayley graph Cay(R,Tg).
Here, Tr = Qr U (—Qr) where Qp = {u® : ue€ R*}.

In the above definition while defining Cay(R,Tr) we consider R as group
under addition. Thus, V(Ggr) = R and FE(Ggr) = {{z,y} : z,y € R and x —
Yy < TR}

Remark 4.2. Notice that Cay(R, Tg) is well defined as T = Qr U (—Qr)

is a symmetric subset of R under the addition operation.

Example 4.3. Let R = Z; then Z = Z5;\{0}. Now Qz, = {1,4} and
—Qz, = {—1,—4} = Qz,. Hence, Ty, = {1,4} i.e. z,y € Zs are adjacent iff
r—y=1orx—y=4 The graph Gz, is depicted in Figure 4.1 below..

From Proposition 2.49 dicussed in Chapter 2 we know that G is con-
nected if and only if the set Tk generates R as a group under addition. Clearly
in the above example we see that 77, generates Zs hence the graph Gy is
connected, but this might not be true for every QUCG.
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Fig. 4.1: The QUCG Gy,.

Example 4.4. Let R = Z4 x Z4, so R* = {(1,1),(1,3),(3,1),(3,3)}. We
get Qr = {(1,1)} and —Qr = {(3,3)}, so Ty, = {(1,1),(3,3)}. It is clear
that the set Tk does not generate R as a group under addition. Figure 4.2

below shows how the graph Gp is disconnected with four components.

Fig. 4.2: A disconnected QUCG.

Example 4.5. Let P be a Paley graph of order ¢ = p”. Then
V(P) =F, and E(P) = {{:c,y} cz,yeF,z—ye (]F;)Q} .

We can observe that Paley graph is a QUCG for F,. This makes sense because

[F, is a finite field, which is also a finite commutative ring.
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Proposition 4.6. Let IF, be a finite field of order ¢ = p" for odd prime p
and some non negative integer n. Let Gg, be corresponding QUCG. Then we

have the following.

1. =1 € Qp, if and only if g =1 (mod 4).

2. |Ty,| = |Qr,| = 5+ if and only if ¢ =1 (mod 4).
Proof. For a finite field F, we have F,* = F,\{0}.

1. If =1 € Qp, then there exists € F, such that z* = —1 i.e. P
1. Therefore, subgroup generated by x has order 4. It follows from
Lagrange’s theorem 4 | |F,| = ¢ — 1, hence we get that ¢ =1 (mod 4).
Conversely, suppose that ¢ = 1 (mod 4). Let F,* = (g) for some
g € F,, since F,* forms a cyclic group under multiplication. Then
for some positive integer m, ¢™ = —1 and ¢! = 1. We then have
g*m = 1, and by Lagrange’s theorem we get ¢ — 1|2m i.e. m is an even
integer. If m = 2b, then —1 = g™ = ¢% = (g*)°. Hence, we get that
—1 € Qp,.

2. Note that |Qg,| = ’qu| = q;21. By part 1., we know that —1 € Qp,
if and only if ¢ = 1 (mod 4). Thus, if —1 € QF,, then Qr, = —QF,,
implying that Qp, U —Qp, = Qr, = TF,. Hence, we get that |Tf | =

|Qr,| = %1 if and only if ¢ =1 (mod 4).
O

Corollary 4.7. Let IF, be a finite field of order g = p"™ for odd prime p and
some non-negative integer n. Let Gg, be corresponding QUCG. Then we have

the following.
1. =1 ¢ Qp, if and only if ¢ =3 (mod 4).

2. |Tx,| = 2|Qr,| = ¢ — 1 if and only if ¢ = 3 (mod 4).
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4.2 Spectra of quadratic unitary Cayley
graphs

Let R be a finite commutative ring. From [3, Theorem 3.1.4] we know that
R =Ry X Ry X -+ X Ry, where R;, 1 <1 < s are local rings with maximal
ideals M; of order m; such that

R _ Rl |

Ry|

my T ma ms

Also, note that

R =[] 1R =[] 1R = mi = [ ('ﬁé' - 1) @
i=1 i=1 i=1 t

Let Ry be a local ring with maximal ideal M, with order m such that % =3
(mod 4). In this section, we determine the spectra of Ggr and Gg,xr under
the condition that %' =1 (mod 4) for 1 <i < s.

We begin with studying the spectra of QUCG for a finite local ring R. First,

we recall the following well-known from ring theory.

Lemma 4.8. [1, Proposition 2.1] Let R be a finite local ring and m the order
of its unique maximal ideal. Then there exists a prime p such that |R|, m

and |R|/m are all powers of p.

Lemma 4.9. Let R be a finite local ring with mazimal ideal M. If |R|/| M|
is odd, then Qr = Qr/m X M.

Proof. Define p : R* — (R/M)*by p(r) = r+ M for r € R*. Then p is
a well-defined surjective homomorphism from the multiplicative group R*
to the multiplicative group (R/M)* with kernelker(p) = 1+ M. Thus,
R*/(14+M) = (R/M)* and the corresponding isomorphism from R* /(1+M)
to (R/M)*is given by

r(l+ M) —r+ Mforr e R*.
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Since |1+ M| = p" (as [M| = p') and |[R*| /|1 + M| = (|R| - |M[)/[M| =
p®—1, |1+ M| and |R*| /|1 + M| are coprime, and so 1 + M is a Sylow p-
subgroup of R*. Thus, R* = R*/(1+ M) x (1+ M), say, with isomorphism
given by

r (F(L+ M), 1+m,),

where 7 € R and m,, € M are determined by r € R*.

Since R*/(1+ M) = (R/M)*, it follows that R* = (R/M)* x (1+ M)
and the corresponding isomorphism is given by ¥ (r) = (7 + M, 1+ m,.) for
r € R*. Since 1 + M is a Sylow p-subgroup of R*and p is odd, we have
(1+ M)?> = 1+ M. This together with R* = (R/M)* x (1 + M) implies
that Qr = Qg X (1 + M) as groups with the corresponding isomorphism
giving by

¥ (r?) = (" + M, (1 +m,)?) (4.2)

for r € R*. Thus, by choosing appropriate isomorphism from (1 + M) to M
we get that QRgQR/MXM. ]

Theorem 4.10. Let R be a finite local ring with mazimal ideal M. If |R|/|M]|
is odd, then Gr = Gr/m® K-

Proof. By Definition 2.19, to show that G = Gr/u® IO(|M| it suffices to show
that there exists a bijective map, 7 : V(Gr) — V(Gr/m® IO(|M\) such that
{z,y} € E(Gr) if and only if {r(z),7(y)} € E(Grm® Kpr). Note that
V(Gr) = R and V(Grn® K ) = R/M x M.

Since R is a local ring and M is its maximal ideal, we have R* = R\M
and R/M 1is a finite field. By Lemma 4.8 we have |R|/|M| = p*® and
|M| = p' for a prime p and some integers s > 1,t > 0. Write R/M =
{ri+M,ro+M,...,rps +M}. Then for each r € R there is a unique ¢
and n, € M such that r = r; + n,. Let 7 : R — R/M x M be defined
by 7(r) = (ri+ M,n,) = (r+ M,n,). Since 7 is clearly surjective, it is a
bijection from R to R/M x M as the two sets have the same size.

We now show that {z,y} € E(Gr) <= {7(2),7(y)} € E(Gr/u® IO(|M|).
Note that, Gr/n® IO(|M| is defined on R/M x M such that (z+M, a), (y+M,b)
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are adjacent if and only if  + M,y + M are adjacent in Gr/y (since any pair
of vertices are adjacent in ® [O{|M|). Suppose that z,y € R are adjacent in
Gr, that is, by the definition 4.1, z — y = #£r? for some r € R*. Without
loss of generality, we may assume x —y = 72 so that (x + M) — (y + M) =
r? + M = (r + M)% Since r ¢ M and M is the zero-element of the field
R/M, it follows that (x + M) — (y + M) € Qr/n. Therefore, 7(x) and 7(y)
are adjacent in Gr/y® Io{ \m|- So we have proved that Gg is embedded into
Gr/mM® [O( M| Via T as a spanning subgraph since the two graphs have the
same number of vertices.

Conversely, if © + M,y + M are adjacent in Gg/ys then we have following

cases.

e If |[R|/m =1 (mod 4), then by Proposition 4.6, we have —1 € Qpr/um

and —1 € Qr. By Lemma 4.8, the degree of Gr/n® }O(|M\ is equal to
|Qr/m| M| = |Qg|, which is the same as the degree of Gg.

o If |[R|/m =3 (mod 4), then by Corollary 4.7, we have —1 ¢ Qg/n and
—1 ¢ Qg, and the degree of Gp/u® ]OQM| is equal to 2 |QR/M’ |M| =
2 |Qr|, which is also the same as the degree of Gg.

In either case G and Gr/n® K| must be isomorphic to each other because

they have the same degree and one is a spanning subgraph of the other. [J

Theorem 4.11. Let R be a local ring with maximal ideal M of order m.

1. If |R|/m =1 (mod 4), then

|R|—m  m(=1+4/|R|/m) m(—1—+/|R|/m) 0 )

Spec (Gr) = 2 2 2
! ( L ([Bl/m=1)/2 (|R|/m —=1)/2 |R| —[R|/m

2. If |IR|/m =3 (mod 4), then

Spec (Gr) = ( |B| = m o 0 ) .

L |R[/m =1 |R]—[R]|/m

Proof. Let R be a local ring with maximal ideal M of order m.
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L. If |[R|/m = 1 (mod 4), then |R[/m is an odd prime power and Gr
coincides with the Paley graph of order |R|/m as seen in the Example
4.5. As we calculated in Example 2.44, the spectrum of Paley graph P

of order ¢ is,
¢ —1+yq —1-yq
Spec(P) = { | S

Also, recall from Example 2.25 that

o 0
Spec(K,) = <ZL - 1) :

Thus, by Proposition 2.37 we get the required result.

2. If |R|/m = 3 (mod 4), then from Corollary 4.7 and Proposition 2.49,
we get that Gr/y is a complete graph of order |R|/m. We know that
A(K\gjym) = Jn — In. Thus, if X is as eigenvalue of J,, A — 1 is an

eigenvalue of J,, — I,,. Hence, the spectrum of Gg/ys given by

B_1
Spec(K\gjym) = ™ . Rljm -1 )

Thus, by Proposition 2.37 we get the required result.

[]

The next theorem gives us the condition under which G is equal to graph

tensor product of Gg,, where R; are finite local rings.

Theorem 4.12. Let A and B finite commutative rings then Gaxp = GAa®Gp

if and only if —1 lies in at least one one of Q4 or Qp.

Proof. Note that Gaxp = Cay(A X B,Taxp). Since A and B are finite
commutative rings thus A x B is also a finite commutative ring with |A x
B| = |A||B| with ring addition and multiplication as element wise-operations

respectively. Since

(Ax B)* ={(a,b) |a € A" and b€ B*},
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we get
Taxp = {(a* %), (—a®,—b*) | a € A* and b € B*}}.

Given G4 = Cay(A,T4) and Gg = Cay(B,Tg), we get the graph G4 ®Gp
defined by

V(Ga®Gp)={(a,b)|a€ Aand b€ B} = Ax B=V(Gaxp)

E(Ga ®Gp) ={{(a1,b1), (a2,02)} | {a1,a2} € E(Ga) and {by, b2} € E(Gp)}
={{(a1,b1), (az,b2)} | a1 — az € Ty and by — by € Tp}
={{(a1,b1), (az,b2)} | (a1 — az,b1 — by) € Ta x T}

Therefore, G4 ® G = Cay(A x B,Tx x Tp).

Since Ty x Tg = {(a®b?), (—a?,b?), (a?, —b%),(—a®, —b*) | a € A and b €
B*}}, it follows that Taxp € Ta X Tp. As V(Gaxp) = V(Ga®Gp) = AX B,
we get that Gaxp = G4 ® Gp if and only if Tyyp = T4 x Tg. Hence, it now
suffices to show that Thxp = T4 X T if and only if —1 lies in at least one

one of Q4 or Qp.

If —1¢ Q4 and —1 ¢ Qp, then both (—1,1) and (1, —1) are elements of
Ty x Tg but neither of them is an element of T4xpg. Thus, Taxp # Ta X 1T
and so Gaxp # G4 ® Gg. On the other hand, suppose that at least one of

@4 and Q) contains —1, then we have following cases.
o If -1 € @4 and —1 € Qp then it is easy to see that Taxg = T4 X Tp.

o [f exactly one of Q4 and Qg has —1. Without loss of generality we
may suppose —1 € Q4 so that 2 = —1 for some i € AX. Then for any
(a,b) € (A x B)*and s,t € {0,1} we have

((—1)5a2, (_1)tb2) _ (_1)75 ((—1)(‘9_t)a2, b2) _ (_1)t ((i(s_t)a)z 7bQ) ‘

Hence Ty x T C Ty p. Therefore, we proved the required result. O
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Theorem 4.13. Let R be a finite commutative ring such that R = Ry X Ry X
<o+ X Rg where R;, 1 < i < s are local rings with mazximal ideals M; of order
m;. Then Gr = Gr, @GR, ® -+ ® Gg, if and only if there exists at most one
R; such that —1 € Qg .

Proof. We prove the above using induction. The induction hypothesis states
that for some natural number s, Ggp = Gp, ® Gr, ® - -- ® Gg, if and only if
there exists at most one R; such that —1 € Q.

In the case when s = 1, the induction hypothesis holds trivially. The case
when s = 2 follows from Theorem 4.12. Using the induction on s suppose
that for the induction hypothesis holds for some integer k such that 2 < k < s
ie., Gr = Gr, ® Gp, ® --- ® Gp, if and only if there exists at most one R;
such that —1 € Qg;. Hence, we now show that the above hypothesis also
holds when s = k + 1.

Assume that there is at most one j between 1 and k + 1 such that —1 ¢
Qr;- Then (—=1,—1,...,—=1) € QRr,xRyx--xRr, O —1 € Qp,,, no matter
whether 1 < j <k or j =k + 1, and hence Gg = Gr, xRyx--xry @ Gre\y DY
Theorem 4.12 . On the other hand, by the induction hypothesis, we have
ORixRox--xR, = 9r, @ Gp, ® -+ ® Gg,. Therefore, Gr = Gr, ® Gr, ® -+ ®
Gr, ® Gr,,,-

Conversely, assume that Gr = Gr, ® Gr, ® -+ ® Gg, @ Gg,,. We aim
to prove that there exists at most one j between 1 and k + 1 such that
-1¢Q R;- Suppose we assume otherwise. Without loss of generality we may
assume that, for some integer ¢ with 2 <t < k+ 1, we have —1 ¢ Qg, for
I<j<tand -1 € Qg fort <j < k+1. Ift <k+1, then by Theorem
4.12, since —1 € Qg,,, we have Gr = GR,xRrox--xR, @ GR,,,- Similarly, if
t < k, then by Theorem 4.12, G, xRryx--xR, = GRixRox- xR, @ Gr,, and
hence Gr = (GryxRox-xRr_1 @ Gr,) @Grpry = GRixRaxox By s @ Gr, ®GRy -
Continuing in this manner, we obtain Gr = Gr, xRyx...x R @GR, @ - QGR, ,,-
Comparing this with the assumption Gg = G, ® Gp, ® - - - @ G, ®Gp,,,, We
obtain that Gr, xryx--xr, = Gr, @ GR,® - - @ Gp,. L

Our aim is to find spectrum of the QUCG Ggr, where R is a finite com-
mutative ring. Note that by Theorem 3.14, we can get the spectrum of Gr



4. Quadratic Unitary Cayley Graphs 43

since the spectrum of component QUCG for local rings is already know to

us from Theorem 4.11.

Define
Mg = (~1) o
> (w/|Ri| T + 1) I1 (‘ /IR;| Jm; — 1)
icA jeB

for disjoint subsets A, B of {1,2,...,s}. In particular, \py = |R*| /2°.

Theorem 4.14. Let R be a finite commutative ring such that R = Ry X
Ry x -+ X Ry where R; is a local rings with mazimal ideal M; of order m;
and |R;| /m; =1 (mod 4) for 1 < i <s. Then the eigenvalues of Gp are

1. Aap, repeated m H (|Rg| /my — 1) times, for all pairs (A, B)
kEAUB

of subsets of {1,2,...,s} such that AN B =10; and

: o 1
2. 0 with multiplicity |R| — Z <m H (|Rx| /e — 1))

A,BC{1,....s} kEAUB
ANB=0

Proof. Let R be as in our hypothesis such that |R;| /m; = 1 (mod 4) for
1 <i<s. From Theorem 4.11 (1), we get the spectrum of Gg, for 1 <i < s
to be

[Ri|-m;  mi(=1+4/|Ril/mi)  mi(—1—+/|Ril/m) 0
Spec (Gr,) = 2 2 2 .
1 (Rl /mi — 1)/2 (|Ril/mi — 1)/2 | Ry — [Ril /i

Let X\ be any eigenvalue of Gr. By Theorem 2.37, we know that A = Hui
i=1
where p; is some eigenvalue of Gg,. If at least one of the u; = 0, then A = 0.
Suppose that pu; # 0 for each 1 < ¢ < s, then each pu; can take any of the
|Ri|=m; |Ri|—m, —|Ri|+my .
2 7 o(\/|Ril/mit1” 2(y/|Ril fmi—1
eigenvalues A\ can be written as

three values; Then each of the non-zero

|B|

o T (Virl /1) TT (i1 s 1)

icA jeB

A = (1)
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for disjoint subsets A, B of {1,2,...,s}. Here A is set of all u; which take

|Ri|—m, : : —|Ril+m;

— =it and B is set of all p; which take value ——-"—=t—. The
2(4/|Ril/mi+1) i W v 2(y/|Ril /mi—1)
multiplicities of eigenvalues A4 p and 0 can be found as a direct consequence

of the Theorem 2.37. ]

value

Theorem 4.15. Let R be as in Theorem 4.14 such that |R;| /m; =1 (mod 4)
for 1 <i <s, and let Ry be a local ring with mazimal ideal My of order myg

such that |Ro| /mo = 3 (mod 4). Then the eigenvalues of Gr,xr are

1. |RY| - Aap, repeated srtrsr H (|Ry| /my — 1) times, for all pairs
keAUB

(A, B) of subsets of {1,2,...,s} such that AN B = (;
R o — .
2. _Il%o‘l/% - \a.B, repeated %—H(}ml H (|Rg| /my — 1) times, for all

kEAUB
pairs (A, B) of subsets of {1,2,...,s} such that AN B =0; and

3. 0 with multiplicity |R| — Y aBcq,...s) (% H (|Rg| /iy — 1))
ANB=0 k€ AUB

The proof of this theorem is similar to that of Theorem 4.14 above.

4.3 Ramanujan quadratic unitary Cayley
graphs

In the past few decades, the expander families of Ramanujan graphs, par-
ticularly those arising from families of Cayley graphs have been extensively
studied (see [11, 14, 15, 16] and the references therein). In this section, we

see the conditions under which a QUCG is Ramanujan.

Lemma 4.16. [6] The only finite commutative local rings whose maximal

ideal has prime order p and Z,> and Zy|x]/(x?).

Theorem 4.17. Let R be as in Theorem 4.14 such that |R;| /m; =1 (mod 4)
for 1 <i <s, and let Ry be a local ring with mazimal ideal My of order myg

such that |Ry| /mo = 3 (mod 4). Then the following hold:
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1. Gg, is Ramanujan if and only if |Ro| > (mo + 2)2 /4;

2. Gr s Ramanugjan if and only if R is isomorphic to F5 x F5 or F, for a

prime power ¢ =1 (mod 4).

Proof. 1. From Theorem 4.11.2, we know that,

Spec (gRO) — ( |R0| — My —MMyo 0 ) ‘

1 [Rol/mo — 1 |Ro| — |Ro|/mo

Thus, we get that Gg, is Ramanujan if and only if mo < 24/|Ro| — mo — 1,
which is equivalent to |Ro| > (mq + 2)° /4.

2. From Theorem 4.14, we have eigenvalues of Gr to be A4 g and 0 where

RX
)‘A,B — (_1>|B| | |
icA jEB
for disjoint subsets A, B of {1,2,...,s}. Note that, Ay 5 < “;LX and \s 4 =

“;—LX = Ao. Therefore, we get that G is Ramanujan if and only if [A4 5| <

2\/|R*| /25 — 1 for all eigenvalues A4 p # £ |R*| /2°.

Note that |Aa g| < |R*|/2® is maximized if and only ifH <\/ |R;| /m; + 1)
icA

H (\/\Rj] Jm; — 1) is minimized. Since [A4 p| < |)\@7{1}‘ # |R*| /2°,GR is

jEB
Ramanujan if and only if

|R*|
)\ 1 — ~ RX s — 1. .
| X013 ] 28( \R1|/m1—1> <2y/[R*[ /25 =1 (4.3)

Since 24/|R*|/2° — 1 < 24/|R*| /2%, this condition is not satisfied unless
2
|R¥| /2 <4 <\/|R1] Ty — 1) . (4.4)
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In particular, if s > 4, then since

2

R R R
LT (T T
my my my my

1R 1y (18] | By | By
> — — =124 — -1 4 — =1
25 = ZSH m; - mq ” maq

Hence Gg is not Ramanujan.

It remains to consider the case when 1 < s < 3.

e Case 1: s =3.
By (4.1), we see that (4.4) takes the form

3
1 | R | Ry

i=1 v

If H?Zl m; > 2 or % > 9, then Gr does not satisfy the conditon above,
and so it is not Ramanujan. Now assume H?Zl m; = 1 and % < 8.
Since % =1 (mod 4), we get that Ry = Ry = R3 = [F5. As Gg does

not satisfy the 4.3, thus it is not Ramanujan.

o Case 2: s =2.
In this case, (4.4) takes the form

2
1 | R | Ry
T (2 1) <a | )2
4Em (ml > my

Thus, if mymg > 4 or |Ry| /my > 17, then Gp is not Ramanujan.

Assume mymy < 3 and |Rs| /ms < 16. Since |R;| /m; = 1 (mod 4) for
1 =1, by Lemma 4.8, we have myms = 1 or mymy = 3. From Lemma
4.16, we get that Zg and Z3[X]/ (X?) are the only local rings whose
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unique maximal ideal has exactly three elements. But their residue
fields are Zs, which is a contradiction to |R;|/m; = 1 (mod 4) for
1 =1,2. So mymy = 3 cannot occur. Thus, m;ms = 1 and one of the
following occurs:

1. R1 = R2 = ]Fg,,
Ry = Ry = Fy;
Ry = Ry = Fus;
R1 = Fg, and RQ = ]Fg,
Rl = ]F5 and RQ = ]Flg;

SIS A

Rl = IFQ and Rg = ]Flg.

In Case 1., (4.3) is satisfied, and so Gg is Ramanujan. In Cases 2-6,

(4.3) is not satisfied and so Gg is not Ramanujan.

o Case 3: s =1.
In this case, (4.4) takes the form

m1<@_1)<8 [Ba]

ma ma

2

Thus, if m; > 8, then Gy is not Ramanujan.

Assume m; < 7. Since % = 1 (mod 4), by Lemma 4.8 and Lemma
4.16, we have m; = 1 or 5. In the former case, R; = [, where ¢ =1
(mod 4) is a prime power. Since (4.3) is satisfied, Gp, is Ramanujan.
In the latter case, Ry = Zos or Zs[X]/ (X?), and so (4.3) would show

that Gg is not Ramanujan.

[]

Theorem 4.18. Let R be as in Theorem 4.1} such that |R;| /m; =1 (mod 4)
for 1 <i <s, and let Ry be a local ring with mazimal ideal My of order myg
such that |Ro| /mo = 3 (mod 4). Then Gryxr is Ramanujan if and only if
Ry x R is isomorphic to F3 x 5, F3 x Fg or F3 x [Fq3.
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Proof. Define

|Ry|
o X S N B
= 155 ol

By Theorem 4.15, Gg,«r is Ramanujan if and only if

|[Ro | R

X X
\R(ﬂﬂ for )\%T

A <2

Let pap = H <\/|Ri] Jm; + 1) H <\/|Rj\ Jm; — 1). Note that |A] <
icA jeB

|Rg||R*| /2* is maximized if and only if min {pa g, (|Ro| /mo — 1) pap} is

minimized. Then we have the following cases.

e Case 1: 4/ |R1|/m1 < |R0’ /mo.

In this case Gg,xr is Ramanujan if and only if

|25 | |7

o (VImT o 1)

Since 2\/’ROX| |[R*|/2* — 1 < 24/|Rg||R*|/2¢, this condition is not

satisfied unless

< 2y/|Ry| |R¥| /25 — 1.

2

Ry || R™
BEIR _
28 mq

If s > 3, then by (4.1) we have

| By || R~

>
28 o

< (IRo| /mo = 1) x [T ((|Ri] fmi) — 1)

=1

2
> 4((|Ral] fma) = 1)

>4<\/|R1|/m1—1>2,

and hence Gp,« g is not Ramanujan.

It remains to consider the case where 1 < s < 2. We follow similar
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approach as we did in the proof of Theorem 4.18 and get that in the
case of s = 1, Gp,«xr is Ramanujan when Ry x R = F3 x F5 and for

s =2, Gp,xr is not Ramanujan.

Case 2: \/|Ry| /mq1 > |Ro| /mo.

In this case Gr,xr is Ramanujan if and only if

|7 | |7~
25 (|Ro| /mo — 1

Since 2\/‘R§ |IR*| /25 — 1 < 24/|R§||[R*| /22, this condition is not sat-

isfied unless )
X X
IR (Ml )"

;< 2y/|Ri| 1R /2 =1

25 mo

In particular, if s > 3, then by 4.1 we have

Ry | |R* 5 ,
‘ 0|| —|Zi @_1 X @_1 @4_1 |R1|_1
25 28 mo ma ma 9 m;
2
>4(@— ),
mo

and hence Gr,xr is not Ramanujan. It remains to consider the case

where 1 < s < 2. We follow similar approach as we did in the proof of
Theorem 4.18 and get that in the case of s = 1, G, xr is Ramanujan
when Ry x R = F3 x Fg or Ry X R = F3 x Fi3 and for s = 2, Gp,xr is

not Ramanujan.

]
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